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CONVERGENCE THEOREMS

Abstract

In this query we ask if the following 11 classical theorems on conver-
gence are equivalent: the Lebesgue-Beppo Levi Theorem [2, p. 141], a
theorem on the integration of a series with positive terms [2, p. 142], the
Fatou Lemma I [1, p. 172], the Fatou Lemma II [2, p. 140], the Fatou
Lemma III [2, p. 140], Lebesgue’s Dominated Convergence Theorem I
[1, p. 172], Lebesgue’s Dominated Convergence Theorem II [1, p. 173],
Lebesgue’s Dominated Convergence Theorem III [2, pp. 149-50], Vitali’s
Theorem [2, p. 152], Lebesgue’s Dominated Convergence Theorem for
Bounded Functions I [2, p. 127], Lebesgue’s Dominated Convergence
Theorem for Bounded Functions II.

Are the following 11 classical assertions equivalent?! ?
Query. Are the following theorems equivalent?

1. (Lebesgue—Beppo Levi) [2, p. 141].
If { fn}n is a sequence of positive, increasing, Lebesgue measurable functions
on a measurable set E converging to a function f a.e. on E, then

lim (L) /E fa(t)ydt = (L) /E F(t)dt.

n—oo

2. (The Integration of a Series with Positive Terms) [2, Theorem 11,
p. 142]. If {fu}n is a sequence of positive, increasing, Lebesgue measurable
functions on a measurable set E and Y .~ fo(t) = f(t) fort € E, then

©) [ rwie=30) [ piwar
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3. (The Fatou Lemma I) [1, p. 172]. If {fn}n is a sequence of positive,
increasing, Lebesgue measurable functions on a measurable set E, then

(E)/Eliminffn(t)dtzliminf(ﬁ)/Efn(t)dt.

n—oo n—oo

4. (The Fatou Lemma IT) [2, p. 140]. If {f.}n is a sequence of positive,
Lebesgue measurable functions on a measurable set E, converging a.e. on
FE to a function f, then

@ [ 1w < sw{ie) [ s}

5. (The Fatou Lemma III) [2, footnote, p. 140]. If {fn}. is a sequence of
positive, Lebesgue measurable functions on a measurable set E, finite a.e.
on E and {fn}n converges in measure to a finite function f, then

@ [ s < sw@) [ o).

6. (Lebesgue’s Dominated Convergence Theorem I) [1, p. 172].
If {fn}n is a sequence of Lebesque measurable functions on a measurable
set E, and g is a Lebesgue integrable function such that f,(t) < g(t) a.e.
on E, then

n—oo n—oo

(C)/Eliminffn(t)dt < liminf(ﬁ)/Efn(t)dt <

limsup(ﬁ)/Efn(t)dt < (E)/Elimsup fa(t)dt.

n—oo n—oo

7. (Lebesgue’s Dominated Convergence Theorem II) [1, p. 173].
If {fu}n is a convergent sequence of Lebesque measurable functions on a
measurable set E, and g is a Lebesgue integrable function such that f,,(t) <
g(t) a.e. on E, then

lim (£) /E Fa(dt = (L) /E lim £ (1)t

n—oo n—oo

8. (Lebesgue’s Dominated Convergence Theorem IIT) [2, pp. 149-50].
If {fn}n is a sequence of Lebesque measurable functions on a measurable
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10.

11.

set E converging in measure to a function f, and g is a Lebesgque integrable
function such that f,(t) < g(t) a.e. on E, then

lim (L) /E Fat)dt = (L) /E F(t)dt.

n—oo

. (Vitali) [2, p. 152]. Let {fn}n be a sequence of Lebesgue integrable func-

tions on a measurable set E, converging in measure to a function f. If the
functions of the sequence {f,}n have equi—absolutely continuous integrals
then f is Lebesgue integrable and

lim (L) /E fat)dt = (L) /E F(t)dt.

n—oo

(Lebesgue’s Dominated Convergence Theorem for Bounded Func-
tions I) [2, p. 127]. Let {fn}n be a sequence of bounded Lebesgue measur-
able functions on a measurable set E, converging in measure to a bounded
Lebesgue measurable function f. If there exists a positive constant K such
that | fr(t)| < K for all n, then

lim (E)/ fa®)dt = (ﬁ)/ fde.
(Lebesgue’s Dominated Convergence Theorem for Bounded Func-
tions II). Let {fn}n be a sequence of bounded Lebesque measurable func-
tions on a measurable set E, converging to a bounded Lebesgue measurable
function f. If there exists a positive constant K such that |f,(t)| < K a.e.
on E for all n, then

lim (L) /E fat)ydt = (L) /E F(tyt.

n—oo
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