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Abstract

The note presents a new approach to the notion of continuity of
real function at a point. It is applied to obtain a characterization of
continuity at a point with respect to *-topology (Hashimoto topology),
density topology and I-density topology (Wilczyński topology). The
latter is closely related to the definition of density point of measurable
set formulated by W. Wilczyński in [8].

Let f : R→ R be an arbitrary function. For any sequence {tn}n∈Nof real
numbers decreasing to zero, with (t1 < 1), we define a sequence of functions
{ftn
}n∈N , ftn

: [−1, 1]→ R in the following way

ftn
(x) = f (tn · x)

The theorem given below presents a new point of view on the notion of continu-
ity. It describes a surprising connection between a continuity of a function at
the point and a convergence of an appropriate sequence of functions. We omit
the proof since it follows immediately from Cauchy’s and Heine’s definitions
of continuity of a function at a point.

Theorem 1. The following conditions are equivalent:
(1) f is continuous (with respect to the natural topology on the domain and

on the range) at 0,
(2) for every sequence {tn}n∈N decreasing to zero the sequence of functions

{ftn
}n∈N converges to f (0) uniformly on [−1, 1],

(3) for every sequence {tn}n∈N decreasing to zero the sequence of functions
{ftn}n∈N converges to f (0) on [−1, 1],

(4) there exists a decreasing to zero sequence {tn}n∈N such that the sequence
of functions {ftn

}n∈N converges to f (0) uniformly on [−1, 1],
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(5) there are two points x1 ∈ (−1, 0) and x2 ∈ (0,−1) such that for ev-
ery decreasing to zero sequence {tn}n∈N the sequence of functions {ftn}n∈N
converges to f (0) at x1 and x2.

Now we shall give several applications of this new approach to continu-
ity with respect to the Hashimoto topology, density topology and I-density
topology.

Let S be an algebra and I a proper ideal of subsets of the real line R.
We assume S and I to be invariant with respect to linear transformations.
If A ∈ S, we say that A is S-measurable. Similarly, if for a real function f ,
f−1 (U) is S−measurable for every open U , we say that f is S-measurable.
If some property holds for points from A \ P for some P ∈ I, we say that it
holds I-almost everywhere (I-a.e.) on A. If B = A \ P for some P ∈ I, we
say that B is residual subset of A or B is residual in A. We use Ac for the
complement of A and A− x for {y − x : y ∈ A}.

For a given sequence {tn}n∈N of real numbers decreasing to zero we shall
now consider the convergence of a sequence of functions {ftn

}n∈N on a given
residual subset of [−1, 1].

Definition 1. We say that a sequence of functions {fn}n∈N converges a.e.
uniformly on a set A ⊂ R, if there is a residual subset B of A such that
{fn}n∈N converges uniformly on B.

Theorem 2. Let I be a σ-ideal. For every real function f , if there exists a de-
creasing to zero sequence {tn}n∈N such that the sequence of functions {ftn

}n∈N
converges to f (0) a.e. uniformly on [−1, 1], then there exists a residual subset
E of R such that f restricted to E ∪ {0} is continuous at 0.

Proof. Let A ∈ I be the set such that {ftn
}n∈N converges to f (0) uniformly

on [−1, 1]−A. Put E = R \
⋃

n (tn ·A) and define a function g such that

g (x) =
{
f (x) x ∈ E
f (0) x ∈ R \ E.

Now the sequence {gtn}n∈N converges uniformly to f (0) on [−1, 1]. By The-
orem 1 (4) the function g is continuous at 0. Hence g restricted to E ∪ {0} is
continuous at 0. As g restricted to E ∪ {0} equals f restricted to E ∪ {0}, the
proof is complete.

Theorem 3. Let I be a σ−ideal. For every real function f , if there exists a
residual subset E of R such that f restricted to E ∪ {0} is continuous at 0,
then for every decreasing to zero sequence {tn}n∈N the sequence of functions
{ftn
}n∈N converges to f (0) a.e. uniformly on [−1, 1].
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Proof. Let A = R \ {E ∪ {0}} and B =
⋃

n

((
1
tn
·A
)
∩ [−1, 1]

)
. As E is

residual, we have B ∈ I. Define function g such that

g (x) =
{
f (x) x ∈ E ∪ {0}
f (0) x /∈ E ∪ {0} .

Clearly, g is continuous at 0, hence the sequence {gtn}n∈N converges uniformly
to f (0) on [−1, 1]. The sequence {ftn

}n∈N converges to f (0) a.e. uniformly
on [−1, 1], because fn restricted to R\B equals gn restricted to R\B for every
n ∈ N, and B ∈ I.

Corollary 4. Let I be a σ−ideal. The following conditions are equivalent:
(1) there exists a residual subset E of R such that f restricted to E ∪ {0}

is continuous at 0,
(2) there exists a decreasing to zero sequence {tn}n∈N such that the sequence

of functions {ftn}n∈N converges to f (0) a.e. uniformly on [−1, 1],
(3) for every decreasing to zero sequence {tn}n∈N the sequence of functions

{ftn
}n∈N converges to f (0) a.e. uniformly on [−1, 1].

Remark 1. The above Corollary gives us a characterization of continuity at
a point of a real function with respect to ∗topology (Hashimoto topology)
generated by the basis {U \ P : U ∈ τ, P ∈ I}, where τ is a natural topology
on R and I is a σ -ideal (see [3], [5]).

In 1982, W. Wilczyński in his paper [8] formulated the following definition:

Definition 2. We say that the point 0 is an I-density point of an S-measurable
set A if for any decreasing to zero sequence {tn}n∈N of real numbers there
exists a subsequence {tnm

}m∈N such that χn 1
tnm
·A
o
∩[−1,1]

converges to 1, I-

almost everywhere on [−1, 1]. (Equivalently such that lim inf
k→∞

((
1

tnm
· A
)
∩

[−1, 1]
)

= [−1, 1] \ P for some P ∈ I )
We say that the point x is an I-density point of an S-measurable set A if

0 is an I-density point of A− x.

If S is the σ-algebra of a Lebesgue measurable sets and I is the σ-ideal
of sets of measure zero, this defines the usual density point of Lebesgue mea-
surable set. If S is the σ-algebra of sets having Baire property and I is the
σ-ideal of sets of the first category, this is a definition of an I-density point of
a Baire measurable set. The definition and all its consequences were deeply
examined in a large number of papers - see [6], [7], and [1]. We adopt here
their basic definitions. For A ∈ S, let Φ (A) denote the set of all density
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points of A. The family {A ∈ S, A ⊂ Φ (A)} is a topology on R called the
I-density topology (Wilczyński topology) and is denoted τI . We say that S-
measurable function f is topologically I-approximate continuous at x, if and
only if f−1 (f (x)− a, f (x) + a) has x as its density point, for every positive
a. The continuity of real functions with respect to τI-topology was examined
mainly for S the σ-algebra of a Lebesgue measurable sets and I the σ-ideal
of sets of measure zero or S the σ-algebra S of Baire measurable sets with I
the σ-ideal of sets of first category.

Remark 2. We say that an S-measurable function f is restrictively I-approx-
imate continuous at point x, if and only if there is a τI-open neighborhood
U of x such that f restricted to U is continuous at x in the natural topology
relativised to U. The restrictional continuity of S-measurable real function im-
plies its topological continuity. In the case of S the σ-algebra of a Lebesgue
measurable sets and I the σ-ideal of sets of measure zero, I -approximate re-
strictional continuity and topological I -approximate continuity coincide (See
[4].)

Remark 3. Observe that the definition of an I-density point can be reformu-
lated in the following form: We say that the point 0 is an I-density point of
an S-measurable set A if for any sequence {tn}n∈N of real numbers decreasing
to zero there exists a subsequence {tnm

}m∈N such that χA (tnm
· x) converges

to 1, I-almost everywhere on [−1, 1].

This leads in the natural way to the following definition:

Definition 3. We say that an S-measurable function f has property (∗) at
a point 0, if and only if for any decreasing to zero sequence {tn}n∈N of real
numbers there exists a subsequence {tnm}m∈N such that f (tnm · x) converges
to f (0), I -almost everywhere on [−1, 1].

We say that an S-measurable function f has property (∗) at point x, if the
function g, g (y) = f (y − x), has property (∗) at 0.

We shall show that for an S-measurable function, the property (∗) at a
point x is equivalent to its I -approximate topological continuity.

Theorem 5. If the S-measurable function f has property (∗) at a point x,
then it is I-approximate topologically continuous at this point.

Proof. We shall restrict ourselves to the case x = 0 and additionally put
f (0) = 0. Suppose that f is not I-approximate topologically continuous at
0. Then there exists a > 0 such that the set A = {x : −a < f (x) < a} has
not 0 as its density point. It means that there exists a decreasing to zero
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sequence {tn}n∈N of real numbers such that for each subsequence {tnm}m∈N
the sequence χn 1

tnm
·A
o
∩[−1,1]

does not converge to 1, I-almost everywhere on

[−1, 1]. This is equivalent to lim sup
k→∞

((
1

tnm
·Ac

)
∩ [−1, 1]

)
/∈ I.

For x ∈ Ac, we have |f (x)| > a, hence for x ∈ lim sup
k→∞

(
1

tnm
·Ac

)
the

sequence f (tnm
· x) does not converge to f (0) = 0. It follows that there

exists a decreasing to zero sequence {tn}n∈N of real numbers such that for
each subsequence {tnm}m∈N, the sequence f (tnm · x) does not converge to
f (0) = 0, I-a.e. on [−1, 1]; this means that f does not have property (∗) at
the point 0.

Theorem 6. Let I be a σ-ideal. If the S-measurable function f is I-approx-
imate topologically continuous at point x then it has property (∗) at this point.

Proof. We restrict ourselves again to the case x = 0 and additionally we put
f (0) = 0. As f is I-approximate topologically continuous at 0 then Aε =
f−1 ((−ε, ε)) has 0 as its density point, for every ε > 0. The latter can be
stated equivalently that 0 is a density point of Ak = f−1

((
− 1

k ,
1
k

))
, for every

k ∈ N . Let {tn}n∈N be a sequence of real numbers decreasing to zero and

put k = 1. We may choose a subsequence
{
t
(1)
n

}
n∈N

of {tn}n∈N such that

χ
1

t
(1)
n

·A1

ff
∩[−1,1]

converges to 1, I-almost everywhere on [−1, 1]. This means

that there exists a set E1 such that [−1, 1]− E1 ∈ I and for points from E1,
χ

1

t
(1)
n

·A1

ff
∩[−1,1]

converges to 1. Since E1 = lim inf
m→∞

({
1

t
(1)
n

·A1

}
∩ [−1, 1]

)
we

have lim sup
m→∞

∣∣∣f (t(1)n · x
)∣∣∣ < 1 for x ∈ E1. Similarly we can find, for every

natural k > 1, a set Ek ⊂ Ek−1 and a subsequence
{
t
(k)
n

}
n∈N

of
{
t
(k−1)
n

}
n∈N

such that [−1, 1] \ Ek ∈ I and lim sup
m→∞

∣∣∣f (t(k)
n · x

)∣∣∣ < 1
k for x ∈ Ek. Let{

tnp

}
p∈N be a diagonal subsequence of subsequences

{
t
(k)
n

}
n∈N

, k ∈ N . We

have lim sup
p→∞

∣∣f (tnp
· x
)∣∣ = 0 for x from

∞⋂
k=1

Ek. Since I is a σ-ideal and

[−1, 1] \ Ek ∈ I for every k ∈ N then [−1, 1] \
∞⋂

k=1

Ek ∈ I. So, for any

sequence {tn}n∈N of real numbers there exists a subsequence
{
tnp

}
p∈N such

that f
(
tnp · x

)
converges to f (0), I-almost everywhere on [−1, 1], i.e., function

f has property (∗) at point 0.
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If I is a σ-ideal, Theorems 5 and 6 state that for the S-measurable function
f its I-approximate topological continuity and property (∗) are equivalent at
point x.

Theorem 7. If the S-measurable function f is I-approximate restrictively
continuous at point x then it has property (∗) at this point.

Proof. Since the restrictional continuity implies the topological continuity,
the theorem follows immediately. However, we would like to present the proof
with the use of the property (∗). We shall restrict our considerations to the
case x = 0. From the assumption it follows that there exists an τI-open
neighborhood U of 0 such that f restricted to U is continuous at 0. As 0 is an
I-density point of U , for any sequence {tn}n∈N of real numbers decreasing to
zero there exists a subsequence {tnm

}m∈N such that χn 1
tnm
·U
o
∩[−1,1]

converges

to 1, I -almost everywhere on [−1, 1]. This means that there exists a set E
such that [−1, 1]− E ∈ I and for points from E, χn 1

tnm
·U
o
∩[−1,1]

converges

to 1. Put

g (x) =
{
f (x) x ∈ U
f (0) x /∈ U .

By the assumption g is continuous at 0 and by Theorem 1 (3), g (tnm
· x)

converges to f (0) everywhere on [−1, 1]. Therefore, f (tnm
· x) converges to

f (0) for points from E, i.e. I -almost everywhere on [−1, 1].

Now we shall give a definition closely related to Lemma 1 in [7].

Definition 4. We shall say that the pair (S, I) is of type I (is of type II), if
for every increasing sequences {tn}n∈N, {sn}n∈N of real numbers tending to
infinity and such that

lim
n→∞

tn
sn

= 1

and for every S-measurable set A such that lim inf
n→∞

(tn ·A)∩ [−1, 1] is residual

in [−1, 1] then also lim inf
n→∞

(sn ·A)∩ [−1, 1] is residual in [−1, 1] (there exists a

subsequence {nm}m∈N such that lim inf
m→∞

(snm ·A)∩[−1, 1] is residual in [−1, 1]).

In Lemma 1 in [7] it is proved that the pair (S, I) where S is the σ-algebra
of sets having Baire property and I the σ-ideal of sets of the first category is
of type I. It is not difficult to show that in measure case the pair (S, I) , where
S is the σ-algebra of Lebesgue measurable sets and I the σ-ideal of sets of
measure zero, is of type II.
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Lemma 8. Let I be a σ−ideal. Suppose a pair (S, I) is of type I (is of type II)
and {tn}n∈N,{sn}n∈N are sequences of real numbers decreasing to zero such
that

lim
n→∞

tn
sn

= 1.

If for a real S-measurable function f , f (tn · x) converges to f (0) I-almost
everywhere on [−1, 1] then f (sn · x) converges to f (0) I-almost everywhere
on [−1, 1]. (There is a subsequence {snm

}m∈N of {sn}n∈N such that f (snm
· x)

converges to f (0), I-a.e. on [−1, 1].)

Proof. Put Ak =
{
x ∈ [−1, 1] : |f (x)| < 1

k

}
. For every decreasing to zero

sequence {un}n∈N of real numbers we have

⋃
p

⋂
n>p

(
1
un
·Ak+1

)
∩ [−1, 1] =

⋃
p

⋂
n>p

{
x ∈ [−1, 1] : |f (un · x)| < 1

k + 1

}

=
{
x ∈ [−1, 1] : ∃p∀n>p |f (un · x)| < 1

k + 1

}
⊂
{
x ∈ [−1, 1] : lim sup

n
|f (un · x)| 6 1

k + 1

}
⊂
{
x ∈ [−1, 1] : lim sup

n
|f (un · x)| < 1

k

}
⊂
{
x ∈ [−1, 1] : ∃p∀n>p |f (un · x)| < 1

k

}
=
⋃
p

⋂
n>p

{
x ∈ [−1, 1] : |f (un · x)| < 1

k

}

=
⋃
p

⋂
n>p

(
1
un
·Ak

)
∩ [−1, 1] .

Put Bk =
⋃

p

⋂
n>p

(
1

un
·Ak

)
∩ [−1, 1]. Now we have

Bk+1 =
⋃
p

⋂
n>p

(
1
un
·Ak+1

)
∩ [−1, 1] ⊂

{
x ∈ [−1, 1] : lim sup

n
|f (un · x)| < 1

k

}

⊂
⋃
p

⋂
n>p

(
1
un
·Ak

)
∩ [−1, 1] = Bk, and
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⋂
k

{
x ∈ [−1, 1] : lim sup

n
|f (un · x)| < 1

k

}
=
⋂
k

⋃
p

⋂
n>p

(
1
un
·Ak

)
∩ [−1, 1]

=
⋂
k

Bk.

Hence,{
x ∈ [−1, 1] : lim

n
f (un · x) = 0

}
=
{
x ∈ [−1, 1] : lim sup

n
|f (un · x)| = 0

}
=
⋂
k

{
x ∈ [−1, 1] : lim sup

n
|f (un · x)| < 1

k

}
=
⋂
k

⋃
p

⋂
n>p

(
1
un
·Ak

)
∩ [−1, 1] .

By the assumption f (tn · x) converges to f (0), I-almost everywhere on [−1, 1] ,
therefore

{
x ∈ [−1, 1] : lim

n
f (tn · x) = 0

}
is residual on [−1, 1] and consequently⋂

k

⋃
p

⋂
n>p

(
1
tn
·Ak

)
∩ [−1, 1] is residual on [−1, 1]. As I is a σ-ideal, the

countable intersection of sets is residual, if and only if every set is residual and
the latter implies that

⋃
p

⋂
n>p

(
1
tn
·Ak

)
∩ [−1, 1] is residual on [−1, 1], for

every k ∈ N .
Now, if a pair (S, I) is of type I then also

⋃
p

⋂
n>p

(
1

sn
·Ak

)
∩ [−1, 1] is

residual on [−1, 1], for every k ∈ N and
⋂

k

⋃
p

⋂
n>p

(
1

sn
·Ak

)
∩ [−1, 1] is

residual on [−1, 1]. By the last statement
{
x ∈ [−1, 1] : lim

n
f (sn · x) = 0

}
is

residual on [−1, 1] and f (sn · x) converges to f (0), I-almost everywhere on
[−1, 1].

Suppose now that a pair (S, I) is of type II. Then for k = 1 the set⋃
p

⋂
n>p

(
1
tn
·Ak

)
∩ [−1, 1] is residual on [−1, 1] and we may choose a subse-

quence
{
s
(1)
n

}
n∈N

of {sn}n∈N such that
⋃

p

⋂
n>p

(
1

s
(1)
n

·Ak

)
∩ [−1, 1] is resid-

ual on [−1, 1]. For k = 2, the set
⋃

p

⋂
n>p

(
1

t
(1)
n

·Ak

)
∩ [−1, 1] is residual

on [−1, 1] and we may choose a subsequence
{
s
(2)
n

}
n∈N

of
{
s
(1)
n

}
n∈N

such

that
⋃

p

⋂
n>p

(
1

s
(2)
n

·Ak

)
∩ [−1, 1] is residual on [−1, 1]. Similarly, we can find

for every natural k > 1 a subsequence
{
s
(k)
n

}
n∈N

of
{
s
(k−1)
n

}
n∈N

such that⋃
p

⋂
n>p

(
1

s
(k)
n

·Ak

)
∩[−1, 1] is residual on [−1, 1]. Let {snm

}m∈N be a diagonal

subsequence of subsequences
{
s
(k)
n

}
n∈N

, k ∈ N. The set
⋃

p

⋂
m>p

(
1

snm
·Ak

)
∩
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[−1, 1] is residual on [−1, 1] for every k ∈ N so the set
⋂

k

⋃
p

⋂
m>p

(
1

snm
·Ak

)
∩

[−1, 1] is also residual on [−1, 1] and f (snm
· x) converges to f (0), I -a.e. on

[−1, 1].

Theorem 9. Let I be a σ−ideal. Suppose a pair (S, I) is of type I or II.
If for the real S-measurable function f , f (sn · x) converges to f (0) I-almost
everywhere on [−1, 1] for some decreasing to zero sequence {sn}n∈N of real
numbers such that sk+1 > r · sk, for some r > 0 then f has the property (∗)
at 0.

Proof. Let {tn}n∈N be any sequence of real numbers decreasing to zero.
Choose subsequences

{
skp

}
p∈N and

{
tnp

}
p∈N such that tnp

∈
(
skp+1, skp

]
. We

have 0 < r · skp < skp+1 < tnp 6 skp and 0 < r <
tnp

skp
6 1. We choose again

subsequences
{
skpm

}
m∈N and

{
tnpm

}
m∈N such that the sequence

{
tnpm

skpm

}
m∈N

converges to some a, where 0 < r 6 a 6 1. The sequence
{

tnpm

a·skpm

}
m∈N

con-

verges to 1 and clearly f
(
a · skpm

· x
)

converges to f (0), I-almost everywhere

on [−1, 1]. Directly from Lemma 8 there exists a subsequence
{
tnpmv

}
v∈N

of{
tnpm

}
m∈N such that f

(
tnpmv

· x
)

converges to f (0), I-almost everywhere

on [−1, 1]. As
{
tnpmv

}
v∈N

is a subsequence of {tn}n∈N, f has the property

(∗) at 0.

Theorem 10. Let S be any algebra containing the Borel sets and I be an
ideal. If {sn}n∈N is a sequence of real numbers decreasing to zero such that
lim inf

n

sn+1
sn

= 0, then there exists an S-measurable function f such that f (sn · x)

converges to f (0), I -almost everywhere on [−1, 1] and f has not the property
(∗) at 0.

Proof. The example from the necessary part of the Theorem 1 in [9] is good
here.

As the consequence of Theorems 9 and 10, we have the following general-
ization of Theorem 1 in [9] and Theorem 1 in [2].

Corollary 11. Let S be any algebra containing the Borel sets and I a σ-
ideal. Suppose a pair (S, I) is of type I or II. Then for every decreasing to
zero sequence {sn}n∈N the condition that sk+1 > r · sk, for some r > 0, is for
every real function f equivalent to the fact that I-almost everywhere on [−1, 1]
convergence of f (sn · x) to f (0) implies that f has the property (∗) at 0.
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