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THE HAUSDORFF DIMENSION AND
MEASURE OF SOME CANTOR SETS

Abstract

It will be shown that the density formula of [3] is proved by new
method. As an application, the Hausdorff dimensions of and the Haus-
dorff measures of some Cantor-type sets will be evaluated.

1 Basic concepts

In this paper we denote by M a compact interval on the real line, and we
always assume the sets involved to be in M.

The following concepts and their related properties in this section can be
found in [1] [2] [3].

Definition 1.1. (a) A non-negative function of sets p is called a measure
on M if (i) u(¢) =0, and (ii) W(E) < > po; i(Ex), whenever E C UX | Ey,.
Here we don’t draw a clear distinction between measure and outer measure as
in [2] and [3].

(b) A set A is p-measurable if for each set E, u(E) = p(ENA)+ u(E\A).

(¢c) A measure p is regular if for each set E there exists a p-measurable
set A such that E C A and p(E) = pu(A).

(d) A measure p is Borel regular if every Borel set is p-measurable and
for each set E there exists a Borel set A such that E C A and u(E) = p(A).

(e) A measure p is a Radon measure if p is Borel regular and p(P) < oo
for each compact set P.

Definition 1.2. Let E be a set. A sequence of closed intervals {I;} is called
a d-cover of E if E C U;I; and 0 < |I;] < § for each i, where |I| is the length
of interval I. The s-dimensional Hausdorff measure of E is defined by

H*(E) = lim H*(E) = ;ig%infzi |1,
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where the infimum is taken over all §-covers {I;} of E.
The Hausdorff dimension of E is defined by

dimg F =sup{s > 0: H°(F) = co}(= inf{s > 0: H*(E) = 0}).

It is not difficult to verify that H® is a regular metric measure, so is a
regular Borel measure.

Definition 1.3. A collection of sets M is called a Vitali class of E if for
each © € E and 6 > 0 there exists U € M with x € U and 0 < |U|< § where
|U| is the diameter of U.

Theorem 1.4 (Vitali covering theorem). Let M = {I} be a Vitali class
of closed intervals of E. Then we may select a (finite or countable) non-
overlapping sequence {I;} from M such that either >, |I;|* = oo or H*(E\ U;
I;)=0.

2 The Density Formula

In this section the symbol p is always assumed to be a finite Radon measure
and F a Borel subset of M. The lower inverse s-density of p at x is defined
by .

D H°(z) = lim infﬂ

e 6=0 p(I)’
where the infimum is taken over all closed intervals I with z € I and |I| < 4.
When u(I) = 0, define D,/ H*(z) = oo. We can show that the function D, H*

is a Borel function.

Lemma 2.1. If D, H*(x) > ¢ > 0 for each x € E, then H*(E) > ¢ p (E).
Thus dimgFE > s.
PROOF. Let ¢* > 0 with ¢* < c. Since D, /H*(z) > c¢* for each z € E, there

exists a positive function 0(z) on E such that ‘I(‘) > ¢* for any I satisfying

z €I and |I| < §(x). Define, forn=1,2,..., E, ={z € E:0(z) > 1}, we
have E,, C E,y1,n=1,2/..., and £ = U, E,. Let € > 0 and fix n. Take a
L_cover {I;} of E,, such that H*(E,) > >, |Ii|° + ¢, so

—6>Z|I\>CZM > ¢*u(E,).

Making € — 0, we have

H(E) = H*(En) = ¢"u(En)
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for all n. Since p is a regular measure, we have
H(E) > " lim u(FE,) =c u(E).
Let ¢* — ¢, then the Lemma follows. O]

Lemma 2.2. If D, /H*(z) < c with ¢ > 0 for each x € E, then H*(E) <
¢ u(E). Thus, dimpgFE < s.

PROOF. Let € > 0 and ¢* > ¢ be given. Since u is a Radon measure, there
exists an open set G such that £ C G and u(G) < u(E) +¢e. Let n be a
positive integer and let

1
M, ={I: IgG,\I\ggand|I|s<cu(1)}.

Since D, H*(x) < c¢* for each z € E, M, is a Vitali class of E. By the Vitali
covering theorem, there is a non-overlapping subsequence {I'} of M,, such
that
HY(E\U; I") =0
because of >, [I7"|* < Y. ¢* p(I') < ¢* pu(M) < co. Let
Z =Up(E\U; IT").
Then H*(Z) = 0 and H*(F\Z) = H*(E). By the fact that
ENZ = Nn(E\(E\ Ui I]")) C N (Uil}),
we have
H*(E) =H*(E\Z) < nler;o H‘%(UJ})
< lim P < lim ¢ty p(If)
<t u(G) < (u(E) +e).
Let € — 0 and ¢* — c,it follows that
H(E) < ¢ u(E).

O
Corollary. Let Z = {zx € E': D, /H*(z) = 0}, then H*(Z) = 0.
PROOF. Write E; = {z € E: D,/H*(x) <i~'}. Then Z C N2, E;. For each i,
by Lemma 2.2, we have

HA(E) < i p(Es) < (M),

and this gives H*(Z) = 0. O
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Theorem 2.3. If D, /H*(z) < oo for each x € E, then

H(E) = / D, H* dp.
E

Proor. Let Z = {z € E: D,/H*(x) = 0}. Then H*(Z) = 0 by the Corollary
of Lemma 2.2, and H*(E) = H*(Ey), where Ey = {r € E: D /H*(z) > 0}.
Fix 1 <t < oco. Let E,, = {z € E: t"™ < D, /H*(x) < t™'}, then E, =

U _ oo Em. Since
HYEy) =Y H(Ep) <Y " (B (by Lemma 2.2)
=ty t"u(Ey) < tZ/ D, H* dp = t/ D, H* dp
m m E7n E+
and
HYEy) =Y H (Ep) > Y t"u(En) (by Lemma 2.1)
:lztm+lu(E)>EZ/ DHSd/J,:}/ D, H* dp
t 4 Tt g, tJg, " ’

then by sending t — 17, we have

HE) =B = [ D du= [ D d
E, E

3 Some Cantor Type Sets

(1) A Simple Cantor set. Let 0 < s < 1,n, be a sequence of positive integers
with nj > 2 for each k,{cr} be a sequence of positive real numbers with
nic;, = 1 for each k. Let Ey = I©® be the real interval [0,1]. Suppose Ej

has been defined and consists of i; equal closed intervals Ii(k)ﬂ' =1,2,...,0.
Then Ej41 is obtained from Ej by removing, from each Ii(k), (ng4+1 — 1) equal
open intervals GEkH) leaving ny41 closed intervals each of which with length
crq | TR

kil L] Let

0o ig

p= (5= U
k=0

k=0i=1
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it is called a simple Cantor set. We shall show that dimg F = s and H*(E) =

1.

These intervals Ii(k), 1 =1,2,...,14, are called basic intervals of k'th

stage which are generally written by I*) since their length are equal, and we
have iy = nins...ng by the construction. Similarly, all G’Ek), 1=1,2,...,0—
ir_1, are called the gap of k'th stage which are generally written by G(¥)
since their length are equal. Now define a function p of sets on [0,1] by

pw(I®)) = |I®)]°. Then we extend p to a mass distribution on [0,1] whose

(k+1) o —s s
Ickﬁ\ = Ck+1|f(k+1)| = npeyr (15D (cf.

Proposition 1.7 of [2]). Clearly p is a Radon measure and p(FE) = [0, 1]]° = 1.
In the following we shall show D H*(z) = 1 for each z € E, then by the
Theorem 2.3 we have

support is E since pu(I®)) = |

H(E) = [ DM dp=p((0,1)) = 1
(0,1]
and dimg F = s.
Firstly, for each x € E there is a sequence {I ](f)} of basic intervals such

that = € ;2,117 Since |1V — 0(k — o) and [I{”]* = u(I{”) we have
D, H*(z) <1forz € E.

Secondly, in order to prove D, H*(z) > 1, we have to show that [I|* > u(I)
for any interval I which contains z € E. We draw up two steps to this end.

(1) A closed interval I is called a near basic interval if its lift end point
coincides with the lift end points of some basic intervals and its right end point
coincides with the right end points of some basic intervals. For a near basic
interval, we always combine the basic intervals into bigger (of lower stage)
basic intervals if possible, so the basic intervals which contained in a near
basic interval are finite and possessed of definite type. Now we should prove
that |I|® > p(I) for any near basic intervals by using the induction for the
number of basic intervals in I. When I contains only one basic interval , I
itself is the basic interval, so |I|° = u(I). Now suppose that I contains n basic
intervals, and is contained in a basic interval of (k — 1)’th stage rather than
in a basic interval of k’th stage. Then I is in one of the three cases: (a) I
contains exactly n basic intervals of k’th stage, so |I| = n|I®*)| 4+ (n —1)|G™*)|,
n < ny; (b) I = I, UIy, where || = m|I®|4+m|G®)|, m < ny, and I, which
is contained in a basic interval of k’th stage, is a near basic interval on one
of the side of Iy ; (¢) I = I, U I U I3, where |Io| = m|[I®)| + (m + 1)|G*)|,
m < n, — 1, and I; and I3,which are contained in some basic intervals of k’th
stage, are the near basic intervals on two sides of Is respectively . For the
case (a), we consider the function f(z) = (z|I® |+ (2 — 1)|G®)|)* — z|I*)|°,
Since f"(z) < 0,z € [1,ng], f(x) is convex. Again since f(1) = f(ng) =0, we
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have f(z) >0, z € [1,n4], that is |I|* > n|[I®)|” = u(I). For the case (b), we
consider the function g(z) = (m|I®) |4+m|G®) |+ TF)|)s —m|TF) |5 — (x| TF)|)s.
By (a), we have g(0) > 0, g( )20 And since ¢'(z) < 0,2 € (0,1], g(z) > 0,
z € [0,1], we have |I|* > m|I®)|* +|I,|°. We have inductively |I;]° > u(I1), so
|I|° > u(Iy)+up(l2) = pu(I). For the case (c), we consider the function h(x,y) =
(m| 1™+ (m + 1)\G(k)| +a IO 4 y[TW ) —m[ W — (@[ 1®)])* — (y| 10])*.
By (b), we have h(z,0) > 0,h(x,1) > 0,z € [0,1]. And since hy(v,y) < 0,0 <
2,y < 1,h(z,y) > 0,0 < z,y <1, we have |I|° > m|I®)|* + |I,|° + |I5]°. We
have inductively [11]" = u(I1), |I3]° = p(13), so |I|° = p(I1) + p(I2) + p(I3) =
(1)

(ii) Now for any x € E and any interval I with x € I, we can assume
that the two end points of I belong to E, otherwise we will contract I without
S | . For this I, we take a sequence {Ij} of near basic intervals such
that I C I and limy_. o Iy = I. By the contlnulty of the power function z*

and the measure p, we have L(‘I) = lirnk_,oO el ’“l . Since |Ij,|* > p(Iy) for each

k, [I|* > p(I). Thus D, H*(z) > 1.

Now we have proved D H*(r) = 1 for any x € E and the conclusion
follows.

(2) A homogeneous Cantor set. Let {ny} be a sequence of positive integers
with ny > 2 for each k, {cx} be a sequence of positive numbers with nge, < 1
for each k. Let FEy = I®) be the real interval [0,1]. Suppose that Ej, has
been defined and consists of i equal closed intervals Ii(k)7 = 1,2,..., 10
We can obtain Ejy; from Ejy by removing, from each Ii(k), (nk+1 — 1) equal
open intervals G;kﬂ) leaving ny41 closed intervals each of which with length

Cl+1 |],L(k)| Let

decrease

e fla-Ale
k=0

k=0i=1

it is called a homogeneous Cantor set.
As same as in the simple Cantor set, for each positive integer k, i, =
ning...ng; all basic intervals I ) of k’'th stage, i = 1,2,...,i, each of

which has equal length, are written by I*); all gap Gl(» ) of k'th stage, 1 =
1,2,...,i, — ix_1, each of which has equal length, are written by G*). Let

_ log(ning...ny)
Sk = —log(cica...ck)?

We define a function p of sets on [0,1] by p(I®) = 1,u(I®) =
(ning...n)" Y, k = 1,2,..., and then extend p to a mass distribution on
[0,1] whose support is E since u(I*)) = nju(I**tY). By taking notice
of |I(k)\ = ¢1ca...¢, and ning...ng(cica...cx)% = 1, we have ,u(I(k)) =

s = limy_, o inf s, we shall show that dimg F = s.



THE HAUSDORFF DIMENSION AND MEASURE OF SOME CANTOR SETS 805

PARAR
Let ¢t > s. Then there is a sequence {ji} of natural numbers such that
sj, < t for each k. For any x € E there is a sequence {I(“) } of basic

n(jr)
intervals such that x € ﬂ,;“;lly(f(’;i), where n(jx) € {1,2,...,4; }. By
T0k) K | 10%)| %3k
) < 1 O _
D) < lim - oy < G0y

and Lemma 2.2, we have dimy E < t. Making t — s, we have dimyg F < s.

In order to prove dimy E > s, we only need to prove dimy F > s for any
s < s. We define the near basic interval as in (1), and by Lemma 2.2 we
need only to prove |I|* > du(I) for any sufficiently small near basic intervals
I, where d is a constant. Since s < s, there is a natural number N such
that s, > s for any kK > N. Let I be a sufficiently small near basic interval
which is contained in a basic interval of (k — 1)'th stage rather than in a
basic interval of k’th stage, where k& > N. Then I = I, U G®® U I,, where
I, and I, are near basic intervals on two sides of G*). Let the lowest stage
of the basic intervals contained in I; be of p’th stage. Then p > k, so we
can suppose that I; contains m p’th stage basic intervals and a near basic
interval contained in some I(®). Write I*, the near basic interval which is
contained in I; and has m basic intervals of p’th stage. Considering function
f(x) = (@/IP] 4 (x — 1)|GP)|)* — z|I®)|*» and noticing s < min{s,, s, 1},
we can prove f(z) >0, z € [1,n,], by the same method as in (1). Therefore
we have [I*|* > m|IP)|5» = mu(I®) = pu(I*), consequently |I;|° > |I*|° >
1(m+ 1)p(I®) > LIu(ly). For the same reason we have |I5|" > 1u(I>), and
then 2" > L1 ° + | BI*) > Hu(1y) + u(la)) = (D).

(3) A perturbed Cantor set. Let {cx;}, (j = 1,2) be two sequences of
positive numbers, satisfying cx1 + cx2 < 1 for each k and limy_,o infcg; > 0
for j = 1,2. We construct, inductively, a sequence {Ej} of sets : let Ey = Iy =
[0, 1]; suppose Ey = Useqi,2}* I, has been defined, where I, is a closed interval
and o € {1,2}* is a mapping o : {1,2,...,k} — {1,2}; for each I,, which
is called a basic interval of k’th stage, we obtain I, ; by removing an open
interval G, from I, such that ||I;'0J|I = k11,4, where (0,7) € {1,2}*+1 such
that (0,7)(t) = o(t) whenever t € {1,2,...,k} and (0,j)(k+ 1) =j,j = 1,2,
then Ey4q = Uae{l’g}k+1lg. Let

E = ﬁ Ey,
k=0

it is called a perturbed Cautor set. Let s; be a real number satisfying
Hle(cff +¢i5) =1 and let s = limy_, inf s;,. We shall prove dimy E = s.
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Let s € (0,1]. Define a function p of sets on [0,1] such that u(ly) =1 and

‘Io"s
M(IU) a—
[Tz (e +¢)

for each o € {1, 2}k, k=1,2,..., then extend p to a mass distribution on [0,1]
whose support is E because of

(%)

2 2

Il
Z“(IUJ) = 2; Hk+1| 1
j=

im1 (i + i)

=1

(g TGt |15 ]® — u(L,)

= ] = Tk = o).
[1i21 (efy +cf) [Tizi(ciy + i)

Let s > s, s is presented in (x). Then there is a sequence {ji} of natural
numbers such that s; < s for each k. For any x € FE there is a sequence
{I,, : o) € {1,2}7*} of basic intervals such that z € N3, 1,,. Since |I,,| —

0(k — 00) and s = TTE,(e5) + i) < [T, (e3f + cjf) = 1, we have
QMHS(JL‘) < 1. It follows from the lemma 2.2 that dimy F < s, and we have
dimy F < s by making s — s,.

In order to prove dimy E > s, we only need to prove dimy E > s for
any s < s. As in (2), we need only to prove |I|* > du(I) for any sufficiently
small near basic intervals (it is defined as in (1)), where d is a constant. Since
limg_, oo infeg, > 0,7 = 1,2, there are a positive number ¢ and a natural
number N* such that Ck, = ¢ for each k > N* and j = 1,2. Let s < s, s
is presented in (x). Then there is a natural number N such that sx > s for
any k > N, so we have ;ILI(”IL) = Hle(cfl +ciy) > Hle(cf{k +c3F) =1 for
any basic intervals of k’th stage I,, we may require N > N* if necessary. Let
I, a near basic interval, be contained in a basic interval of (k — 1)’th stage,
rather than in a basic interval of k’th stage. Then I = I; U G, U I, where
= {1,2}k_1, I and I, are near basic intervals contained in I,; and I, o
respectively. Let the lowest stage of the basic intervals contained in I5 be p'th
stage. Then p > k, and Iy = I« 1, or Io«1 UGy- UT*, where 0* € {1,2}}771
and I* is a near basic interval contained in I« 5. By |I2|” >[I, 1|° > d¥|I5+|*

ained in L.
wnd (1) < wlly), e e WG 2

L > d®, therefore .~ > 14% and the conclusion follows.
p(I1) w(I) 2

> d°. Similarly, we can prove

Remark 3.1. The papers [7] and [6] have discussed the homogeneous Cantor
set and the perturbed Cantor set respectively, but the methods we handle here
are more simple and direct.
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