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Abstract

Let F C R®. The additivity of F, briefly A(F), is the minimum
cardinality of a family G C R® with the property that h + G C F for
no h € RE. In this paper we consider the notion of super-additivity
which we will denote by A*. If F C R®, then A*(F) is the minimum
cardinality of a family of functions G with the property that for any
H C R®if |H| < A(F), there is a ¢ € G such that g+ H C F. We
calculate the super-additivities of the families of Darboux-like functions
and their complements.

1 Preliminaries

In what follows we will use standard terminology and notation as in [2]. In
particular, the set of all functions from a set X into a set Y will be denoted
by YX. Given a set X and f,g € XX we denote their composition by f o g.
The characteristic function of a set A C R will be denoted by X 4. The symbol
| X| will denote the cardinality of the set X. The successor of a cardinal x
will be denoted by k. We denote by [X]<", [X]*, and [X]=* the sets of all
subsets of X of cardinality less than s, equal to x, and less than or equal to
Kk, respectively. The cardinality of the real numbers R will be denoted by c.
Given a cardinal number x we let cf(x) denote the cofinality of k. We say
a cardinal & is regular provided that cf(k) = k. For functions f,g € R¥ let
[f = g] denote the set {z € R: f(x) = g(x)}. We define [f < ¢] and [f < g]
in a similiar way. Functions will be identified with their graphs. For a set
SCXxY weletdom(S)={zeX: (FyeY)(z,y) €9)}.

We will need some cardinals which have combinatorial descriptions. For a
cardinal £ we define
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dy = min{|F|: F C s~ & (Vg € x7)(3f € F)(|If = gl = 5)},
e = min{[F|: F C x* & (49 € #)(3f € F)(IJ = gl < )},
el =min{|F|: F C " & (VG € [x*]°%) 3f € F)(Vg € G)(|[f = g]| = K)},

d\ = min{|F|: F C x* & (VG € [m]<dn) 3f € F)(Vg € G)(|[f = g]| <
K)}.

2 Introduction

The cardinal function called additivity was orginally defined by Natkaniec [10]
for families F € R® to be

A(F) =min({|F|: F CR* & (Vg e R )3f € F)(f+g & F)}U{(2)"}).

This cardinal function has been studied intensively and has been generalized
to include families in (R™)R" see [8], [10], and [3]. We will restrict the scope
of this paper to R® and consider a new cardinal function which is based on
the additivity function. Before continuing let us recall some basic facts about
additivity.

Proposition 1. [9, Proposition 1] Let P, F C R¥. Then,
(i) F =0 if and only if A(F) =1,
(ii) F =RE if and only if A(F) = 2|7,
(iii) of F C P then A(F) < A(P), and
(iv) if F # 0 then 2 = A(F) if and only if F — F # RE,
Given F C RF the definition of additivity implies that R® has the property

(5 (vee[RM)@rery(+a ).

A natural question that arises is wether or not R¥ is the only subset of R¥ to
satisfy (x). In particular, one might want to find the smallest cardinality of a
family F' C R that satisfies (x). This consideration leads to the definition of
super-additivity. If I C RF we define the super-additvity of F to be

AY(F) = min{|F|: F CR® & (vG € [R¥] ") 37 e P)(f + G C F)}.

We list some basic facts about super-additivity
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Proposition 2. Let F,& C RR. Then,
(i) F € {0,RE} if and only if A*(F) =1 and
(ii) if A(F) = A(€) and F C & then A*(F) > A* ().
PrOOF. We show (i). If F = RE, then, by Proposition 1(ii), A(F) = (2°)*.
o+

Let G € [RR]®)" Clearly, Xy + G C R® = F. So, A*(F) = 1. If F = 0,
then, by Proposition 1(i), A(F) = 1. Since [RR]<1 = {0} and Xy + 0 C F,
it follows that A*(F) = 1. Suppose now that A*(F) = 1. We show that
F € {0,RR}. Assume that F # (. By Proposition 1(i), A(F) > 1. Since
A*(F) = 1, there is an h € RE such that h + g € F for any g € R¥. So,
F CRE=h+RRC F. Thus, F = RE,

We show (ii). Let k = A(F) = A(E). Suppose FF C R® and |F| < A*(€).
Then, there exists a G € [R¥] <" such that f + G is not contained in & for

every f € F. But F C &; so f + (G is not contained in F for every f € F.
Thus, A*(F) > A*(€). O

Next we point out a basic relationship between additivity and super-
additivity.

Proposition 3. If F ¢ {RR 0}, then
max{A(F), A(R®\ F)} < A*(F).

PROOF. We first show that A(R® \ F) < A*(F). Let F C RE be a witness to
the definition of A*(F), i.e., |F| = A*(F) and

<A(F)

(VG € [R¥] JEf € F)(f+G CF).

Since A(F) > 2 > 1, we see that F also satisfies
(Vg € RY)(3f € F)(f +g € F).

Since F = RE\ (RF\ F) we see that A*(F) = |F| > A(R® \ F).
We show that A(F) < A*(F). By way of contradiction assume A(F) >
A*(F). Then there is an F C R such that |F| < A(F) and

(VG € [R¥] <A(f)) (3f e F)(f+G C 7). (1)

Since F # R¥| for every f € F there is a gy € R¥ such that f+ gy ¢ F. Let
G = {gs: [ € F}. Notice that |G| < |F| < A(F). By (1) there is an f € F
such that f+G C F. In particular, f+ gy € F but this contradicts the choice
of gr. Thus, A(F) < A*(F). O
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3 The Results

We will primarily be concerned with calculating the super-additivities of the
following families of functions from R into R and their complements. Some
combinatorial characterizations of these cardinals are also given. We give
general descriptions of these families that will work for any function from
one space to another where the spaces are assumed to have the appropriate
structure.

Dar: f € YX is a Darboux function if and only if f[C] is connected in Y for
every connected subset C' of X.

Con: f € Y¥ isa connectivity function if and only if the graph of f restricted
to C'is connected in X x Y for every connected subset C of X.

AC: f € Y¥X is an almost continuous function if and only if every open set
in X x Y containing f also contains some continuous function g € Y.

Ext: f € Y¥X is an extendable function if and only if there is a connectivity
function g: X x [0,1] — Y such that f(x) = g(«x,0) for every z € X.

PR: f € RRis a perfect road function if and only if for every = € R there is
a perfect set P C R such that z is a bilateral limit point of P and f|p
is continuous at x.

PC: f € Y¥ is a peripherally continuous function if and only if for every
x € X and pair of open sets U C X and V C Y such that x € U and
f(z) € V there is an open neighborhood W of x with cl(W) C U and
flbd(W)] € V, where cl(W) and bd(W) denote the boundary and the
closure of W, respectively.

SZ: f € YX is a Sierpiiski-Zygmund function if and only if f|4 is continuous
for no set A C X of cardinality c.

The diagrams below describe the relations between the above families in RF
except SZ. The symbol — denotes containment. All inclusions are proper.

/ AC —— Con — Dar \

Ext PC

—_—
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It is clear from the definition of super-additivity and Proposition 3 that it
would useful to know the additivities of these families. Fortunately, there is
good bit that we know about these values.

Proposition 4.

(i) (Ciesielski, Reclaw [7]) A(Ext) = A(PR) = ¢+ and A(PC) = 2°;
(i) (Ciesielski, Miller [5]) A(Dar) = A(Con) = A(AC) = e;

(iii) (Ciesielski, Natkaniec [6]) A(SZ) = d.;

(iv) (Ciesielski [4](see[9])) A(=PC) = w;;

(v) (Jordan [9]) A(~PR) = A(~Ext) = 2¢;

(vi) (Jordan [9]) If |[c]<%| = ¢, then A(=SZ) = e.;

(vii) (Jordan [9]) If |[c]<%| = ¢, then d. = A(=Dar) = A(—Con) = A(=AC).
O

We first calculate the super-additivies of the families of functions we are
concerned with.

Theorem 5. If F € {Ext, PR, PC}, then A*(F) = A" (~F) = 2.
Theorem 6. A*(AC) = A*(Con) = A*(Dar) = e!.

Theorem 7. A*(SZ) = d!.

¢|<¢| = ¢, then d} = A*(=Dar) = A*(=Con) = A*(-AC).
|<¢| =, then el = A*(—SZ).

Theorem 8. If ||
Theorem 9. If ||

We also have a purely combinatorial result which will allow us to say
something about the values d! and e!.

Theorem 10. If [¢<°| =c¢ and ¢ = AT, then d. <e.=e! =d;.
Finally, we quote two consistency results.

Proposition 11. (Ciesielski, Natkaniec [6]) Let A > k > wy be cardinals such
that cf(A) > w1 and K is reqular. Then it is relatively consistent with ZFC+CH
that 2 = X and A(Dar) = A(SZ) = k. O

Proposition 12. (Ciesielski, Natkaniec [6]) Let A > wo be a cardinal such
that cf(A) > wyi. Then it is relatively consistent with ZFC+CH that 2° = ),
and A(SZ) = ¢* < 2¢ = A(Dar). O
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Since, CH implies that |[¢<¢]| = ¢, Propositions 11, 12 and 4 together with
Theorem 10 imply that

Corollary 13. Let A > k > wq be cardinals such that cf(\) > wy and k is
reqular. Then it is relatively consistent with ZFC+CH that 2 = X\ and for
F € {AC,Con, Dar,SZ} A(F) = A*(F) = A(-F) = A*(=F) = k. O

Corollary 14. Let A > ws be a cardinal such that cf(A\) > wy. Then it is
relatively consistent with ZFC+CH that 2° = X, and for F € {Dar, Con, AC}

A(SZ) = A(~F) = ¢t < 2° = A(F) = A*(F)
= A*(~F) = A(=SZ) = A*(=SZ) = A*(SZ). O

We prove Theorems 5 and 7 at this time. We will prove the other Theorems
in later sections since the proofs are somewhat long.

PRrROOF OF THEOREM 5. Let F € {Ext, PR,PC}. By (i) and (v) of Proposi-
tion 4, we have max{A(F), A(R®\ F)} = 2°. Since F ¢ {RE, ()} Proposition 3
implies that A*(F) = 2¢ = A*(RR\ 7). O

To begin the proof of Theorem 7 we quote a theorem about SZ functions
which may be found in [11].

Proposition 15. (Sierpiniski, Zygumund [11]) f € R® is in SZ if and only if
I[f = h]| < ¢ for every continuous function h defined on a Gs-set of cardinal-
ity c. O

PROOF OF THEOREM 7. We show that A*(SZ) < d!. Let H stand for the
family of all functions h € RR such that h|a is continuous on a Gs-set A of
cardinality ¢ and equal to zero elsewhere. Note that |H| = ¢. Pick F C REF
such that |F| = d! and

(vG € [R*]™*) (35 € F)(vg € G)(IIf = gll < ). 2)
We claim that F' satisfies

(VG € [R¥] <A<SZ)) (3f € F)(f + G C S2). 3)

Let G € [RR]<A(SZ) be arbitrary. By Proposition 4(iii) we have |G| < d..
It is shown in [6] that d. > c¢. It follows that {h —g: g € G & h € H}
is a set of cardinality strictly less than d.. By (2) there is an f € F such
I[f =h—g]| <cforevery g € G and h € H. So, by Proposition 15, (f + g)|a
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is continuous for no set A of cardinality ¢ for every g € G. Thus, F satisfies
(3) and A*(SZ) < d}.
We show that d! < A*(SZ). Pick FF C RF such that |F| = A*(SZ) and

(VG € [R] <A‘SZ)) (3f € F)(Vg € G)(f + g € SZ). (4)
Let Fy = {—f: f € F}, notice |F1| = |F|. We show that F; satisfies
(ve € [B¥]°") (3f € F)(vg € G)(IIf = gll < ©). (5)

Let G € [RF] <% he arbitrary. By Proposition 4(iii) we have |G| < A(SZ). By
(4) there is an f € F such that f + g € SZ for every ¢ € G. In particular,
|(f +9)71({0})| < ¢ for every g € G. Tt follows that |[—f = g]| < ¢ for every
g € G. Thus, F; satisfies (5) and d! < A*(SZ). O

4 Proof of Theorem 6

Our first goal is to show that A*(Dar) = A*(Con) = A*(AC). To do this
we will need to define the following family of functions. Let Dar; denote the
collection of all f € R® such that f[(a,b)] = R for every a < b. Clearly,
Dar; C Dar.

Lemma 16. A*(Dar) = A*(Dary).

PRrROOF. It follows from [5, Theorem 2.4] that A(Dar) = A(Dary). By Propo-
sition 2(ii) we have A*(Dar) < A*(Dar;). We show that A*(Dar;) < A*(Dar).
Let FF C R¥ be such that |F| = A*(Dar) and

(VG € [R¥] <A(D”)) (3f € F)(f + G C Dar). (6)
We show that F also satisfies
(VG € [R¥] <A(Da“)) (3f € F)(f + G C Dary) (7)

which will complete the proof. Let G € [R¥ <A Note that |G| <

A(Dar). Put Gy =GU{g+7r-Xg: g € G & r € R}. Since A(Dar) > ¢ [5] we
have G; < A(Dar). By (6) there is an f € F such that f + G; C Dar. We
claim that f+ G C Dar;. By way of contradiction assume there is some g € G
and a < b such that (f + ¢)[(a,b)] # R. Since (f + g)[(a,b)] is an interval, we
may assume without loss of generality that there is some M > 0 which is an
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upper bound for (f+g)[(a,b)]. Let g € (a,b)NQ and k = M —(f+g)(¢). Now

f+g+(k+1) Xg ¢ Dar, since (f + g+ (k+1))[(a,b) \ Q] is bounded above

by M but (f+g+ (k+1)-Xg)(q) = M +1. However, g+ (k+1)-Xg € Gy so

by the choice of f we have f + g+ (k+ 1) - Xg € Dar giving a contradiction.

Thus, F' satisfies (7). O
We will need a result of K.Kellum [10, Theorem 1.2].

Proposition 17. There is a family B of closed subsets of R? such that |B| = ¢,
dom(B) is a non-degenerate interval for every B € B and f € AC if and only
if fOB#0 for each B € B.

Lemma 18. A*(Dar) = A*(Con) = A*(AC).
PRrOOF. By Proposition 4(ii) and Proposition 2(ii) we have
A*(Dar) < A*(Con) < A*(AC).

So it is enough for us to show that A*(AC) < A*(Dar). By Lemma 16 there
is an F C R® be such that |F| = A*(Dar) and

(VG c [RR] <A(Dar)>

3f € F)(f + G C Dar). (8)

We claim that F' also satisfies (VG € [RR}<A(AC)) (3f € F)(f+G C AC)

which will complete the proof. Let B be as in Proposition 17. For each
B € Blet hg € RR be such that hB|prw(B) C B and zero otherwise. Let
G C R® and |G| < A(AC) = A(Dary). Let G; = {g—hp: g € G & B € B}.
Since ¢ < A(Dar) we have |G1| < A(Dar). By (8) there is an f € F such that
f+G1 C Dary. We claim that f+G C AC. Fix g € G. Let B € B be arbitrary.
Since f+(g—hp) € Dary there is an r € pr,(B) such that f+(g—hp)(r) = 0.
So (r,(f +¢)(r)) = (r,hp(r)) € B. Thus, f + g € AC. O

To complete the proof of Theorem 6 it is enough to prove the following
lemma.

Lemma 19. A*(Dar;) = el.

PROOF. We show that A*(Dar;) < el. Let {P,}aecc be a partition of R such
that |P,| = ¢ for every o € ¢ and for every non-degenerate open interval U
there is an a € ¢ such that P, C U. For each o € ¢ let {po3: B € ¢} be an
injective enumeration of P,. Let F C R® be such that |F| = el and

(VG € [R™) (3f € F)(lf = ]l = ©). 9)
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For each f € F define f* € R® by f*(pa.p) = f(B). Let F* = {f*: f € F}.
Note that |F*| = |F| = el. It is enough to show that F* satisfies

(VG € [R¥] <A(D‘“”) (3f* € F*)(f* + G C Dary). (10)

Let G € [RR]<A(DM1). By [5, Theorem 2.4] and Proposition 4(ii) A(Dar;) =

A(Dar) = e.. So |G| < e. Foreacha €¢, g€ G, and r € R let g, € R° be
defined by ga,-(8) = r — g(pa,p) for each 3 € ¢. Let

Gi={gar:r€R & ge G}

Since e, > c,it follows that |G1| < e.. By (9) there is an f € F such that
Ilf = g1]| = ¢ for every g3 € G;. We claim that f* + g € Dar; for every
g € G. Fix g € G, r € R, and a non-degenerate open interval U. We must
show that r € (f* + ¢)[U]. By the way we defined our partition there is an
a € csuch that P, CU. Let 8 € [f = ga,r]. Then f*(pa,3) =7 —9(pa,p). So,
(f* 4+ g)(pa,p) = r and pa 3 € P, C U. Thus, F* satisfies (10) establishing
the inequality.

We now show that A*(Dar;) > el. Let F C R be such that |F| =
A*(Dar;) and

(VG € [R¥] <A(D"‘”’) (3f € F)(f + G C Dary). (11)

Let © € RE be an additive function such that |©~1(r)| = ¢ for every r € R.
Let F; = {Oo f: f € F}, note that |Fy| < |F|. Tt is enough for us to show
that F} satisfies

(¥G € [R¥]™) (31 € F)(¥g € G)(ILA = 9]l = o). (12)

Let G € [RR]@‘. For each g € G pick g; € R® such that © o g; = —g. Let
G1 = {g1: g € G}. Notice that |G1| < |G|. By (11) there is an f € F such
that for every g1 € Gy we have f + g1 € Dar;. Put f; = © o f. By our choice
of © and the fact that (f + g1)[R] = R, we have

((fi=9) 7 0) =(©0f+00g)7 (0)] =[O0 (f +g1)7(0) =

In particular, for each g € G we have |f; = g| = ¢. Thus, F} satisfies (12). O
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5 Proofs of Theorems 8 and 9

Our first goal will be to prove Theorem 8. Towards this end we introduce two
more cardinals the first of which appears in [9].

di = min{|F|: F C ¢ & (VG € [“])(3f € F)(Vg € G)(|[f =gl = )}
p = min{|F|: F C [¢7] (VG € [¢] ") (34 € F)(Vg € G)
Bfe Alf =gl <o}
Lemma 20. If |[(]<¢] = ¢, then x1 < A*(=AC).

PROOF. Let B be as in Proposition 17. Enumerate B injectively by {B,: « €
c}. For each a € ¢ let h, € RR be such that ha|prz(Ba) C B, and zero
otherwise. Let {P,}aec be a partition of R such that P, C pr,(B,) and
|P,| = ¢ for every o € ¢. For each a € ¢ let {po3: § € ¢} be an injective
enumeration of P,.

Let F' C R® be such that |F| = A*(=AC) and

(VG c [RRFA“AC))

(3f € F)(f+G C -AC). (13)

For each f € F and a € ¢ define f, € R® so that fo(8) = (ha — f)(Pa,)-
For each f € F let Ay = {fo: a € ¢}. Put F* = {A;: f € F'}. Note that
|F*| < |F| = A*(-=AC) and F* C [R°]=°. It is enough for us to show that F*
satisfies

(VG e RI) BAc F)(Wg e G)Bf e A)[f =gl <o) (14)

Let G € [R‘]<d:. Since |[¢]<¢] = ¢, we have di = d. by [9, Corollary 12]. It
follows from Proposition 4(vii) that |G| < A(=AC). For every g € G define
g* € R¥ so that g*(pa,s) = g(B). Since |{g*: g € G}| < |G| < A(-ACQ), it
follows by (13) that there is an f € F such that f 4 ¢g* ¢ AC for every g € G.
We show that A € F* has the property that

(Vg € G)Bh € Ap)(|[h = gl < o). (15)

Fix g € G. By Proposition 17 there is an a € ¢ such that (f + ¢*) N B, = 0.
It follows that

(f +9°)p, Nhalp, = 0. (16)
Pick f, € Ay. By way of contradiction assume that f,(3) = g(3) for some

B € c¢. Then (ho — f)(Pa,g) = 9(8) = 9" (pa,s) but this contradicts (16). Thus,
[fo = g] = 0 so Ay satisfies (15). Therefore, F'* satisfies (14). O
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To continue the proof it will be useful for us to define the following families
of functions. Let Dar(c) stand for the set of all f € R® with the property that
|f~1(y) N (a,b)| = ¢ for all a,b,y € R such that a < b. Let Dar* denote the
set of Darboux functions f which are nowhere constant (i.e. if a < b, then

| fl(a,0)]] > 1).
Lemma 21. A*(—Dar) = A*(—-Dar™).

PROOF. By [9, Lemma 25] A(—Dar) = A(—-Dar™). It follws by Proposition 2(ii)
that A*(=Dar*) < A*(=Dar).

We show the other inequality. Let Z be the family of collections of mutually
disjoint non-degenerate open intervals. Since there are continuum many open
intervals and the cardinality of any disjoint collection of open intervals is at
most w, it follows that |Z| = ¢. For each I € T pick h; € Dar(c) such that
hi(z) = 0 if z is an endpoint of any ¢ € I. Let k; be defined by k;(x) =
Xur(z) - hy(z) for each x € R. Let K = {k;: I € IT}. Note that |K| = .
Suppose that FF C R® and |F| < A*(=Dar). Then by definition of A*(—=Dar)
there is a G C R® such that |G| < A(=Dar) = A(=Dar*) and

(Vf e F)(3g € G)(f + g € Dar). (17)

Let Gy ={g9g+k:g€G& ke K}UG. Note that |G1| < A(—Dar") since
|K| = ¢ < A(=Dar"). It is enough to show that G; satisfies

(Vf € F)(3g € G)(f + g € Dar™). (18)

Let f € F. By (17) there is a g € G such that f + g € Dar. If f + g € Dar*
there is nothing to do so assume f + g € Dar \ Dar*. The set of points at
which f + ¢ is constant form a countable collection J of mutally disjoint non-
degenerate open intervals such that f + g is constant on each j € J and is
nowhere-constant on R\ |JJ. Since g + ky € Gy, it is enough to show that
(f'f‘k]) +g€ Dar™.

We first show that (f + kj) + g is nowhere-constant. Let € R be ar-
bitrary. If € cl(|JJ), then any open nieghborhood U about x contains a
non-degenerate sub-interval ¢ of some j € J. Thus,

(F+9) +EDUI 2 ((f+9) + k)l ={r} +ksli] ={r} + R=R, (19)

where {r} = (f + ¢)[j]. So (f + ks) + g is not constant at x. If x ¢ cl(|JJ),
then there is a neighborhood U C R\ ¢l (|J J) of = such that k; is equal to 0
on U, and (f + ks + g)|lv = (f + g)|v which is non-constant on U. So, f + g
is non-constant at x. Thus, (f + k) + g is nowhere-constant.
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We now must show that (f + k;) + ¢ is Darboux. Let ¢ C R be a non-
degenerate open interval. If iNj # @ for some j € J, then i contains a non-trival
sub-interval of j, so, arguing as in (19), ((f +ks) +g)i] =R. If inj =0 for
all j € J, then ((f +ky) +9)[i] = (f + g)[i]. In either case ((f + k) + g)[i] is
an interval. Thus, (f + kj) + g is Darboux. So, (f + k) + g € Dar* and G,
satisfies (18) completing the proof. O

Lemma 22. A*(—Dar(¢)) = A*(—Dar).

PRrROOF. By [9, Lemma 27] A(—Dar) = A(-Dar(c)). It follws by Proposi-
tion 2(ii) that A*(—Dar(c)) < A*(=Dar).

We show the other inequality. By [9, Lemma 26] there is an additive
function © € R® such that © oh € Dar(c) for every h € Dar*. Notice that © is
a surjection. Let F' C R® and |F| < A*(=Dar). For each f € F pick f; € R¥
such that ©of; = f. Let Fy = {f1: f € F}. Note that |Fy| < |F| < A*(—Dar).
By the definition of A(=Dar*) and Lemma 21 there is a G C R such that
|G| < A(—Dar) and

(Vf1 € F1)(3g € G)(f1 + g € Dar™). (20)

For each g € G let gy = O og. Put Gy = {g1: g € G}. Note that |G1| <
A(—Dar(c)). We will be done if we show that G satisfies

(Vf € F)(3g1 € G1)(f + g1 € Dar(c)). (21)

Let f € F. By (20) there is a ¢ € G such that f; + g € Dar*. We now have
f+91=(0Oo0f1)+(©og)=06(f1+g) € Dar(c). Thus, G; satisfies (21). O

Lemma 23. If |[¢]<°| = ¢, then A*(=Dar) < d_.
PROOF. By Lemma 22 it is enough to prove that A*(—=Dar(c)) < dl. Let
F C R® be such that |F| = d! and
<d.
(vG € [R*)™) (3f € F)(vg € G)(|If = g]| < ©). (22)

It is enough for us to show that F satisfies

(VG c [R® 3f € F)(f + G C —Dar(c)). (23)

]<A(—|Dar(c)))(
Let G € [RR]<A(ﬂDM(C)). Since |[¢]<¢] = ¢ we have, by [9, Lemma 27] and
Proposition 4(vii), that |G| < d.. By (22) there is an f € F such that
I[f = —g]| < ¢ for every g € G. In particular, |(f + g)~1({0})| < ¢ for each
g € G. So f+ g ¢ Dar(c) for every g € G and so F satisfies (23). O
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PrOOF OF THEOREM 8 We have shown that
k1 < A*(=AC) < A*(=Con) < A*(=Dar) < d%.

So it is enough to show that d} < k;. Let W = [J{c*: a < ¢}. Note that
|W| = ¢ by our assumption that |[c]<¢| =¢. Let V = {{o,€): £ < @ < ¢}. Let
F C [cV]¢ be such that |F| = x; and

(v e []"%) @Ae (Vg e OEf e A(If =gl <0 (29)

For each A € F let A= {f3: 3 € ¢}. For each A € F let f4 € W¢ be such
that fa(a) € ¢ and fa(a)(B) = fala,B). Let F* = {fa: A € F}. Note that
|F*| < |F| = k1. It is enough for us to show that F* satisfies

(¥G e W= ) 3f € F)(¥g € G)(IIf = gl| < o). (25)

Let G C W°® and |G| < d.. For every g € G let g1 € ¢” be defined by
g1{(a, B) = g(a)(B) for all 8 € dom(g) and zero otherwise. Let G; = {g1: g €
G} and notice that |G| < d. < d¥. By (24) there is an A € F such that

(Vg1 € G1)3f € A(IIf = ]l < o). (26)

We claim that |[fa = g]| < ¢ for every g € G. Fix g € G. Thereisan fg € A
such that |[g1 = fg]| < ¢. Thus, for all but strickly less than ¢-many a > § we
have g()(5) = g1 (o 8) # fo( B) = fa(@)(B). Tt follows that [[g = f4]] < c.
So, by (26) the claim is proved. Therefore, F'* satisfies (25). O

We now work to prove Theorem 9. Towards this end we define some other
cardinals.

e; =min{|F|: F C ¢ & (VG € ) (3f € F)(Yg € G)(lg = /]| < )}
ks = min{|F|: F C [¢]° & (vc; e [c°]<ef) (JA e F)
(Vg e G)3f € A)(|[f =gl =)}
Lemma 24. If [[c]<%]| = ¢, then ky < A*(=SZ) <el.

PROOF. Let H stand for the family of all functions h € R® such that h|
is continuous for some Gs set A of cardinality ¢ and equal to zero elsewhere.
Note that |H| = c.

We show that kg < A*(—=SZ). Let F C R be such that |F| = A*(=SZ)
and

<VG € [R¥] <A(ﬂSZ)) (3f € F)(f + G C =S7). (27)
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For each f € F let Ay € [RE|° be defined by {h — f: h € H}. Let F* =
{Af: f € F}. Notice that |F*| < |F| = A*(—SZ). It is enough for us to show
that F'* satisfies

(vG e [R¥™)@ae F)(vge G)Bf e AIf =gll =0).  (28)

Let G C R® be such that |G| < e?. Since |[¢c]<¢| = ¢, we have by [9, Corollary
13] ef = A(—=SZ). So |G| < A(=SZ). By (27) there is an f € F such that
f+ G C =SZ. So for each g € G there is, by Proposition 15, an h € H such
that |[f + ¢ = h]| = ¢. It follows that for every g € G there is a k € Ay such
that |[k = g]| = ¢. Thus, F"* satisfies (28).

We now show that A*(=SZ) < el. Let F C R® be such that |F| = el and

(¥G € [R¥]°) 3f € F)(g € G)(If = gl = o) (29)
It is enough for for us to show that F' satisfies
(va € [R¥] <A“SZ)) (3f € F)(Vg € G)(f + g € —SZ). (30)

Let G C RE and |G| < A(=SZ). Notice that since |[¢]<| = ¢ we have, by [9,
Corollary 13], |G| < e.. By (29) there is an f € F such that |[f = —g]| = ¢ for
all g € G. So |(f +¢g)~1({0})| = ¢ which implies that f + g € =SZ. Therefore,
F satisfies (30). O

To finish the proof of Theorem 9 it is enough, by Lemma 24, to prove the
following lemma

Lemma 25. If |[c]<‘| = ¢, then e! = ky.

PROOF. First notice that Lemma 24 provides the inequality k2 < e!. We show
that el < k. Let W = [J{c®*: a < ¢}. Note that [W| = ¢ by our assumption
that |[¢]<] =¢. Let V = {{a,€): £ < a < ¢}. Let F C [W°]° be such that
|F| = ko and

(VG e WF) BAe F)(¥g € G)Bf € A)(|If =gl =¢).  (31)

For each A € F let A = {f,: @ € ¢} and define fa € ¢V by fala,B) =
fa(a)(B) if B € dom(fs(«)) and zero otherwise. Let F* = {fs: A € F}.
Notice that |F*| < |F| = k2. It is enough for us to show that F* satisfies

(vG € []7) (3f € F)(¥g € G)(IIf = gl = ©). (32)
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t G C ¢” be such that |G| < e,. For each g € G define gy € W* by
gl(a) B) = g{a, B) where dom(g;(a)) = a+ 1. Let G; = {¢91: g € G} and
notice that |G| < |G| < e < eX. By (31) there is an A € F such that

(Vg e G1)3f € A(IIf =gl = o). (33)

We claim that f4 € F* has the property that |[fa = g]| = ¢ for every g € G.
Fix g € G. By (33) there is an [ € ¢ such that |[g1 = f3]| = ¢. In particular,

¢ ={a>6: fa(a) = g1(a)}]
<Ha > B: fz(a)(§) = g1()(§) for all £ < a}|
<Ha > 8: fa(a)(B) = g1()(B)}]
<Ha>B: fala, B) = g(a, B)}|
<|[fa = 4]l
Thus, F* satisfies (32) which implies that el < ks. O

6 Proof of Theorem 10
To prove Theorem 10 we will need a few lemmas and some more cardinals.

De =min{[F|: F C ¢ & (Vg e ¢)(3f € F)([f < gll <o)},
be = min{|F[: F C ¢ & (Vg € ¢*)(3f € F)(|lg < fll = o)}

The numbers b, and D, are analogs of the bounding number b = b, and the
dominating number D = D,,. We will use the following proposition from [9,
Lemma 31] a number of times thoughout this section.

Proposition 26. If c = A", then the set {{a, 3) € ¢?: 3 < f(a)} is the union
of A-many functions in ¢¢ for every f € c.

Our first goal will be to show that under the assumption of |[¢]<¢| = ¢ and
¢ = AT we have e, = el = D,.

Lemma 27. If ¢ = AT, then D, = e} > ko.

PROOF. By [9, Lemma 33] ¢ = D, under the assumption of ¢ = A" so it is
enough for us to show that ko < D.. Let F' C ¢ be such that |F| = D, and

(Vg € < )3f € F)([f < gll <o) (34)
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For each f € F we may find, using Proposition 26, an Ay € [¢*]* such that
{{a,B) € 2: 8 < f(a)} = UAs. Let F* = {Ay: f € F}. Notice that
|F*| < |F| = D.. It is enough for us to show that F* satisfies

(VG e [)°F) Bae F)(Yge G)Bf € A)([f =gll =) (35)

Let G C ¢¢ and |G| < ef = D,. Since |G| < D, there is an h € ¢¢ such that
llg < h]| = ¢ for every g € G. By (34) there is an f € F such that |[f < h]| < ¢
so |[g < f]| = ¢ for every g € G. We claim that Ay has the property that

(Vg € G)Bh € Ap)(|[h = gl = o). (36)

Let g € G. By the choice of f we have |g N (|JAy)| = ¢. Since |[Af| = X it
follows that |[g = h]| = ¢ for some h € Ay. Thus, Ay satisfies (36). Therefore,
F* satisfies (35). O

Lemma 28. If [[c]<| = ¢ and ¢ = AT, then e. = el = D..

PRrROOF. By [9, Theorem 10] and [9, Lemma 33] e, = D.. By Lemmas 25 and
27 and Theorem 6 we have e, = A(Dar) < A*(Dar) =e! < D,. O

Lemma 29. If [[c]<| = ¢ and ¢ = AT, then e. = d! = D,.

PROOF. By Lemma 28 it is enough for us to show that D. = d!. Since ¢ < d
it is easy to check that e < dl. So by Lemma 28 we have D, < d!. All we
must do now is show that d! < D..

Let F' C ¢ be such that |F| = D, and

(Vg e )Ef € F)([f < gll <o) (37)

It is enough for us to show that F' satisfies
(VG € [¢]°") (3 € F)(vg € G)(|If = g]| < o). (38)

Let G C ¢ and |G| < d.. By [9, Lemma 33] d. = b.. Since |G| < b, there is
an h € ¢¢ such that |[h < g]| < ¢ for all g € G. By (37) there is an f € F such
that |[f < h]| < ¢. It follows that |[f < g]| < ¢ for every g € G. In particular,
we have that |[f = g]| < ¢ for every g € G. Thus, F satisfies (38). O

PrOOF OF THEOREM 10 Lemmas 28 and 29 yield the equalities e, =
el = dl. The inequality d. < d! is a consequence of Proposition 4(iii) and
Theorem 7. O
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