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AN INTERESTING NEW METRIC AND ITS
APPLICATIONS TO ALTERNATING
SERIES

Abstract

This paper presents one interesting metric discovered while studying
convergence of series with alternating signs. In previous papers [D1]
and [D2] we presented a study of ‘typical’ series with alternating signs.
Namely, given a sequence of real nonnegative numbers whose sum is
infinity we consider all different ways the signs plus or minus could be
put in front of each of these numbers. With a given metric we ask what
is the ‘size’ of the set of those choices of + or — for which the resulting
series with alternating signs converges. The term ‘size’ here means either
the Baire category or porosity of this set. While metrics studied before
as Fréchet, Baire or Euclidean allowed us to get interesting results, they
all share one undesirable property - insensitiveness to the change of a
‘tail’ of a sequence. The D-metric, introduced here, does not have this
undesirable property.

1 Introduction

The problem of relatively convergent series is studied in many monographs
and articles. We study the convergence of the series

> (=)™, (1)
n=1

where (a,)nen 18 a sequence of zeros and ones and (by,)nen is a sequence of
nonnegative real numbers. For fixed sequence (b, ),en we want to consider the
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sets

C = {(an)nen € {0,1}"; the series (1) converges},
k
B = {(an)nen € {0, 1} 3M > 0VE | > (=1)*bn| < M}.
n=1

The set C contains all sequences (ay,)nen for which the series above converges,
whereas the set B contains sequences (a,)nen for which the series (1) has
bounded partial sums. Clearly, C C B. The question what these sets are is
definitely nontrivial only if the series

o0
Z by, diverges, (2)
n=1
i.e., has sum infinity, because otherwise the series (1) is convergent for any
choice of (ay,)nen. Therefore (2) will be our standard assumption in the entire
paper.
Since we are working in the space {0, 1}¥ there are several choices of metrics
we can consider. In the paper [D1] we defined the function ¢ : {0, 1} — [0, 1]
by

o]
a

o((an)nen) = Zl 2—2, for (an)nen € {0, 1}V,
Then we put dg(a,b) = |p(a)—¢@(b)|. The function dg is a pseudometric on the
space {0, 1}"V. By dropping all sequences of the form (a1, az, .., a,,0,1,1,1,...)

we get a set
M={0,11"\ {(ay, a2, ..,a,,0,1,1,1,...); a; € {0,1}, i =1,2,...,n}

on which dg is a metric. Moreover, (M, dg) is a complete metric space. We
will refer to dg as the Euclidean metric. The results in [D1] show that provided
(2) holds both sets C and B are of first Baire category on (M, dg). Moreover,
we also have result on the Lebesgue measure of the sets ¢(C) and ¢(B). The
measure of these set is either 0 or 1 (depending on the given sequence (b, )nen)-
These results there are actually valid for any sequence (b, )nen from a Hilbert
space H.

In the paper [D2] we conducted a similar study for Fréchet (dr) and Baire
(dp) metric. Here

oo

]- |an - bn‘ Iy .
dp(a,b) = Z TR r—T Fréchet metric,

n=1

.; f b7
dB(Gq b) = {glln{nEN;aﬂ7ébn} or a #

for a = b,

Baire metric.
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The major fault of the previous metrics comes from the fact that they
do not control the ‘tail’ of a sequence (an)nen. This means that given any
sequence (a, )nen We can alter its tail completely arbitrarily. The new sequence
we get can be arbitrarily close the original one. It is however the ‘tail’ of the
sequence (an)nen that decides whether the corresponding series (1) converges
or not. This means that the metrics mentioned are not optimal for studying
convergence of (1).

It would be therefore desirable to find a metric on the space {0, 1} which
does not possess this fault. We have managed to find such a metric. The pre-
cise definition is given bellow. This metric turns out to have some advantages
over the previous ones and gives us better tool for study the problem outlined
above.

2 The Definition of the D-metric

Here we give the definition of the D-metric. Although we mainly want to
study the space {0,1}", the definition is valid in any Banach space. Let X be
a Banach space and M C X be a closed bounded subset. M with the metric
inherited from X is a complete metric space. For the sequences

a = (a1,az2,as,...), and b = (by, ba,b3,...),

where all a,, and b, are from M, (i.e. a,b € MY) we define the D-metric
dp(a,b) by

dp(a,b) = sup{‘al I bi| |a1 + a2 ; b1 — b
a1 +az+as—by —by —bs }
| : L
Here |.| means the norm in the space X. Clearly, the boundedness of the
set M guarantees that the number dp(a,b) is always well defined and finite.
We can also lift the condition of boundedness of M if we allow dp to take
infinite values. Or if we want to have finiteness of the metric we simply put
c%(a, b) = min{dp(a,b),1}. The next theorem justifies our definition.

) )

3)

Theorem 2.1. Let X is a Banach space, M C X a closed bounded set. For
any a,b € M™ if we define the function dp(a,b) by (3), then dp is a metric on
MY and (MN7 dp) is a complete metric space. The same is true of the metric
(% = min{dp, 1} even if we drop the condition of boundedness of the set M.

PROOF. The proof that dp is a metric is trivial. Let us for example check the
triangle inequality for dp. Take a,b,c € MY, we want to demonstrate that

dp(a,c) <dp(a,b) +dp(b,c). (4)
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By the definition of dp for any k € N we have

ajt+as+---+ag—by—by—---— by
k

by +ba+- - +by—cr—ca——c;
k

<dp(a,b) and

< dD(b7 C)'

Hence by the triangle inequality

ar+az+---+ag—cp—cp—-—¢Cg
k
<al+a2+"‘+ak*51*b2*"'*bk
- k
B dbydood by —C —Cyp— e —
it e O O (a,h) + dp (b 0)

Taking supremum over all integers k yields (4).

Now we show that dp is a complete metric space. Assume that (A, )nen
is a Cauchy sequence in MYN. We will write A,, as A, = (an1,An2,An3, - - -)
where a,; belongs to M. From the definition of dp metric it follows that
lan1 — am1| < dp(An, Ap,) which means that (a,1)nen is a Cauchy sequence
in M. Similarly for a,s we get

|an2 ;am2| _ |an1 ;am1| < |an1 + an2 _2am1 - am2| < dD(AnyAm)
lan2 — am2| < |ant — am1| + 2dp (A, Ap).

By using induction and similar arguments we obtain that for all i € N,
(ani)nen is a Cauchy sequence. Therefore we can put a; = lim,,—,« an;. Since
M is a closed set, a; € M and hence the sequence A = (ay, az,as,...) belongs
to MN. We want to show A = lim A,,. Let ¢ > 0. Then there is a k € N

n—oo

such that for all m,n >k dp(A,, Am) < e. Then

a1+ a2+ F+0; —Apl — Ap2 — - — Qp;
)
. Gm1 t+Am2+ - -+ Qi — Qpl — Ap2 — -+ — Qg
= lim - <e.
m— 00 (3

Hence we have that d(A, A,,) < ¢ for any n > k giving us the desired result.
The case of the metric dp is analogous. O

The next lemma gives us partial insight into the topology of the space
(MY, dp).
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Lemma 2.2. Consider the complete metric space (MY, dp). Let k be a pos-
itive integer, ¢ a real number and (a1,qs,... o) a finite sequence of real
numbers. Let

So = {(an)nen € MN; loaray + agas + - - - + agag| > ¢},
Si = {(an)nen € MN; |orar + agas + -+ - + agag| < ¢}

Then both sets S, and S; are open subsets of the metric space (M™,dp).

PROOF. First consider one special case: a3 = as = --- = o = 0. Clearly, for
¢>0wehave S, =0 and S; = MY and for c < 0 S, = MY and S; = (. So
the lemma holds.

Now consider all remaining cases. We will prove this lemma only for the
set S, since the proof for the other set is similar. Take any (a,)nen € So. We
need to show that there is an £ > 0 such that each sequence (b, )neny Whose
distance from (a,)nen is less than ¢ is also in S,. Let

a = max{|ay], |az], ... |ak|} >0,
0 = |ara + agas + - + agag| — c.
Pick € > 0 so small that dp(a,b) <e = |a; — b;| < % fori=1,2,... k.
Such e always exists. Now we have
|a1b1 + agby + - - + Oékbk‘
=larar + azaz + - + agap + a1(by —a1) + (b —az) + - + ag(by, — ax)|

>|enar + azag + -+ - + agag| — |aa|[br — a1] — |az||bz — az| — - — |ag|br, — ax]
0

>c+d—ka— =c.
ko

Hence the sequence (b,,)nen is in S, O

If we take M = {0,1} C R, we can state the previous lemma for this space.

Corollary 2.3. Consider the complete metric space ({0,1}N,dp). Let k be a
positive integer, ¢ a real number and (a1, aq, ... ai) a finite sequence of real
numbers. Let S4 and S_ be the sets

S+ = {(an)nen € {0, 1}N; aia + agag + - + agag > c},
S_ = {(an)nen € {0, 1}N;Oé1fl1 + apas + - + agay < c}.
Then both sets S, and S_ are open subsets of the metric space ({0,1}N,dp).

It might also be interesting to compare all of these metrics on the space
{0,1}N. We get dp > dg > dr > %dE. Since none of these inequalities
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can be reversed, these metrics are not equivalent. It is known however that
the Baire and Fréchet metrics generate the same topology on {0,1}N. The
same is not true about the D-metric whose topology is different. This fol-
lows for example from the fact that the sequence (A, )nen defined by A, =
(1,1,...,1,0,0,...), n = 1,2,3,... is Cauchy in dp, dg and dg but not in
—_——

n times
dp.

The above inequalities also means that the space ({0, 1}, dp) is the richest
one; i.e., it has more open sets than the other metric spaces considered.

3 Study of Interesting Properties of the D-Metric

In this section we extend the simple results about the D-metric from the
previous section. In the entire section we assume that

M C X is closed and bounded and contains a nonzero element. (5)

We want to define one very important notion.

Definition 3.1. Let M C X be a bounded set of a Banach space X. Let
(zn)en be a given sequence of elements of M. let

A = {a € X; there is an increasing sequence (ng)gen of integers

such that lim ZLFT2t T a}.
k—o00 Nk

We will call A ‘the set of limit averages in the sequence (z,)nen’. (Here

lim denotes the limit in the weak topology of the space X.) If for a certain
sequence (Z,)nen the set A has exactly one element for which we have

A((In)nEN) = lim AT A xnv

n— o0 n

we call such an element A((z,,)recn) the limit average of the sequence (2, )nen-

Remark. Of course if X is finite dimensional, the weak limit in the definition
of A can be replaced by the limit in the norm of X. If the space X is reflexive,
the set A must be nonempty, since any bounded convex set is compact in the
weak topology. Note that we used the calligraphic letter A4 to denote the set
and ordinary letter A to denote the unique weak limit of the Caesaro averages
of the sequence (z,)nen if such limit exists.
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Another way to write the set A is

w

N0

k=n

where the closure is taken in the weak topology.
In case when M = {0,1} C R; i.e., (an)nen € {0,1} we can also define
the following notion

Definition 3.2. Let (a,)nen € {0,1}Y. The lower (upper) density of ones in
the sequence (a,)nen are

. ay +az+---+ap
hL:hﬁnHOO )
n
T a1+a2+"'+an
hy =lim,,_ o )
n

respectively. If those numbers are equal, we talk about the density of ones in
the sequence (a,,)nen and denote it by h or more precisely by h((an)nen)-

The number h((an)nen) gives the ‘ratio’ between zeros and ones in the
sequence (ap)nen. See [D3] for a more detailed treatment. The connection
between the notion of the density of ones in the sequence (a,)eny € {0,1}"
and the set A defined above is the following.

Take the set M to be M = {0,1} and let x, = a,. If A is defined
for (x,)nen as in Definition 3.1, then we have hy((an)nen) = sup.A, and
hi((an)nen) = inf A. In particular h((an)nen) = 3 is equivalent to the fact
that the set A contains only one element and A((zy,)nen) = 3.

Now we return to the general case where X is a Banach space. In order to
be able to get results in this general setting we use continuous projections of
X onto its one dimensional subspaces. This considerably reduces the difficulty
of our analysis. It is a simple exercise about Banach spaces to prove following.

Proposition 3.3. Let L C X be any 1-dimensional subspace of X. Then
there is a continuous projection P : X — L for which P(L) = L. Moreover,
this projection can be chosen so that its morm is one.

PRrROOF. Since L is a one dimensional subspace, it is spanned by a certain
element z € X of a unit norm; i.e., L = {tz;t € R}. If we define a mapping
S:L—Rby S(tz) =t, for all t € R, then the map S is a linear isomorphism
between the subspace L and the real line R. Therefore the norm of this map
is one. Since L C X by the Hahn-Banach theorem there is a continuous linear
extension S : X — R of S : L — R with norm one. Then P = S~! 0 S is the
desired projection. ([l
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For convenience in everything that follows we identify the one dimensional
subspace L defined above with the real line R; i.e., we do not distinguish
between the maps P and S since via this identification their range space is
same. For this reason we can consider P as a map in X’ the dual of X.

So for any linear and bounded map P : X — R we can consider the set
A from Definition 3.1 for the sequence (2, )neny € MY and also AT - the set
from Definition 3.1 for the corresponding sequence (P(7,))nen € RY. What
we see is that

P(A) c A", (6)

We cannot guarantee equality here (at least not for spaces X which are not
reflexive) but (6) will suffice for our purposes. This indicates our next steps.
We concentrate on the setting when M C R, which is not so difficult, and then
generalize our results using (6).

For (z)nen € RY consider two numbers

Ap((zn)nen) = inf A, and Ay ((z,)nen) = sup A.

If A, = Ay their common value is exactly the number A((z,)nen) from
Definition 3.1. Now we are ready to prove this important lemma.

Lemma 3.4. Assume that (5) holds. Let (x,)nen € MY be a given sequence
for which there is a P € X' such that e = Ay((P(2n))nen) — AL((P(2n))nen)
is positive. Then for any sequence (yn)nen in an open ball (in the D-metric)

of radius ﬁ (|P] is the norm of P in X') centered at (x,)nen we have

AU((P(yn))neN) - AL((P(yn))neN) > 0.

Proor. Take any sequence (yn)nen for which dp(z,y) < ﬁ There is a
€ )
0 > 0 such that dp(z,y) < =—= — —.
2|P| |P|
For any n € N we have
P<m+m+m+%)
n
Sp(lerszrer:cn) N P<y1+yz+~~+yna¢1xz~-~:vn)‘
n n

cp(mimtin,
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Therefore

Y1 +Y2+--+Yn
n

) < AL((P(n)mer)+5 =3,

AL((P(yo))nen) = lim e P ( 2
Also

by +by+ -+ by,
n

A (Plgn))oer) =T P ) 2 Au(Ploaacs)— 5+

Together we get

Ay ((P(Yn))nen) — AL((P(yn))nen) >
>Ay(P(xp))nen) — AL((P(x))nen) — € + 26 = 26 > 0. O

Now we can establish one quite interesting result:

Theorem 3.5. Let X be a Banach space. Assume that for M C X (5) holds
and M contains at least two distinct elements. Let F C X be a closed subset
of the space X. Then the set

Tr = {(n)nen € MY A(Zp)nen exists and A((zn)nen) € F} (7)

is closed and nowhere dense in the complete metric space (MY, dp). (The
definition of A(xy)nen is given in 3.1.)

ProOOF. First we establish that the set 7p is closed. We look at the comple-
ment of this set.

G = MM\ Ty = {(2)nen; the weak limit A((,)nen)

does not exist or exists but is not in F' }.

We want to show that this set G is an open set in our metric space. Pick
any (,)nen € G. We want to find a € > 0 such that all sequences in a ball of
radius € centered at (x,)nen are also in G. There are two possibilities for our
sequence. Either A = A(x,,)nen does not exist or A ¢ F.

First consider the case A does not exist. Then there is a P € X’ such that

l‘ l‘ PR :I/‘
the sequence P R e ok for n =1,2,... does not converge and
n

therefore Ay ((P(xn))nen) — AL((P(2n))nen) > 0. Lemma 3.4 takes care of
the rest.

Consider now the other case; i.e., let A((zy)nen) exists for (z,)nen € G,
but A ¢ F. Since the set F'is closed in X, there is a ¢ > 0 such that for
all A we have |[A — A| < 2¢ = A ¢ F. Take any sequence (Y )nen for
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which d(z,y) < e. If A= A((yn)nen) does not exist, we are done since then
necessarily (Yn)nen € G. On the other hand, if A exists then we will show
that |A A| < 2¢, and thus (Y, )nen € G. To see this, we assume the contrary;

,|A— Al > 2. Let z = A— A. Consider the line L = {tz;t € R} spanned
by z. By Proposition 3.3 there is a projection O of X onto L with norm one.
If we identify L with R via the map 7" : L — R also of the norm one, for
P=To0 € X' we get

P(A) - P(A)| = |P()| = [0()] = |2] = |4 - 4] = 2. (®)

Clearly, the norm of the map P is also one. Then

D~ = i [ (AR )
n— oo n
< |Ple =e.

This contradicts (8) and therefore |[A — A| > 2 cannot hold. This completes
the proof of the first part of the theorem.

Now we want to establish that the set, 7r, defined in (7) is nowhere dense.
Let (z,)neny be any sequence that belongs to 7p and € > 0 be a positive
number. We want to show that in a ball of radius ¢ centered at (z,,),en there
is a sequence (Yn)nen € Tr. We do this by showing that for certain P € X’

AL((P(yn)Inen) < Au((P(yn))nen)- (9)

Constructing the sequence (y,, )nen is very simple. It will be defined by slightly
modifying (n)nen. For given e > 0 we find a positive integer k such that

2K where K = diam(M) is the diameter of the set M. Since the set M

contalns at least two elements we can find P € X’ of norm 1 such that for some
mo,m1 € M P(my) > 0 and P(mg) < P(mi). Let ¢ = 3(P(mg) + P(m1)).
For each j > k + 1 there are at least 277% numbers bigger or equal to ¢ or at
least 27~% numbers less than ¢ among

P(x9i11), P(22i42), P(72i43), -+, P(T2i495).

Hence we can sort out all integers j > k + 1 into two increasing sequences of
integers u; < us < ug < ... and v; < v9 < vy < ... such that an integer
j > k+11is in the sequence (uy, )ney, if there are at least 2/~ numbers bigger
or equal to ¢ among P(x9iy1), P(9i2),..., P(22i12i), and in the sequence
(Un)ner, otherwise. Of course it is possible that one of these two sequences is
finite but at least one of them must be infinite. Without loss of generality we
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assume that this is true for the sequence (uy)ner,. So the set of indices I7 is
just N.
Now we begin to define our sequence (y,)nen. First we put

_an, forn=1,2,... 21
n = T, if 29 < n < 2% for some j € Iy.

It remains to define (y,)nen for 2% < n < 2w+l j =1,23 .... From the
definition of the number u; there are indices

. 41
2"J+1§n1<n2<n3<...nlj<2“J+,

where [; = 2%~% such that the numbers P(z,,), P(zn,), .- -, P(iUn,j) are big-
ger or equal to c. Now we consider the number

T+ T+ Ty —Y1—Y2— 0~ Yoy
2uj

(10)

If this number is less than «; (defined later) we put

Y = Tn, 2% <n < 2wt and n ¢ {ni,na,...,ny},
=
mo, n € {ni,ng,...,ny}.

Otherwise, we just take y, = x,, 2% <n < 2w+l
The sequence (a;)jen is defined by

5 — 25,6, for j =1,
aj = a1, if (10) for j — 1 is bigger or equal to a;_1,
L if (10) for j — 1is less than a;_;.

Since the sequence (o) en is constant as long as (10) is greater of equal to
o, eventually for sufficiently large j (10) will become smaller than «;. This
means that lim a; = 0.

J—00
Now the sequence (¥, )nen is defined everywhere. It remains to show that
this sequence is e-close to (5 )nen and that (9) holds. Let us first demonstrate
(9). For each j for which (10) is less that a;; we have changed exactly 2% %
terms of the sequence (2, )nen. Therefore we have

P(21) + P(xs) 4 -+ + Plays, 1) = Pyr) = P(ys) =+ = Py, +1)
2u]-+1
kel B p(my) — P(mo)
= 2uj+1 - 2k+2
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From this we deduce

AU((P(xn))neN) > AL((P(yn))neN) + w

On the other hand since (10) is less than «; and this sequence goes to zero, we
get AL((P(2n))nen) < Au((P(Yn))nen)- Together, since Ay ((P(zn))nen) =
ApL((P(zn))nen) = P(A((xn)nen)) we get the desired conclusion.

Ay ((P(yn))nen) — AL(P(yn))nen) > w 0.

To see that both sequences are close to each other in dp metric let us
evaluate

Vit Yatyst---+Yp —T1 —Tpg =Tz~ —Tn
n

(11)

We can see that it suffices to look at n € N between 2% < n < 24+l for
some j = 1,2,3,.... This is because only for such n it could happen that
Zp # Yn, which means the numerator of the quotient (11) could increase.
Assume therefore that we have a index j for which (10) is less than «;. Then
for any 2% < n < 2%t we get

Yi+y2+- Yy —T1—Ta— = T
n
i tYet - FYp — T~ Ty — o — Ty
< 5%
Yorig1 T Yariqo + o F Yguyr — Towipg — Toviqg — 0 — Tgujtl
+ 5u;

<o — 4+ :
2 2*7€+ 2uj 2

From this dp(a,b) < ¢ follows immediately. So our theorem holds. O

e K Q“fka €

A careful look at the proof of the previous theorem reveals that we have
much more than just ‘7z is nowhere dense’. Actually, we established that the
set T is porous. Recall the definition of a porous set.

Definition 3.6. Let E be a set in a metric space. Given the number ¢ € (0, 1]
we say that a point g € F is a c-porosity point of the set F if there exists a
sequence of open balls B, with radius r, — 0 centered at xg such that for each
k there is a ball G}, of radius pj, for which Gy C By, \ E and Hk_mf—: > c.

We say xg is a porosity point of the set Ey provided it is a c-porosity point
of the set Ej for some ¢ > 0. The set E is said to be porous (c-porous) if any
its point is a porosity (c-porosity) point of E.
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Remark. If in the definition of a point of c-porosity we require that for any

ball B, of radius r > 0 centered at z( there is a ball G, of radius p(r) > 0
such that G, C B, \ F and lim , o4 p(:) > ¢, then zg is said to be very porous
point of E. Following the previous definition we can define a very porous and

c-very porous set, respectively.

Theorem 3.7. Let X be a Banach space. Assume that M C X satisfies (5)
and contains at least two distinct elements. Let F' C X be a closed subset of
the space X. Then the set

Tr = {(wn)nen € M"; A(zn)nen exists and A((z)nen) € F}

is closed and c-very porous in the complete metric space (MY, dp). The num-
ber ¢ > 0 depends only on the Banach space X and the set M.

PROOF. This proof makes use of the construction given it the previous theo-
rem. The key is to realize that P € X' picked in the second part of the proof

depends only on the chosen set M. Choose any (z,,)ren in 7z. For any integer

K 1
k > 2 if we put ¢ = k2 then ok < 25—;( (K is again the diameter of the set

M). According to the previous construction there is a sequence (Y, )nen in a
ball of radius less that e such that

Ay (P(yn))ner) — AL((P(yn))nen) > w 0.

We take Bk = {(Zn)neN; d(ﬂf, Z) < 25k}’ and

G = {(Zn)nEN;d(yaZ) < ;]W}

Since the norm of P in the previous theorem was one, according to Lemma 3.4
any sequence (2, )nen € Gy is not in the set 7p. Therefore we get G, C Bi\7F.
Clearly, if we put now

K
T = T(Bk) = 2€k = 2]€7—37
P(my) — P(mo)
pr =1(Gy) = T okt3
then
P(m1) — P(mo) () — P(mo)
. Pk . ok+3 P(mq) — P(my
hﬂk—n}ork _klingo 174 e >0

92k—3
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This proves c-porosity. But g-very porosity of the set 7r follows from this
immediately, we just have to realize that for any » > 0 small there is k € N
such that

r > > —
3 .

Hence for such k, Gy C G,. Now, in the definition of very porosity we take
p(r) = px and get an estimate

P(mq) — P(mo)

: p(r) _ . Pe o . ok+3 P(my) — P(mo)
Hr—0+ T 7 = Aoy - = T , K 128K o
ok—3

O

The theorem above has an important corollary if we take M = {0,1}.

Corollary 3.8. Let ¢ € [0,1] be a real number. The set

1. = {(an)nEN € {07 I}N; h((an)neN) = C}

is closed, nowhere dense and 15 -very porous in the metric space ({0,1}",dp).

(One can get the constant % if we closely follow the proof of Theorem 3.7 for

this special case M = {0,1}. One also gets §-porosity of the set T).
We can also establish a variant of Corollary 3.8.

Proposition 3.9. Let 0 < hg < hy <1 be given numbers. Then the set

{(an)nen € {0,1}" ho < hr((an)nen) < hu((an)nen) < hi}

is closed in the complete metric space ({0,1},dp).

Since the proof is practically identical with the proof of Theorem 3.6 (mak-
ing use of Lemma 3.4) we omit it.

4 Application to Series with Alternating Signs

Now we are ready to establish several results about the ‘size’ of the sets C and
B in the D-metric for the series (1) analogous to those stated for a Frechet,
Baire and Euclidean metrics in [D1] and [D2]. Here we make use of several
results which can be found in [C], [D3], [H] and [Z]. Our first result says when
these sets are porous in the metric space ({0, 1}, dp).
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Theorem 4.1. Let (by)nen be a nonincreasing sequence of real numbers for
which lim ,,_,oonb, >0 and lim, .. b, = 0. Then the set

C = {(an)nen € {0,1}Y; series (1) converges}

is nowhere dense and 1—16-very porous in the complete metric space ({0,1}N,dp).

If lim nb, = oo, then also the set
n—o0

k
B={(an)nen € {0,1};3AM >0 Vk | (=1)"b,| < M}
n=1

is nowhere dense and 1—16-very porous in the complete metric space ({0, I}N, dp).
Moreover, this set is of type F, in this space.

PROOF. According to [C] or Theorem 3.4 of [D3] if for such sequence (by,)nen
the series

> (=)™, (1)
n=1

converges, then necessarily h((an)nen) = 3. Therefore C C T,. If lim nb, =

n—oo

oo we have the same result for the set 5. (In the notation of paper [D3]
d((an)nen) is our 1=h((an)nen). Hence d((an)nen) = 2 <= h((an)nen) = 3).
Then corollary 3.8 with ¢ = % gives us our result. O

Now one can work on this result in two different directions. Clearly, if the
assumptions of Theorem 4.1 hold then C C T% and T% is a closed set and hence

a complete metric space with topology inherited from ({0,1}",dp). Therefore
we can ask what is the ‘size’ of the set C in this much smaller metric space.
We will address this issue in the next theorem.

The other possible improvement of Theorem 4.1 would be lifting of the
condition

lim ,,_,sonb, > 0. (12)

We address this question later. It is also interesting to compare condition (12)
with condition (SLPS) from the paper [D2]. As proved there, if (b,)nen is
nonincreasing, then (SLPS) and (12) are equivalent. Let us recall that in the
paper mentioned we have showed that (SLPS) implies that the sets C and B
are o-very porous in ({0, 1}, dp). Now we have similar result for the D-metric
with one restriction - monotonicity of the sequence (b, )nen. It would certainly
be interesting to try to lift this assumption, as well.
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Theorem 4.2. Let (b,)nen be a nonincreasing sequence of real numbers tend-
ing to zero satisfying the condition (12). Then the set

C = {(an)nen; series (1) converges}

is of the first Baire category in the complete metric space (’T%,dD). If also
lim nb, = oo then we have the same result for the set

k
B={(an)nen; IM >0 Vk |> (=1)"b,| < M}.

This set B is also of type F, in this space.

PROOF. Define 61 =BnN T1 Then we have C C Bé - ’T; If we prove the
statement of the theorem for the set B 1, we are done. Write therefore

% Gﬁ{annEN671 SM}

x| =i}

Clearly, B% = UF;. The sets F; are closed in the space (T% ,dp) by Corollary
2.3 (Namely, the complement of F; could be written as a union of open sets
from this corollary). Thus B 1 is a F,; set. It remains to show that each F; is
a nowhere dense set.

Take any sequence (an)neny € F;. We want to show that for any e > 0
there is another sequence (dn)nen € 71 such that dp(a,d) < ¢ and d =
(dn)nen ¢ F;. Here we will make use of Example 3.6 and Corollary 3.7 from
[D3]. According to them for any nonincreasing sequence (by,)nen tending to
zero whose sum is infinity there is a sequence (¢, )nen € T%; i.e., h((cn)nen) =
1 for which

k

S (1),

n=1

We define F; by

o0

Fy = ﬂ {(an neN € T1;

k=1

lim g Z = 400 and lim p_ o Z b, = —o0. (13)

n=1

We define the sequence (d,,)nen using both (an)nen and (¢ )nen. Let k be
a integer specified later and put

Q- an, forn <k,
" Cn, forn >k.
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The claim is that for & big enough sequences (an)neny and (dy,)nen are close.
To see this pick the integer k such that we have

Vn >k : wtapto-tan 1 <=, and atet-to 1 < £
n 2 4 n 2 4
From this for any n > k& we have an estimate
dy+do+--+dy—ar—az— - —ay
n
_ |Gt Cryat G m kg1 — kg2 — -~ On
n
_(:1+02+---+cn_a1+a2+---+an+a1+---+ak_c1+~--+ck
N n n n n
Scl+62+---+cn_1’+‘1_a1+a2+--+an+a1+ Far k
n 2 n n 2n
k L+ -+ e € ke ke
- < = — — —— <
T2 n Sitithnithice

For n < k there is no difference between the sequences (ay)nen and (dyn)nen-
Together this yields dp(a,d) < e. The sequence (dy)nen clearly does not
belong to any F; since the tails of the sequences (d,)nen and (c,)nen are
same and for the sequence (¢p,)nen we have (13). O

Now we want to lift condition (12). We first prove the following auxiliary
result.

Proposition 4.3. Let (b,)nen be a nonincreasing sequence tending to zero
whose sum is infinity. Let (a,)nen € {0,1} be a given sequence for which the
series Y oo (—1)*b, has bounded partial sums (i.e. belongs to B). Then for
any € > 0 there is a sequence (cp)nen € {0,1}Y such that dp(a,c) < ¢ and
oo (=1)nb,, diverges either to +0o0 or —oo.

PROOF. The sequence (¢, )nen Will be defined by a slight modification of the
given sequence (a,)nen. The idea behind our construction will be similar to
the one used the proof of Theorem 3.5. Our first claim is that

D 2y = oo (14)
i=1
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To see this consider

Z2ib2i:b1+(b2+b2)+(b4+"'+b4)+(bg—|—"-+b8)+._,
i=0

4 times 8 times

> b1+ (bg +b3) 4 (ba + b5 + - 4 b7) + (bg +bg + - +b1s) + ...

= ib” = o0.
n=1

1
Now take any given € > 0 and find a positive integer k such that ok <

¢. For each j > k + 1 there are at least 277" zeros or at least 297 ones
among the numbers agj 1,095 12,02 13,...,02 12i. Now we sort out the set
of the integers j > k + 1 into two increasing sequences of integers x1 < x5 <
3 < ...,and y; < y2 < y3 < ..., such that an integer j > k+ 1 is in
the sequence (x,)ner, if there are at least 2/~% zeros among the numbers
(95 11,025 12,025 13, - .,02i12i, and in the sequence (yn)ner, otherwise. Of
course it is possible that one of these two sequences is finite. But by (14)

o0
00 = g 27 bgj+1 = E 2% boun+1 + E 297 boyp 1.
>k+1 nel; nel,

This means that at least one of the sums on the right hand side is infinite.
Without loss of generality assume that this is true for the first one. It follows
that the sequence (2, )ner, is infinite and the set of indices I7 is just N. Now
we can define our sequence (¢, )nen. First we put

o Jan forn=1,2,..., 21
" an, if 29 <n <29t for some j € Is.

So it remains to define (c,)nen for 2% < n < 2%+l j =123 .... From
the definition of the number x; there are at least 2%~* zeros among the
numbers agz; 41, Gowj o, o5 43, - . ., Gyz;+1. Among those zeros pick exactly the

first 2%—% of them and change them to ones. For the remaining numbers n
just take ¢,, = a,. Now the sequence (¢, )nen is defined everywhere. It remains
to be seen that such a sequence gives rise to a divergent series (to —oo) and
that its distance from (a,)nen in the D-metric is less than e.

First let us look at the convergence of such series. We know that the
original sequence (a,)nen gave us a series (1) with bounded partial sums

which means that there exist M > 0 such that |s,| = ‘ Soroy (=1)%kby | < M,

for n = 1,2,.... Therefore we have 3°7° (=1)“"b, < M — 3" .. . 2bn.
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If we prove that 37 n.. ..
of the series Y >~ (—1)b, to —oc follows. Among the numbers n between
2% < n < 2% 71! there are exactly 2% % of them for which ¢, # a,. This and
the monotonicity of (by,)nen gives us

o0 o0
Z by, > ZTEJ_kbgmj-H > ik Z 2r]+1 =
j=1 =

neN;c, #an

b, = oo, then we are done, since the divergence

The last equality comes from the way the sequence (x;),cn was picked.
We show now, that the series (¢, )nen is not ‘far away’ from (a,)nen in the
D-metric. To see this let us evaluate
citctez+---+cp—ap—a2—0az3— - —ay
- .

We can see that the critical n where this number has to be estimated are those
n between 2% < n < 2% 1! for some j = 1,2,3, ..., because only there could
an 7 ¢y For such n we get

n

J
E 1 E gri—k
Cl+...+cn—a1—‘-‘—an_izl,cﬁfai <i:1 <i2xj+1<3<
n B n - 2% ok g% gk =

Hence dp(a,c) < ¢ follows. O
This result leads to the final assertion.

Theorem 4.4. Let (b,)nen be a nonincreasing sequence tending to zero whose
sum is infinity. Then the sets

C = {(an)nen € {0,1}N; series (1) converges},

and
k
B ={(an)nen € {0, 113M >0 Wk | (=1)ba| < M},
n=1

are of the first Baire category the complete metric space ({0,1}N,dp). The set
B is also of type F, in this space.

PRrROOF. Again it is sufficient to prove our theorem only for the set B since
C C B. Write the set B as in the proof of Theorem 4.2
< M},

[eS) k
ﬂ { n)nen; ) nz::l(_

=1

$C8

=

1
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We define F; by F; = (N~ {(an)neN; Zﬁzl(—l)“"l)n‘ < z} Then clearly,
B = UF;. The sets F; are again closed. It remains to be seen that they are
nowhere dense.

Take any sequence (a,)nen € F;. We want to show that for any & > 0 there
is another sequence (¢, )nen such that d(a,c) < e and ¢ = (¢p)nen ¢ F;. But
the existence of such sequence is guaranteed by Proposition 4.3 and therefore
the set F; is indeed nowhere dense. Hence our theorem is proved. O

As examples of series where previous theorems are applicable could serve

> 1 > 1
—1)% — —1)% —.
n:l( ) n or 712::2( ) Inn
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