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ON INTEGRALS WITH INTEGRATORS IN
BVp

Abstract

In 1936, L. C. Young proved that the Riemann-Stieltjes integralR b

a
f dg exists, if f ∈ BVp, g ∈ BVq,

1
p

+ 1
q

> 1 and f, g do not have
common discontinuous points. In this note, using Henstock’s approach,
we prove that

R b

a
f dg still exists without assuming the condition on

discontinuous points. Some convergence theorems are also proved.

1 Henstock-Stieltjes Integrals.

In this section, we shall introduce Henstock-Stieltjes integrals and state the
Cauchy Criterion, see [3]. In this note, R denotes the real line.

Definition 1.1. A finite collection {Ii}n
i=1 of nonoverlapping closed subinter-

vals of [a, b] is said to be a partition of [a, b] if ∪n
i=1 Ii = [a, b]. Let δ be a

positive function on [a, b] and I be a closed subinterval of [a, b]. An interval-
point pair (I, ξ) is said to be δ-fine if ξ ∈ I ⊂ (ξ − δ(ξ), ξ + δ(ξ)). A finite
collection of interval-point pairs, D = {(Ii, ξi)}n

i=1, is called a δ-fine division
of [a, b] if

(i) each (Ii, ξi) is δ-fine and

(ii) {Ii}n
i=1 is a partition of [a, b].

Definition 1.2. Let f, g : [a, b] → R. Then f is said to be Henstock-Stieltjes
integrable (or HS-integrable) to A on [a, b] with respect to g if for every ε >
0, there exists a positive function δ such that for every δ-fine division D =
{([ti, ti+1], ξi)}n

i=1 of [a, b], we have

|S(f, δ,D)−A| < ε,
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where

S(f, δ,D) =
n∑

i=1

f(ξi)(g(ti+1)− g(ti)).

We denote A by (HS)
∫ b

a

f(t) dg(t) or (HS)
∫ b

a

f dg.

Proposition 1.3 (Cauchy Criterion). Let f, g : [a, b] → R. Then f is
HS-integrable on [a, b] with respect to g if and only if for every ε > 0, there
exists a positive function δ such that for any two δ-fine divisions of [a, b],
D = {([ti, ti+1], ξi)} and D′ = {([t′i, t′i+1], ξ

′
i)}, we have

|S(f, δ,D)− S(f, δ,D′)| < ε.

2 Young-Love Inequality.

In this section we shall present some results proved by L. C. Young in 1936,
see [4, 5].

Definition 2.1. Let f : [a, b] → R and let 0 < p < ∞. Given a partition
D = {[ti, ti+1]}n

i=1 of [a, b], let

Vp(f,D; [a, b]) =
[ n∑

i=1

∣∣f(ti+1)− f(ti)
∣∣p]1/p

.

The p-variation of f is defined by

Vp(f ; [a, b]) = sup
D

Vp(f,D; [a, b]).

In this paper, we always denote Vp(f ; [a, b]) by Vp(f). We say that f ∈
BVp[a, b] if Vp(f) < ∞.

Theorem 2.2. [5, p. 256, (6.2)] Let f ∈ BVp[a, b] and g ∈ BVq[a, b], with
p, q > 0 and 1

p + 1
q > 1. Then, for any partition D = {[ti, ti+1]}n

i=1 of [a, b]
and ξ = ti, for some i,∣∣∣∣ n∑

i=1

f(ti+1)
(
g(ti+1)−g(ti)

)
−f(ξ)

(
g(b)−g(a)

)∣∣∣∣ ≤ {
1+ζ

(1
p

+
1
q

)}
Vp(f)Vq(g),

where ζ
(

1
p + 1

q

)
=

∞∑
n=1

n−( 1
p + 1

q ).
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Corollary 2.3. [5, p. 257, (6.4)] Let f ∈ BVp[a, b] and g ∈ BVq[a, b], with
p, q > 0 and 1

p + 1
q > 1. Then, for any two partitions, D = {[ti, ti+1]}, D′ =

{[sj , sj+1]} of [a, b], with any ξi ∈ [ti, ti+1], ηj ∈ [sj , sj+1], we have∣∣∣∣(D)
∑

f(ξi)
(
g(ti+1)− g(ti)

)
− (D′)

∑
f(ηj)

(
g(sj+1)− g(sj)

)∣∣∣∣
≤2

{
1 + ζ

(1
p

+
1
q

)}
Vp(f)Vq(g),

where ζ
(

1
p + 1

q

)
=

∞∑
n=1

n−( 1
p + 1

q ).

From Jensen’s inequality, we have[∑
|f(vi)− f(ui)|p1

]1/p1 ≤
[∑

|f(vi)− f(ui)|p
]1/p

, if 0 < p < p1.

Thus, we have the following consequence.

Proposition 2.4. If f ∈ BVp[a, b] and 0 < p < p1, then f ∈ BVp1 [a, b].

3 Integrable Functions.

In this section, we shall prove that (HS)
∫ b

a

f dg exists if f ∈ BVp, g ∈

BVq,
1
p + 1

q > 1 and p, q ≥ 1.

Definition 3.1. Let f : [a, b] → R. Then f is said to be regulated if f has
one-sided limits at every point of [a, b]; i.e., lim

t→c+
f(t), lim

t→c−
f(t) exist, for each

c ∈ [a, b]. The set of all regulated functions defined on [a, b] is denoted by
RF [a, b].

The following result is known; for example, see [1, p. 24]. However, we shall
give a proof.

Theorem 3.2. If s is a step function and g ∈ RF [a, b], then s is HS-integrable
with respect to g on [a, b].

Proof. We only prove the following case. Let s be a step function defined by

s(t) =



C1 , if t = a;
C2 , if a < t < c;
C3 , if t = c;
C4 , if c < t < b;
C5 , if t = b.
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We shall prove that s is HS-integrable with respect to g on [a, b] and

(HS)
∫ b

a

s dg =C1(g(a+)− g(a)) + C2(g(c−)− g(a+)) + C3(g(c+)− g(c−))

+ C4(g(b−)− g(c+)) + C5(g(b)− g(b−)),

where
g(a+) = lim

t→a+
g(t) and g(a−) = lim

t→a−
g(t).

Let ε > 0 be given. Then there exists δ1 > 0, such that

|g(t)− g(a+)| < ε

8Cm
whenever 0 < t− a < δ1,

|g(t)− g(c−)| < ε

8Cm
whenever 0 < c− t < δ1,

|g(t)− g(c+)| < ε

8Cm
whenever 0 < t− c < δ1,

|g(t)− g(b−)| < ε

8Cm
whenever 0 < b− t < δ1,

where Cm = max{|C1|, |C2|, |C3|, |C4|}.
Choose

δ(ξ) =



δ1 if ξ = a;
min{ξ − a, c− ξ} if a < ξ < c;
δ1 if ξ = c;
min{ξ − c, b− ξ} if c < ξ < b;
δ1 if ξ = b.

From the choice of δ, a, b and c are associated points of any δ-fine division
of [a, b]. Let D = {([ui, vi], ξi)}n

i=1 be δ-fine division of [a, b]. Hence,∣∣∣ n∑
i=1

s(ξi)(g(vi)− g(ui))− C1(g(a+)− g(a))− C2(g(c−)− g(a+))

− C3(g(c+)− g(c−))− C4(g(b−)− g(c+))− C5(g(b)− g(b−))
∣∣∣

=
∣∣∣C1(g(v1)− g(a+)) + C2(g(v1)− g(a+)) + C2(g(c−)− g(uj))

+ C3(g(c−)− g(uj)) + C3(g(vj)− g(c+)) + C4(g(vj)− g(c+))

+ C4(g(un)− g(b−)) + C5(g(un)− g(b−))
∣∣∣

≤2Cm

∣∣∣(g(v1)− g(a+)) + (g(c−)− g(uj)) + (g(vj)− g(c+)) + (g(un)− g(b−))
∣∣∣

<2Cm4(
ε

8Cm
) = ε.
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We remark that in the above proof, δ is a function, it is impossible to
choose a constant δ.

Lemma 3.3. [2, p. 83] If f ∈ BVp[a, b], p > 0, then f ∈ RF [a, b].

Lemma 3.4. [4, p. 7] Let f ∈ BVp[a, b], p ≥ 1. Then, for any p1 > p and
ε > 0, there is a step function s, such that Vp1(f − s) < ε.

Now, we shall prove the main result of this paper.

Theorem 3.5. Let f ∈ BVp[a, b] and g ∈ BVq[a, b], with p, q ≥ 1 and 1
p + 1

q >
1. Then f is HS-integrable with respect to g.

Proof. Let f ∈ BVp[a, b] and g ∈ BVq[a, b], with p, q ≥ 1 and 1
p + 1

q > 1.
Let ε > 0 be given. From Lemma 3.4, there is a step function s and p1 > p
with 1

p1
+ 1

q > 1, such that Vp1(f − s) < ε. By Theorem 3.2 and Lemma 3.3,

(HS)
∫ b

a
s dg exists. Then, there is a positive function δ such that for any two

δ-fine divisions D1 = {(ξl, [tl, tl+1])} and D2 = {(ξl′ , [tl′ , tl′+1])} of [a, b] we
have

|(D1)
∑

l

s(ξl)(g(tl+1)− g(tl))− (D2)
∑
l′

s(ξl′)(g(tl′+1)− g(tl′))| < ε.

Hence, from Corollary 2.3 and Lemma 3.4, we can see that

|(D1)
∑

l

f(ξl)(g(tl+1)− g(tl))− (D2)
∑
l′

f(ξl′)(g(tl′+1)− g(tl′))|

=|(D1)
∑

l

(f(ξl)− s(ξl))(g(tl+1)− g(tl)) + (D1)
∑

l

s(ξl)(g(tl+1)− g(tl))

−(D2)
∑
l′

s(ξl′)(g(tl′+1)− g(tl′))− (D2)
∑
l′

(f(ξl′)− s(ξl′))(g(tl′+1)− g(tl′))|

=|(D1)
∑

l

(f(ξl)− s(ξl))(g(tl+1)− g(tl))

− (D2)
∑
l′

(f(ξl′)− s(ξl′))(g(tl′+1)− g(tl′))|

+ |(D1)
∑

l

s(ξl)(g(tl+1)− g(tl))− (D2)
∑
l′

s(ξl′)(g(tl′+1)− g(tl′))|

≤2{1 + ζ
( 1

p1
+

1
q

)
}Vp1(f − s)Vq(g) + ε

≤2{1 + ζ
( 1

p1
+

1
q

)
}εVq(g) + ε = (2Vq(g){1 + ζ

( 1
p1

+
1
q

)
}+ 1)ε.

Hence (HS)
∫ b

a

f dg exists.
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Henceforth, if f ∈ BVp[a, b], g ∈ BVq[a, b], where 1
p1

+ 1
p > 1, p, q ≥

1, then the Henstock-Stieltjes integral (HS)
∫ b

a

f dg is called the Henstock-

Young integral, and denoted by (HY )
∫ b

a

f dg.

4 Convergence Theorems.

In this section we will prove some convergence theorems.

Definition 4.1 (Two-norm convergence). A sequence {fn} of functions
defined on [a, b] is said to be two-norm convergent to f in BVp[a, b] if fn ∈
BVp[a, b], for all n = 1, 2, . . . , and

(i) fn is uniformly convergent to f on [a, b],

(ii) Vp(fn) ≤ A for every n = 1, 2, . . . .

In symbols, we denote the two-norm convergence by fn � f .

It is clear that BVp[a, b] is complete under two-norm convergence; i.e., if
fn ∈ BVp[a, b], n = 1, 2, . . . , and fn � f , then f ∈ BVp[a, b].

Theorem 4.2. If a sequence {f (n)} is two-norm convergent to f in BVp[a, b]

and g ∈ BVq[a, b], with p, q ≥ 1 and 1
p + 1

q > 1, then (HY )
∫ b

a

f dg exists and

lim
n→∞

(HY )
∫ b

a

f (n) dg = (HY )
∫ b

a

f dg.

Proof. Let ε > 0 be given. Let {f (n)} be two-norm convergent to f in

BVp[a, b] and g ∈ BVq[a, b], with p, q ≥ 1 and 1
p + 1

q > 1. First,
∫ b

a

(f (n)−f) dg

exists. Thus, there is a positive function δn such that for every δn-fine division
D = {([ti, ti+1], ξi)} of [a, b],∣∣∣∣( ∫ b

a

(f (n) − f
)

dg)− (D)
∑

(f (n)(ξi)− f(ξi))(g(ti+1)− g(ti))
∣∣∣∣ < ε. (1)

Let Vp(f (n) − f) ≤ A for every n and Vq(g) = B. Since f (n) � f , there is
a positive integer N such that for every n ≥ N , we have

sup
t∈[a,b]

{|f (n)(t)− f(t)|} = ||f (n) − f ||∞ <
ε

2
. (2)
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Choose a fixed p1 > p such that 1
p1

+ 1
q > 1. Then f (n) − f ∈ BVp1 [a, b].

Furthermore for n ≥ N and a δn-fine division D = {([ti, ti+1], ξi)} of [a, b], by
Corollary 2.2, inequalities (1) and (2).∣∣∣∣ ∫ b

a

f (n) dg −
∫ b

a

f dg

∣∣∣∣
≤

∣∣∣∣(f (n)(a)− f(a))(g(b)− g(a))
∣∣∣∣

+
∣∣∣∣ ∫ b

a

(f (n) − f) dg − (f (n)(a)− f(a))(g(b)− g(a))
∣∣∣∣

≤ ε

2
B +

∣∣∣∣ ∫ b

a

(f (n) − f) dg − (D)
∑

(f (n)(ξi)− f(ξi))(g(ti+1)− g(ti))
∣∣∣∣

+
∣∣∣∣(D)

∑
(f (n)(ξi)− f(ξi))(g(ti+1)− g(ti))

−
∑

(f (n)(ti+1)− f(ti+1))(g(ti+1)− g(ti))
∣∣∣∣

+
∣∣∣∣ ∑

(f (n)(ti+1)− f(ti+1))(g(ti+1)− g(ti))− (f (n)(a)− f(a))(g(b)− g(a))
∣∣∣∣

≤ ε

2
B + ε + 2

{
1 + ζ(

1
p1

+
1
q
)
}

Vp1(f
(n) − f)Vq(g)

+
{

1 + ζ(
1
p1

+
1
q
)
}

Vp1(f
(n) − f)Vq(g)

≤ ε

2
B + ε + 3

{
1 + ζ(

1
p1

+
1
q
)
}

ε(p1−p/p1)V p/p1
p (f (n) − f)Vq(g)

=
ε

2
B + ε + 3

{
1 + ζ(

1
p1

+
1
q
)
}

ε(p1−p/p1)Ap/p1B.

Hence, lim
n→∞

(HY )
∫ b

a

f (n) dg = (HY )
∫ b

a

f dg.

Using the idea of the above proof, we have the following assertion.

Theorem 4.3. If f ∈ BVp[a, b] and {g(n)} is two-norm convergent to g in

BVq[a, b], with p, q ≥ 1 and 1
p + 1

q > 1, then (HY )
∫ b

a

f dg exists and

lim
n→∞

(HY )
∫ b

a

f dg(n) = (HY )
∫ b

a

f dg.
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Again following the proof of Theorem 4.2, we have

lim
n→∞

(
(HS)

∫ b

a

f (n) dg(n) − (HS)
∫ b

a

f dg(n)
)

= 0.

Hence, we have the following theorem.

Theorem 4.4. If {f (n)} and {g(n)} are two-norm convergent to f and g
in BVp[a, b] and BVq[a, b], respectively, with p, q ≥ 1 and 1

p + 1
q > 1, then

(HY )
∫ b

a

f dg exists and

lim
n→∞

(HY )
∫ b

a

f (n) dg(n) = (HY )
∫ b

a

f dg.

Similar Convergence theorems have been proved by K. K. Aye in [1, p. 71]
under stronger conditions.
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