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ON RESTRICTED WEAK-TYPE CONSTANTS OF
FOURIER MULTIPLIERS

ADAM OSEKOWSKI

Abstract: We exhibit a large class of symbols m: R¢ — C for which the corre-
sponding Fourier multipliers T, satisfy the following restricted weak-type estimates:
if A C R? has finite Lebesgue measure, then

P (2—
ITmxallpoe < 5P Pllxallp, p>2.

In particular, this leads to novel sharp estimates for the real and imaginary part of
the Beurling—Ahlfors operator on C. The proof rests on probabilistic methods: we
exploit a stochastic representation of the multipliers in terms of Lévy processes and
appropriate sharp inequalities for differentially subordinated martingales.
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1. Introduction

A linear (or sublinear) operator T defined on LP(R?) and taking values
in LP>°(R?) is said to be of restricted weak type (p,p), if there is a
constant C such that for every measurable set A C R? of finite Lebesgue
measure |A|, we have

I Tx allLr.®e) < Cllxallpr®a-
Here the weak p-th norm, 1 < p < oo, is defined by

1
Il o= sup { i [ 1r@las).

where the supremum is taken over all measurable £ C R¢ with 0 <
|E| < oo. In most cases, restricted weak type estimates are easier to ob-
tain than the usual strong type inequalities, since the functions involved
are bounded and two-valued instead of arbitrary measurable. On the
other hand, a pair of restricted weak type estimates is usually powerful
enough to imply strong type estimates on intermediate spaces, by means
of standard interpolation arguments (see e.g. Corollary 1.4.21 in [19]).
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The purpose of this paper is to study restricted weak-type inequalities
for a certain class of Fourier multipliers, with the particular emphasis on
the size of the constants. We will show how such estimates can be de-
duced from appropriate sharp inequalities for differentially subordinated
martingales.

To formulate our main results, we need to introduce the necessary
background and notation. Suppose that d > 1 is a fixed integer. For any
bounded measurable function m: R* — C, there is a unique bounded
linear operator T}, on L?(R?), called the Fourier multiplier with the
symbol m, which is given by the identity ’fm\f = mf on Fourier trans-
forms. By Plancherel’s theorem, the norm of T}, on L?(R?) is equal
to |[m|[ee(rey and there is a natural problem of characterizing those
m, for which the corresponding Fourier multiplier extends to a bounded
linear operator on LP(R?), 1 < p < oo. The motivation for this ques-
tion comes from the analysis of classical examples: the collection of
Riesz transforms {R,; }?:1 on R? and the Beurling-Ahlfors operator B
on C. Recall that for any 1 < j < d, the Riesz transform R; in R4
is the Fourier multiplier corresponding to the symbol m(§) = —i&;/|¢],
¢ € R?\ {0}. Furthermore, the Beurling—Ahlfors transform is an op-
erator acting on functions on C ~ R2, corresponding to the symbol
m(&) = €/¢, € € C\ {0}. One of the motivations for investigating sharp
estimates for these operators comes from the papers of Donaldson and
Sullivan [15], and Iwaniec and Martin [20], [21], in which it was pointed
out that good estimates for the LP norm of these objects have important
consequences in the study of quasiconformal mappings, related nonlinear
geometric PDEs as well as in the LP-Hodge decomposition theory. This
justifies our interest in restricted weak-type bounds and, in particular,
in obtaining sharp versions of such results.

We will consider the following class of symbols, introduced by Bafiue-
los and Bogdan in [4]. Assume that v is a Lévy measure on R i.e., a
nonnegative Borel measure on R? such that v({0}) = 0 and

/ min{|z|?, 1}r(dz) < oco.
Rd

Assume further that p is a finite nonnegative Borel measure on the unit
sphere S of R? and fix two Borel functions ¢ on R? and ¢ on S which
take values in the unit ball of C. We define the associated multiplier m =
M4, u,p ON R? by

(1.1 m() = 3 J5(& 0)?9(0) () + [Ra[l — cos(€, z)]d(x)v(dz)
| 3 J5(6,0)211(d6) + [l = cos(€, a)]v(dx)
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if the denominator is not 0, and m(§) = 0 otherwise. Here (-, -) stands for
the scalar product in R?. This class contains many interesting examples,
we refer the interested reader to [3] and [4] for the full exposition. We
mention here that for d = 2, these include the real and imaginary part
of the Beurling—Ahlfors operator: ReB = R% — R? and ImB = —2R; Ry,
where R;, Ry are the planar Riesz transforms (i.e., Riesz transforms
in R?). See Section 4 below.

The Fourier multipliers corresponding to the above symbols can be
given a martingale representation by the use of transformations of jumps
of Lévy processes (see [3] and [4]). Combining this representation with
Burkholder’s martingale inequalities, Bafiuelos and Bogdan [4] and Ba-
fiuelos, Bielaszewski, and Bogdan [3] obtained the following LP bound.

Theorem 1.1. Let 1 < p < 0o and let m = mgy .. be given by (1.1).
Then for any f € LP(R?) we have

(1.2) T fllLe@ay < @ = DIIf |z @e)
where p* = max{p,p/(p — 1)}.

We should point out here that the special case of this result, con-
cerning the multipliers R3 — R? and —2R; Ry, was obtained earlier by
Volberg and Nazarov in [30]. Consult also [5].

It turns out that the above constant p* — 1 cannot be replaced by a
smaller number, which has been shown recently by Geiss, Montgomery-
Smith, and Saksman [18] (see also [6]).

In fact, the martingale methods allow to establish other types of
estimates for the above class of Fourier multipliers. See e.g. [26] for
related weak-type inequalities and [27] for corresponding logarithmic
bounds. The purpose of this paper is to continue this line of research
and study the corresponding restricted weak-type estimates. By interpo-
lation, these lead to further tight bounds on various intermediate spaces.
Here is the main result of the paper.

Theorem 1.2. Suppose T,, is the Fourier multiplier corresponding to
a symbol from the class (1.1). Then for any A C R? of finite Lebesgue
measure and any p > 2 we have

p

(1.3) T xallLe.oo ra) < 3

PPl 4 | L (R
and the inequality is sharp.

Here by sharpness we mean that for each p > 2, each d > 2, and
each € > 0 we can find a Fourier multiplier 7,,, with a symbol of the
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form (1.1) and a subset A of R? such that
P (o—
T Xallzos ey > (6@ =) [lxalli .

Actually, these extremal multipliers will be of the form R? — R3; thus, in
particular, we will obtain that (1.3) is sharp for the real and imaginary
parts of the Beurling—Ahlfors operator (it is easy to show that 2R Rs
and R? — R3 have the same restricted weak-type constants, see Section 4).

Unfortunately, we have been unable to find a sharp version of the
above statement for 1 < p < 2. To explain the reason for this, we
need to say a few words about our approach. Roughly speaking, any
inequality for Fourier multipliers with symbols as in (1.1) gives rise to
a corresponding estimate for differentially subordinate martingales (see
Section 2 for the necessary definitions). There is a beautiful method, in-
vented by Burkholder (see [11], [12], and [25]) for proving probabilistic
results of this type: the validity of a given martingale inequality (un-
der differential subordination) is equivalent to the existence of a certain
special function, satisfying appropriate majorization and concavity prop-
erties. In this paper, we will exploit this technique; however, we have
managed to find the special function corresponding to the martingale
version of (1.3) only for p > 2. Nonetheless, the results obtained in [26]
allow us to write

1 2p_1 (p—1)/p
(L4) N Tnxallre@n < |50 = IIxallLray, 1<p<2,

2

where I' denotes Euler’s gamma function: in fact, this holds true if we
replace x4 by an arbitrary function f € LP(R?). Unfortunately, the
above constant does not seem to be the best possible.

Consider the following application (cf. [28]). Let T,, be a Fourier
multiplier on R?, with a symbol of the form (1.1). Then for any real-
valued function f € LP'1(R?), p > 2, we have

T fll oo (may < 27PeC7P)2| | £]| 1ot (gay.-

To see this, assume first that f = Zjvzl a;XE;, where ap > ag > -+ >

an > 0 and Ej; are pairwise disjoint subsets of R? of finite measure. Let
Fo=0and F; = FyUE,U---UE;, j =1,2,...,N. Then f can be
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rewritten in the form f = Zﬁvzl(aj —ajy1)XF,, where ay;1 =0, and

N
Tl o ety € (5 = @) 1T oo
j=1
» N
< e(2-p)/p Z(aj — aj+1)HXFj||p
j:

P (o—
= 56(2 p)/p a1 (‘Fj+1|1/p _ |Fj|1/p)

= S| |0 .
By standard approximation, the above inequality extends to any nonneg-
ative f € LP>°(R9). To pass to general real-valued functions, it suffices
to use the decomposition f = fy — f_ and the inequality |[fy||5r.1(ra) +
f=llzrr@ay < 2272 | Lo may.

We conclude this section by indicating an important connection be-
tween the subject of this paper and the theory of quasiconformal map-
pings. Recall that a homeomorphism F': C — C is said to be K-qua-
siconformal, K > 1, if F € W,\?(C,C) and [9F(z)| < %WF(z)\ for
almost all z € C. In the fifties, Bojarski [8], [9] applied the LP-bounded-
ness of the Beurling—Ahlfors operator B to prove that partial derivatives
of K-quasiconformal maps, which are a priori locally square integrable,
belong in fact to LY _ for some p > 2 depending only on K. By Hoélder’s
inequality, this stronger integrability yields the distortion of area by
quasiconformal maps. Formally, if F(0) = 0 and F(1) = 1, then for all
measurable subsets F of the unit disc D = {z € C: |z| < 1} we have

(1.5) [F(E)| < C|E|",

where the constants C' and k depend only on K. Gehring and Reich
conjectured in [17] that the least possible x for which (1.5) holds is
equal to 1/K. This conjecture was open for about 25 years, and was
finally proved to be true by Astala [1] two decades ago. This result
is strictly related to the following estimate. The weak-type (1,1) and
L? boundedness of the Beurling—Ahlfors operator imply the existence of
some universal constants ¢ and « such that for any subset F of the unit
disc,

C

(1.6) / Bxs| < alE|log
; B
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Gehring and Reich [17] proved that their conjecture is strictly related to
the optimal value of the constant a: roughly speaking, the conjecture is
equivalent to saying that the best « equals 1. The results of this paper
yield the following related statement showing how the size of E controls
the integral | p |Bxe|. Since the real and imaginary parts of B have
symbols as in (1.1), inequality (1.3) implies

/ By | < peC-P/pl=1p|gU/p, 9 < p< oo
D

Similarly, (1.4) gives the following version for 1 < p < 2:

(r—1)/p
2p —1
[ Bxel < 2er (2217 g

The paper is organized as follows. The next section contains the
main probabilistic part of the paper: we study there appropriate sharp
inequalities for martingales, the stochastic versions of (1.3). In Sec-
tion 3 we combine these estimates with Banuelos—Bogdan representa-
tion of Fourier multipliers (1.1) and thus obtain (1.3). The final part
is devoted to the optimality of the constant ge@_p)/”. This is accom-
plished by the analysis of the so-called laminates, important family of
probability measures on R2*2. A clever combination of these objects
with Burkholder’s special functions can lead to sharp lower bounds for
R? — R2 and —2R; Ry, as was first observed by Boros, Székelyhidi Jr.,
and Volberg in [10]. We extend the argument from that paper and ob-
tain the sharpness of (1.3) for d = 2; to handle the higher dimensional
case, we apply a certain transference-type argument.

2. A new martingale inequality

As mentioned in the introduction, the results of this paper depend
heavily on certain inequalities for differentially subordinated martin-
gales. To study them, let us begin with the necessary definitions and no-
tation. Assume that (Q, F,P) is a complete probability space, equipped
with (F;)¢>0, a nondecreasing family of sub-o-fields of F, such that
Fo contains all the events of probability 0. Let X, Y be two adapted
cadlag martingales, i.e., with right-continuous trajectories that have lim-
its from the left. We assume further that X takes values in the inter-
val [0,1], while Y is R”-valued; here v > 1 is a given integer. The
symbols [X, X] and [Y,Y] stand for the square brackets of X and Y,
respectively; see e.g. [14] for the definition in the real-valued case, and
extend the notion to the vector setting by [Y,Y] =Y, _ [Y*, Y], where
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Y is the k-th coordinate of Y. Following Baiiuelos and Wang [7] and
Wang [31], we say that Y is differentially subordinate to X, if the pro-
cess ([X, X];—[Y,Y]t)i>0 is nonnegative and nondecreasing as a function
of ¢t. For example, let f = (fn)n>0, 9 = (gn)n>0 be a pair of adapted
discrete-time martingales and let us treat them as continuous-time pro-
cesses (via Xy = f|;), Ys = g|¢), t > 0). Then the above domination
amounts to saying that |dg,| < |df,| for all n, which is the original
definition of differential subordination, due to Burkholder [11]. Here
(dfn)n>0, (dgn)n>0 stand for the difference sequences of f and g, given
by dfo = fo, dfn, = fn — fa—1 (n > 1), and similarly for dg.

The main result of this section can be stated as follows.

Theorem 2.1. Assume that X, Y are martingales taking values in [0, 1]
and RY, respectively. If Y 1is differentially subordinate to X, then for
any A > 1/2 we have

1-2X

(2.1) sup E(|Y| - A)4 <
t>0

EXj.
The inequality is sharp, even in the discrete-time setting: for any e > 0

there is a martingale [ taking values in [0,1] and a real-valued martin-
gale g which is differentially subordinate to f, satisfying

61—2)\
s Bllgal ~ N+ > (5= —¢) B
n>0

As we have already mentioned in the previous section, the proof is
based on Burkholder’s method and exploits the properties of a certain
special function. To introduce this object, fix A > 1/2 and let us first
distinguish the following subsets of the strip [0, 1] x R”:

Do = {(2,y) : |yl < min{a, 1 - 2}},
Dy ={(z,y): 0<z<1/2, z < |yl <z+X—1/2},
Dg—{(gc, y):1/2<z<l,1<x+|y <A+1/2},
= ([0,1] x R”) \ (Do U Dy U D).
Now, let U:[O,l]xR”%Rbe given by

sexp(l —20)(|y|* — 2% + ) if (z,y) € Doy,
Ul y) = %m exp(2ly| — 2z — 2A + 1) ?f (z,y) € Dy,
(1 —z)exp(2ly| + 2z —2X = 1) if (z,y) € Do,
Uyl - A+1/22 -4 +2]  if (a,y) € D,
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We will also need the following auxiliary function c: [0, 1] x R¥ — [0, 00):

exp(l — 2)\) if (z,y) € Dy,
e, y) = exp(2ly| — 2z —2X+1) if (z,y) € Dy,
exp(2ly| + 2z —2A — 1) if (z,y) € Do,
1 if (x,y) € Ds.

In the lemma below, we study the key properties of U. We use the
dot - to denote the scalar product in R”; in addition, for k& € R, we
write

(kUyy(z,y), k) = Z Uy,y, (z,y)kik;.

ij=1
Lemma 2.2. The function U satisfies the following properties.

(i) It is of class C* in (0,1) x RY. Furthermore, if (z,y) belongs to
the interior of one of the sets D;, then U is infinitely many times
differentiable at (x,y).

(ii) If (z,y) belongs to the interior of one of the sets D;, then for
any h € R and k € R¥ we have

(2.2) Upo(,y)h? 4+ 2Usy (x,y)h-k+ (kUyy(z,9), k) < c(z,y)(|k[* — h?).
(ii) For any x € [0,1] and y € R” we have

(2.3) Uz, y) = (lyl = M)+

Proof: (i) The property formulated in the second sentence is evident.
The property from the first sentence is straightforward and reduces to
the tedious verification that the function U and its partial derivatives
match appropriately at the common boundaries of the sets D;. The
details are left to the reader.

(ii) The inequality is obvious for D§, the interior of Dy: actually, we get
equality here. It is also easy to see the validity of (2.2) in the interior
of D3. Indeed, on this set we have

2 (z,y) = |y|? — x® +x — 2Jy|(A — 1/2) + (A — 1/2)%.

If the term 2|y|(\ — 1/2) were absent, we would have equality in (2.2);
since A > 1/2, the function (z,y) — 2|y|(A — 1/2) is convex and hence
the desired bound is preserved. Next, we turn to the case when (z,y) €
D$. Then it can be computed that the left-hand side of (2.2) is equal
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to c(x,y) + I + I1, where

Tk 2
I =exp(2lyl — 2z —2X +1)(2z — 1) <y|y|— ) ,

= s (y-k)?
II—exp(2|y| —2x—2)\+1)($/|y| -1 <|k| - BE .
By the definition of Dq, we have < 1/2 and = < |y|, which implies that
both I and II are nonpositive; thus (2.2) follows. Finally, to show the
bound for D3, we observe that U(z,y) = U(1 — z,y), so the inequality
follows at once from the calculations for DY.

(iii) The conditions (i) and (ii) we have just proved yield the following
property of U: if k € R” is an arbitrary vector of norm not exceeding 1,
then for any y € R” the function t — U(t,y + tk), t € [0,1] is concave.
Consider the analogous function for the right-hand side of (2.3), i.e.,
t — (Jy + tk] — A)4, t € [0,1]. This function is convex, so it is enough
to check the majorization for z € {0,1}. But U(z,y) = U(1 — z,y) for
all z € [0,1], y € R”, so all we need is the validity of (2.3) for z = 0. If
x =0 and |y| <X —1/2, then both sides of (2.3) are equal to 0. On the
other hand, if z = 0 and |y| > A — 1/2, we obtain an inequality which is
equivalent to the trivial bound (Jy| — A — 1/2)? > 0. This completes the
proof. U

Proof of (2.1): The proof rests on an application of It6’s formula to
the function U and the martingales X, Y. Since U does not have the
necessary smoothness, we need some additional regularization of this
function. We split the argument into two parts, for the sake of the
clarity.

Step 1. A mollified function: Consider a C*° function g: R x R¥ —
[0,00), supported on the unit ball and satisfying [, . g = 1. Given

§€(0,1/2), let U%: [6,1 — 6] x R — R be given by the convolution
US(z,y) = / Uz 4 du,y + dv)g(u,v) dudo.
[—1,1]x[-1,1]*

Of course, this function is of class C'°°. Furthermore, in a sense, it
inherits the property studied in Lemma 2.2(ii). Namely, using the first
part of the lemma and integrating by parts we obtain, for z € [—d,1 —d]
and y € R”, that

U2, (z,y) = / Use(x + du,y + 6v)g(u,v) dudo,
[—1,1]x[~1,1]»
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with similar identities for Ugy and Ugy. Consequently, U° satisfies the
inequality (2.2) for x € [-0,1 — ¢] and y € R”, with

Az, y) = / c(x + du,y + 6v)g(u,v) dudv.
[-1,1]x[-1,1]*

This has the following further consequence: for any y € RY and any
vector k € R” of norm not exceeding one,

(2.4) the function ¢ — U°(t,y + tk), t € [0,1 — 4], is concave.

Step 2. An application of Ité’s formula: Fix 6 € (0,1/2). Take martin-
gales X, Y as in the statement of the theorem. Let us modify slightly
these processes so that the pair takes values in the set {(z,y) : d <z <
1—14,|y| > 0} (then we will be able to compose the martingales with
the function U?®). To accomplish this, put X = ((5 +(1- 25)Xt)t>0 and

Y = ((1 — 25)Y{5) clearly, the martingale Y is differentially subordi-

nate to X.

Let us recall several well-known fact from stochastic analysis. First,
there exist a unique continuous local martingale parts X¢ of X and V¢
or Y satisfying

>0

XKD = Kol + X0, X+ Y JARLP

0<s<t

for all t 2~ 0, and similarly for Y. Here AX'S = XS - XS_ d~enc~)tes the
jump of X at time s. Furthermore, we have [X¢, X = [X,X], the
pathwise continuous part of [X, X]. Here is Lemma 1 from [31].

Lemma 2.3. If X and Y are semimartingales, then Y is differentially
subordinate to X if and only if Y° is differentially subordinate to X°€,
the inequality |AY;| < |AX:| holds for allt > 0 and |Yy| < |Xo].

We come back to the proof of (2.1). An application of Itd’s formula
yields

(2.5) U(X,,Y,) = US(Xo,Yo) + I + I /2 + I,
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- U;S(Xsfvﬁf)AXs - US(XS,,Y/S,)AY/S .

Let us analyze the terms I; through I3 separately. Both summands in I;
have mean zero, by the property of stochastic integrals. The term I is
nonpositive: let 0 < sg < s1 < t. For any j7 > 0, let (T]Z)1<z<z be a
sequence of nondecreasing finite stopping times with 7} = s, 771 =85

such that lim; o maxi<;<i; 1 |771+1 — 771| = 0. Keeping j fixed, we
apply, for each i = 0,1,2,...,4;, the inequality (2. 2) (or rather its version
for U%) to x = Xgy—, y = Yeo— ,andh—hj —X7 —Xn_j,k:kg =

1+1

YnJ — f’nj. Summing the obtained i; 41 inequalities and letting j — oo
i+1 (2

yields

US, ( Xy, Yoy Xp¥ﬁ+2§: (Koo, Yo )X, Y™

* Z Z ymy,, ~so ,Y )[Ym Yn]sl

m=1n=1
<O (Kogmy Yoo ) (VL YIS = [X, Y3,

where we have used the notation [S,T]5l = [S,T]s, — [S,T]s,- By
the differential subordination of ¥ to X and the condition c¢? > 0,
the left-hand side above is nonpositive; hence, approximating I by
discrete sums, we obtain I < 0. Finally, each summand appearing
in I3 is nonpositive: this follows immediately from (2.4) and the in-
equality |AY,| < |AX,|, guaranteed by Lemma 2.3. Taking expecta-
tion of both sides of (2.5) and using the above properties of I, Io,
and I3, we get the estimate IEU‘S(Xt,fQ) < EU‘S()N(O,Y/O). Now we
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let & — 0: then U’(X,,Y;) — U‘E(XhYt) almost surely. By the dif-
ferential subordination we have |Yy| < Xy < 1, so EU%(X,,Yy) —
EU (X, Y)), in view of Lebesgue’s dominated convergence theorem. Fur-
thermore, since U is bounded from below, so is U’ and thus Fatou’s
lemma yields the estimate EU(Xy,Y:) < EU(Xo,Yp). But, by (2.3),
we have U(Xy,Y;) > ([Yi] — A)4; furthermore, directly from the for-
mula for U and the bound |Yy| < Xy from Lemma 2.3, we see that

U(Xo,Yp) < el Xo This yields the desired inequality. O

Sharpness of (2.1): To prove the optimality of the constant e!=2*/2,
we will construct appropriate discrete-time martingales f = (f,)n>o0,
g = (gn)n>0 such that g is differentially subordinate to f. When A = 1/2,
the martingales f, g are very simple: put fo = k € (0,1/2), let f; be a
mean-x random variable taking values 0 and 1, set f1 = fo = f3 =
and g = f. Then both sides of (2.1) are equal:

o 1-2)

1 e
E(lg1] ~ N+ = 5Pl = 1) = & = “—Ifll.

Suppose now that A > 1/2, let N be a large positive integer and
introduce the parameter 6 = (A — 1/2)/(2N). For a fixed x € (0,1/2),
consider a sequence (fn)2N +2 of independent random variables with the
following distributions: we have {, = k with probability 1; P(§&; = 1/2 —
kK)=1-P(& =—k)=2k;forn=1,2,..., N, we have

P(on = —6) = 1 = P& = 1/2) = (1+26) 7"

and
P(€2n+1 = 5) =1- P(£27L+1 = 5 - 1/2) =1- 26,

finally, P(éan12 = —1/2) = P(§an+2 = 1/2). We easily see that forn > 1
the variables £, have mean zero, so the process (§o+& + -+ + fn)2N+2
is a martingale (with respect to its natural filtration). Introduce the
stopping time 7 = inf{n : {& + & + -+ & € {0,1}}; it is easy to
see that 7 is finite almost surely. Then, by Doob’s optional sampling
theorem, the processes

fo = Got&tbat - +nn,  gn = Eotl1—Ea+E&—Eat (=1 n,

where 0 < n < 2N+2, are also martingales (note that the first term in g,
is &y, not —&y). To gain some intuition about (f,g), let us look at its
evolution. The pair starts from the point (x, k); then it moves to (0, 0)
or to (1/2,1/2). If it went to (0,0), it stays there forever; if it jumped
to (1/2,1/2), it moves to (1,0) (and stops), or to (1/2 —4,1/2 4 ¢). If
the latter possibility occurs, then it moves to (0,24) (and stays there
forever) or to (1/2,1/2 + 26). The pattern of the movement is then
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repeated; after 2N + 1 steps we have two possibilities: either f entered
the set {0,1} (and then g belongs to the interval [0, A\ —1/2)) or we have
(fan+1,92nv+1) = (1/2, A). If the second possibility takes place, the final
move of (f,g) is to jump to (0, \+1/2) or to (1, — 1/2).

Clearly, the martingale g is differentially subordinate to f: indeed, we
have |dg,| = |df,| for 0 < n < 2N + 2. Next, we have ||f|[1 = Efy =&
and

E(lgansal — N+ = Plgansa = A+ 1/2)/2 = B(4) /2,
where A = {51 = 1/2—%, 62 = —5, 53 = 5, 54 = —5, 65 = 5,-~-7§2N =
=0, &an+1 = 6, Sant2 = —1/2)}. Since &1,82,..., a2 are indepen-
dent, we obtain

k(1-20\"
2. E SN = o (=22 .
(2.6) (lg2n+2] = M)+ 2 (1 +25>
Now if we let N — oo and recall that 6 = (A —1/2)/(2N), we see that
E(lgan2| — A+
[1f1]2

and the sharpness follows. O

— 61_2/\/2,

The final result of this section is a corollary which contains, in a sense,
a probabilistic version of the inequality (1.3).

Corollary 2.4. Suppose that X, Y are as in Theorem 2.1. Then for
any E€ F, t >0, and A > 1/2 we have

1—-2X
(2.7) E|Y;|lp < ©

EXy + \P(E).

Proof: We have E = ET U E~, where E* = EN{|Y;| > \} and B~ =
EN{]Y:| < A}. Observe that by (2.1),

el—2X
E(Yt] = Mg+ < E(JYe| = A)+ < ——EXo
and, obviously, E(]Y;] — A)1g- < 0. Adding the two inequalities above
yields the claim. O

3. Proof of (1.3)

We start by recalling the martingale representation of the multipliers
from the class (1.1). This is described in full detail in [3] and [4], so we
shall be brief. Let m be the multiplier as in (1.1), with the corresponding
parameters ¢, 1, i, and v. Assume in addition that v(R?) is finite and
nonzero. Then for any s < 0 there is a Lévy process (Xs7t)t€[s,0] with
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Xs,s = 0, for which Lemmas 3.1 and 3.2 below hold true. To state
these, we need some notation. For a given f € L>®(R?), define the
corresponding parabolic extension Uy to (—oo, 0] x R? by

Us(s,z) =Ef(z + X ).

Next, fix # € R% s < 0 and let f,¢ € L*(R?). We introduce the
processes F' = (th’s’f)sgtgo and G = (Gf’s’f’¢)5§t§0 by
Ft = Z/[f(t,x =+ Xs,t)y

Gy = F,—Fy ) &(Xgu— Xgu_
) s;@[( ) - d(X, )

_/t/Rd[Z/{f(v,J:—l-Xs,u_—l—z)—Z/lf(v,a:—|—Xs,U_)}¢(z)l/(dz) dv.
Now, fix s < 0 and define the operator S = S*%* by the bilinear form
(3.2) /]Rd Sf(x)g(z)dx = /Rd E[Gg’s’f’¢g(x + Xs,0)] dz,
where f, g € C5°(R?). We have the following facts, proved in [3] and [4].

Lemma 3.1. For any fized x, s, f, ¢ as above, the processes F*57,
G=51¢ are martingales with respect to (Fo)s<t<o = (0(Xsp @ s <
t))s<t<o. Furthermore, if ||¢||oc < 1, then G5/ is differentially sub-
ordinate to F&7,

Let us stress here that ¢, and hence also G, are complex valued. The
aforementioned representation of Fourier multipliers in terms of Lévy
processes is as follows.

Lemma 3.2. Let 1 < p < 0o and d > 2. The operator S>®V is well
defined and extends to a bounded operator on LP(R?), which can be ex-
pressed as a Fourier multiplier with the symbol

M(f) = Ms,(b,u(g)

— 1o (25 [ (1-coste e ) | fR}ﬂi ;Cfiiigi?)‘iii?”

if Joa(1—cos(€, 2))v(dz) # 0, and M(§) = 0 otherwise.
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We are ready to establish the inequality (1.3). We may and do assume
that at least one of the measures u, v is nonzero. It is convenient to split
the reasoning into two parts.

Step 1: First we show the estimate for the multipliers of the form

_ Jra(1 = cos(, 2))(2)v(dz)
(3.3) My (§) = RfRd(l —cos(€, Nv(dz)

Assume that 0 < v(R?%) < oo, so that the above machinery using Lévy
processes is applicable. Fix s < 0 and functions f,g € C§°(R%) such
that f takes values in [0, 1], while g takes values in the unit ball of C and
is supported on a certain set E of finite Lebesgue measure. Of course,
then the martingale F>*7 takes values in [0,1]. By Fubini’s theorem
and (2.7), we have, for any A > 1/2,

/ E[G5Pg(z + X, p)] da
R

el*ZA
<o [ B
2 Rd

+)\/ Pz + Xs0 € E)dz
R4

6172>\

= Sl + MBI

Plugging this into the definition of S and taking the supremum over all g
as above, we obtain

61—2A
(3.4) [ 187% f@)lde < S flluscuey + MEL
E

Now if we let s —+ —oo, then M 4, converges pointwise to the multi-
plier My, given by (3.3). By Plancherel’s theorem, 8% f — Ty, , f
in L2(R?) and hence there is a sequence (s,)3; converging to —oco
such that lim,_, . S %V f — Twn,, | almost everywhere. Thus Fatou’s
lemma combined with (3.4) yields the bound

el—QA

[ T, 5@ e < =17y + AEL

Now, assume that [E| < [|f]|;1(re)y and minimize the right-hand side
over \. A straightforward analysis of the derivative shows that the min-
imum is attained for A = [1+log(|| f||11(re)/|E])] /2, and we obtain the
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estimate

1 Wl
[t sla < (14 f1og THEED ) 5

BlMP 1 @
<E|1/”+||2 log \EI( ))|E|1/q.

But the expression in the above parentheses does not exceed
Le(2- p)/p||f H L1 (Rd) which again can be verified by the straightforward
mampulatlons Wlth the derivative. Consequently, we have proved that

p 1
65) [ T s@lde < B DY )

On the other hand, if the measure of E is larger than [|f[|;1 (), then
we apply Schwarz inequality and the L? bound for Ty, 5., to get

/ Tag, ()| de = / T, £ (&) xe(x) da
E Rv

1/2
< ( / |TM¢,vf<w>|2dm) B2
Rl/

< F 2@ | B2 < 1 flp @y B2,

But this is not larger than ge@_p)/ﬂ|f||}:/fz]Rd)|E|1/‘17 ie., (3.5) holds
true; to prove this bound, rewrite it in the form
1/2-1/p - P (2— 1/q—1/2
12587 < Detz-iinp/am/
and note that ||f||1L/12(11;3)/p < |E|M2Lp = |E|1/q—1/2 and §6(2—p)/17 >
P.2_1,
P

2

Finally, using some standard approximation arguments, we see that
(3.5) can be applied to f = x4 (where A is a measurable subset of R%,
satisfying |A| < 00), and we obtain

D (o—
(3.6) 1Tty XAllLroe ety < 5€@777P x| e

Step 2: Now we deduce the result for the general multipliers as in (1.1)
and drop the assumption 0 < v(R?%) < co. For a given ¢ > 0, define a
Lévy measure v, in polar coordinates (r,8) € (0,00) x S by

v (drdf) = e 25, (dr)u(d6).
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Here 0. denotes Dirac measure on {e}. Next, consider a multiplier
M 44,0 as in (3.3), in which the Lévy measure is 1{|4/~-}~+v. and the
jump modulator is given by 1y4/>3¢(x) + 1{jzj=c}¥(x/|z]). Note that
this Lévy measure is finite and nonzero, at least for sufficiently small e.
If we let € — 0, we see that

1 — cos(¢, )
(¢,€0)?

= 5 [(e0200)u0)

and, consequently, Mc ¢ 0 — Mg, pu,y Pointwise. Thus (3.6) yields
(1.3). Indeed, using Plancherel’s theorem as above, we see that there is a
sequence (&, )n>1 converging to 0 such that Ty, , . XA = Ty, XA
almost everywhere. It suffices to apply Fatou’s lemma.

This completes the proof of the desired bound. O

[ = costeapute e (dn) = [ (02000 p(d0)

In the remainder of this section we will show how to extend (1.3) to the
vector-valued setting. For any bounded function m = (mq,ma,...,my):
R? — C™, we may define the associated Fourier multiplier acting on com-
plex valued functions on R? by the formula Ty, f = (Tyn, f, Tonn fr - - - T f)-
The above reasoning can be easily modified to yield the following state-
ment.

Theorem 3.3. Let v, p be two measures on R? and S, respectively,
satisfying the assumptions of Theorem 1.2. Assume further that ¢, v are
two Borel functions on R? taking values in the unit ball of C* and let
m: R? — C" be the associated symbol given by (1.1). Then for any
A C R? of finite Lebesque measure and any p > 2 we have

P (a—
(3.7) [ TmxallLp.oo(ma;cny < 56(2 p)/pHXAHLP(]Rd)
and the inequality is sharp.

Proof: Suppose first that v is finite. For a given C* function f: RY —
[0,1], we introduce martingales F and G = (G',G?,...,G") by the
formula (3.1). It is easy to check that G is differentially subordinate to F,
arguing as in [3] or [4]. Note that F' is [0, 1]-valued, while G takes values
in C" ~ R?". Applying the representation (3.2) to each coordinate of G
separately, we obtain the associated multiplier S = (S, &82%,...,8"),
where S7 has symbol M; 4,0, as in Lemma 3.2. Now we repeat the
reasoning leading to (3.4), with a vector valued function g: RY — C™ (the
expression Gg’s’f’(bg(x—&—Xs,o) should be replaced with the corresponding
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scalar product). An application of (2.1), or rather (2.7), gives
el—2X

[ 185@ldz < Sl + NEL

and letting s — —oo yields the corresponding bound for 7= (71, 72,...,
T™), where 77 has symbol My, ., as in (3.3). By standard approxima-
tion, we may replace f with x 4, and it suffices to apply the optimization
procedure over A and |E| to get the claim for these special multipliers.
The passage to general m as in (1.1) is carried over in the same manner
as in the scalar case. O

4. Sharpness of (1.3)

We turn to the final part of the paper in which we will show that
the constant 2e(>~P)/P in (1.3) is the best possible. Specifically, we will
prove that for any d > 2, the inequality

P (a—
(4.1) ||(R% - R%)XAHLP"’O(Rd) < 56(2 p)/pHXAHLP(Rd)

is sharp. The proof will be a combination of various analytic and prob-
abilistic facts, and it is convenient to split this section into a several
separate parts.

4.1. Beurling—Ahlfors operator and its action on the indica-
tor function of a ball. Recall that Beurling—Ahlfors operator can
be defined as the Fourier multiplier with the symbol m(¢) = (£/[¢])?,
¢ € C\ {0} (with the standard identification C ~ R?). Alternatively,
B can be expressed as the singular integral

1 f(w)
Bf(z) = —p.v.— /c mdw, z € C,
where the integration is with respect to the Lebesgue’s measure on the
complex plane. This operator plays a fundamental role in the study
of quasiconformal mappings, partial differential equations and complex
analysis. Its importance lies in the fact that it changes the complex
derivative 0 into 0. Formally, we have

(4.2) B(0w) = ow
for every w in the Sobolev space W2(C, C).

The operator B can be expressed in terms of second-order planar Riesz
transforms. To see this, rewrite its symbol in the form

£ _g-8 28182
4. =_— =
43 MO E T gvg TEeg

+1
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and observe that mge(€) = (€2 — £3) /(&3 + £2) is the symbol of R3 — R?
and mpy, (&) = 261&2/(€3 + £€3) is the symbol of —2R;Ry. An impor-
tant link with the results of this paper states that these multipliers have
symbols belonging to the class (1.1). For instance, the choice d = 2,
p="0(1,0) + 90,1y, ¥(1,0) = =1 = —9(0,1), and v = 0 gives T}, = ReB;
likewise, d = 2, 0= 81,51 /v) + 013 1/v3): D(1/v/2,1//2) =1 =
—(1/v/2,~1/+/2), and v = 0 leads to T}, = ImB. Furthermore, note
that there is a rotation r such that mge o 7 = myy; consequently, the
restricted constants of ReB and ImB are the same. Therefore, hav-
ing proved (4.1) for d = 2, we automatically get that ge@’p)/?’ is the
restricted weak constant for both these operators.

We conclude this subsection by recalling a well known fact concerning
the action of the operator B on indicator function of balls. Throughout
this section, B C C denotes the ball of center 0 and radius 1. Then we
have

(4.4) Bxs(z) = —%XC\B(Z)

This follows at once from (4.2), by applying it to the function w(z) =
Zxs + 2 'xc\s- It will important to us later that in particular, (R3 —
R?)xp vanishes on B.

4.2. Laminates: necessary definitions. Assume that R™*" denotes
the space of all real matrices of dimension m x n and let Ri be the
subclass of R™*"™ which consists of all real symmetric n X n matrices.

Definition 4.1. A function f: R™*™ — R is said to be rank-one convez,

if t — f(A+tB) is convex for all A, B € R™*" with rank B = 1.

Let P = P(R™*™) stand for the class of all compactly supported prob-
ability measures on R™*". For v € P, we denote by 7 = f]Rmm X dv(X)
the center of mass or barycenter of v.

Definition 4.2. We say that a measure v € P is a laminate (and write

veL),if
v dv
£ )S/Rmmf

for all rank-one convex functions f. The set of laminates with barycen-
ter 0 is denoted by Lo(R™*™).

Laminates can be used to obtain lower bounds for solutions of certain
PDEs, as was first noticed by D. Faraco in [16]. Furthermore, laminates
arise naturally in several applications of convex integration, where can
be used to produce interesting counterexamples, see e.g. [2], [13], [23],
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[24], and [29]. We will be particularly interested in the case of 2 x 2 sym-
metric matrices. The important fact is that laminates can be regarded
as probability measures that record the distribution of the gradients of
smooth maps, see Corollary 4.6 below. Let us briefly explain this; de-
tailed proofs of the statements below can be found for example in [22],
[24], and [29].

Definition 4.3. Let U C R**2 be a given set. Then PL(U) denotes the
class of prelaminates in U, i.e., the smallest class of probability measures
on U which

(i) contains all measures of the form A4 + (1 — A\)dp with A € [0, 1]
and satisfying rank(A — B) = 1;

(ii) is closed under splitting in the following sense: if Ad4 + (1 — A\)v
belongs to PL(U) for some v € P(R?*2) and pu also belongs to
PL(U) with t = A, then also Ay + (1 — A)v belongs to PL(U).

It follows immediately from the definition that the class PL(U) con-
tains atomic measures only. Also, by a successive application of Jensen’s
inequality, we have the inclusion PL C L. Let us state two well-known
facts (see [2], [22], [24], and [29]).

Lemma 4.4. Let v = Zf;l Nida, € PL(RZ2X2) with v = 0. Moreover,

sym

let 0 <7 < imin|A; — Aj| and § > 0. For any bounded domain Q C R?
there exists u € W™ (Q) such that ||lul|cr < & and for alli =1,... N

[{z € Q: |D*u(z) — 4| <r}| = N[O

Lemma 4.5. Let K C R2%2 be a compact convez set and v € L(R2X2)

Sym Sym

with suppv C K. For any relatively open set U C R2X2 with K € U

sym
there exists a sequence v; € PL(U) of prelaminates with U; = U and

N
l/j v.

Combining these two lemmas and using a simple mollification, we
obtain the following statement, proved by Boros, Székelyhidi, Jr., and
Volberg [10]. It exhibits the connection between laminates supported on
symmetric matrices and second derivatives of functions, and will play a
crucial role in our argumentation below.

Corollary 4.6. Let v € Lo(R2%2). Then there exists a sequence u; €

sym
C§°(B) with uniformly bounded second derivatives, such that

1 2
(4.5) E/BQS(D uj(x))de — s odv

sym

for all continuous ¢: R2X2 — R.

sym
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Let us stress here that the corollary works for laminates of barycen-
ter 0. This will give rise to some small technical difficulties, as “natural”
laminates do not have this property; see below.

4.3. Biconvex functions and a special laminate. In the next step
in our analysis, we introduce a certain special laminate. To do this, we
need some additional notation. A function ¢: R x R — R is said to be
biconvez if for any fixed z € R, the functions x — ((x, z) and y — ((z,y)
are convex. Now, for A > 1/2, let f, g be martingales of Section 2, which
exhibit the sharpness of (2.1) (if \ is strictly larger than 1/2, then there
is a whole family of examples, corresponding to different choices of k
and N — these two parameters will be specified later). Consider the
R2-valued martingale

(F,G) = (f";g _k, f;g> .

We subtract k on the first coordinate to ensure that the pair (F,G) has
mean (0,0). This sequence has the following zigzag property: for any
0 <n < 2N +1 we have F,, = F, 11 with probability 1 or G,, = Gp41
almost surely; that is, in each step (F,G) moves either vertically, or
horizontally. Indeed, this follows directly from the construction that for
each n we have P(df,, = dg,,) = 1 or P(df,, = —dg,) = 1. This property
combines nicely with biconvex functions: if ¢ is such a function, then a
successive application of Jensen’s inequality gives

E¢(Font2, Gant2) > EC(Fony1, Gang1) > -

(4.6) > E¢(Fy, Go) = €(0,0).

Now, the martingale (F,G), or rather the distribution of its terminal
variable (Fon 42, Gant2), gives rise to a probability measure v on ngﬁz
put

v (diag(z,y)) = P((Fant2, Gang2) = (z,y)), (z,y) € R2.

Here and below, diag(z,y) denotes the diagonal matrix (6” 2) . The key
observation is that v is a laminate of barycenter 0 (actually, it can be
shown that it is even a prelaminate, but we will not need this). To
prove this property, note that if ¢ : R2*? is a rank-one convex, then

(z,y) — (diag(x,y)) is biconvex and thus, by (4.6),

Y dv = Ey(diag(Fan 2, Gant2) > ¥(diag(0,0)) = ¢(7).

R2X2
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Finally, note that P(F2N+2 + Gany2 € {—k,1 — /s}) = P(fons2 €
{0,1}) = 1, and hence the support of v is contained in

(4.7) K = {diag(z,y) : v +y € {—k,1 — k}}.

4.4. Sharpness of (1.3), the case d = 2. For the convenience of
the reader, let us sketch the idea behind the arguments below. We
start with the application of Corollary 4.6 to the laminate v: let (u;);>1
be the corresponding sequence of smooth functions. As we have just
observed above, the support of v is contained in K given by (4.7). Since
the distribution of u; is close to v (in the sense of Corollary 4.6), we
expect that Au;, essentially, takes only values close to —x or close to
1 — x. Thus, if we define v; = Au; + rxp for j = 1,2,..., then v; is
close to an indicator function of a certain set A. Thus, to prove the
sharpness of (4.1), one can try to study this estimate with x 4 replaced
by v;. We will look separately at the action on R?—R2 on Auj and KX B;
to handle the Laplacian, we will use the arguments from the previous
two subsections, and kxp will be dealt with by the facts presented in
Subsection 4.1.

Step 1: We start from the specification of the parameters N and k. For
a given p > 2, let A = (p—1)/2 and pick an arbitrary number M smaller
than e!=2*/2: thus, M = 1e?=2* . ) for some n < 1. Let & € (0,1/2) be
arbitrary and choose N so that E(|gan+2| — A+ > MEfo = M«k. This
is possible, in view of the results of Section 2. Furthermore, let £ be an
arbitrary positive number (which will eventually be sent to 0). In what
follows, we will use the following convention: C7,C5, Cs, ... will denote
constants which depend only on x and N.

Step 2: Consider a continuous function ¢: RS;(H% — R given by

¢(diag(x,y)) = | + y + &|. By Corollary (4.6), we have

- | = = 2 j*)OO
\B|/B'”J' |B|/B¢’(D S

sym
= E|Fon+2 + Ganye2 + K| = K,

so for sufficiently large j we have
1

(4.8) 7/ ;] < (1 +2).
1Bl /s

Step 3: Consider a continuous function ¢: RZ2 — [0,1], satisfying

o(diag(x,y)) = 1 when | +y — 14+ k| > ¢ and |z +y + k| > ¢, and
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o(diag(z,y)) =0if z + y+ k € {0,1}. By Corollary 4.6,

1
(4.9) ®/¢(D2uj)—> L, 0dv=0,
B i

since P(Fon42 + Ganio + k € {0,1}) = 1. Consider the sets
A={z€B:|Auj(z) -1+ <e}, A={reB:|Auj(z)+rx|<e}
Then (4.9) implies that

B\ (AUA
(4.10) |\(|m)| < e for sufficiently large j.

Step 4: Next, consider a continuous function ¢: R2%2 — [0, 1], satisfying

¢(diag(x,y)) = 1if z+y+k = 1 and ¢(diag(z,y)) = 0if |x+y+r—1| > €.
Then

A2 [ (0P 2% 8| [ | 6dv = |BIP(Favsa+ Gasz =15,
B R2><2

sym

and the number on the right depends only on N and k&; thus, for large 7,
(4.11) |A| is bounded from below by Cj.
Consequently, for any 1 < ¢ < oo and large j,

llvj — XA||qu(]R2) = ||[Au; + Kk — XAHqu(B)

:/ |Auj+/~i—x,4|q+/~|Auj+/1—XA\q
A A

+/ ) |Auj+/€*XA|q
B\(AUA)

< e Al + €| A| + ¢|B|(sup |Au;| + ).
B

Here in the last passage we have used the definition of A, A, and (4.10).
Combining this with (4.11) (and the fact that the second-order partial
derivatives of u; are uniformly bounded by Cs, see Corollary 4.6), we
get that for sufficiently large j,

(4.12) ||Uj - XA”qu(Rz) < CselAl
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In other words, the function v; is close to the indicator function of A.

Step 5: Next, consider the function ¢: R2X2 — R given by ¢(diag(z,y)) =

sym

(lx — y| — A)+. By the choice of x, N, and (4.8),

1 oo
E/qu(pz EmiN /<z>du— (Igansa] — Ny

> Mk

. M 1 /| |
R Vi
~14e |B| B J

M 1
> — (1Al - A .
“1te [B] (" /B'”ﬂ XA')

Now multiply throughout by |B| and apply (4.12) with ¢ = 1; we get
that for sufficiently large j,

()

[ oD% = (- cieial
However, observe that

P(D?uy) = (|Or1u; — Ooguj| — )4
(I(R? = R3)Auj| — N4 = (|(RT — R3)v;| — M)+

on B, since (R} — R3)xs = 0 on B (see Subsection 4.1). Therefore, the
preceding considerations yield that for large 7,

M

Tz - CuellAl < [ ((RE = Rl =)

s/Bu(R% Ryl - A>++/B (B2 — B2)(0; — xa)l-

However, the norm of R? — R% as an operator on L?(R?) is bounded by 1:
see (1.2). Consequently, by Schwarz inequality, (4.12), and then (4.11),

J I = B0 =) < [l xal eI < Cat 21412 < Coel 2
B

Plugging this into the above inequality, we get that if j is sufficiently
large, then

/B (R = R)xal - Ny > L1~ cye'/?) Al

1+¢
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Therefore, if we let E = {z € B : |(R? — R3)xa| > A} and recall that
M = %61_2’\ -7, then
M

[~ Bl = (1= Coe 1Al + AlE|

- (1 _ 0451/2)77 [61—2>\
- 1+4¢ 2

However, we have A = (p — 1)/2. Plugging this above and applying
Young inequality, we see that the right-hand side is not smaller than

(1-Cae)n p
14¢ 2

Using the fact that 7 < 1 and € > 0 were arbitrary, we obtain that the
constant Ze(>~P)/? is indeed the best possible in (1.3).

|A| + >\|E] .

2_p)/p||XA||LP(R2)|E|1_1/p~

4.5. Sharpness of (1.3), the case d > 3. Suppose that for a fixed p >
2 and some positive constant C' we have

(4.13) / (B2 — R2)ya(@)|dz < Clxal o B/
E

for all measurable subsets A, E of R? of positive and finite Lebesgue
measure. For ¢ > 0, define the dilation operator §; as follows: for any
function g: R? x R472 — R, we let 6;g(¢,¢) = g(&,1¢); for any A C
R? x RI=2 let §;A = {(£,1¢) : (§,¢) € A}. Note that the function &;x 4
is supported on §; A and hence, by (4.13), the operator T} := §; ' o
(R? — R3) o §; satisfies

/ Tyxa ()| da=19-2 / (B2 — R2) o rxale)| de
E STE

(4.14) <0 (td_g/
B 5

=Cllxallzr @y |E

It is straightforward to check that the Fourier transform F satisfies the
identity F = t%=26; o F o, so the operator T} enjoys the condition

o 2 2
TtXA(§7<) = _mﬁ(fvc)a (S,C) S R2 X Rd—Q.

By Lebesgue’s dominated convergence theorem, we have

lim T (€, €) = Toxa(é: €)

1/p
|5tXA(l’)|p dx) (td_2‘(5;1E|)1_1/p
—14

t

‘1—1/1).
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-~

(£,¢)/€/*. By Plancherel’s
14) implies

in L2(RY), where Toxa(€,¢) = (63 — &2)
theorem and Fatou’s lemma, we see that (4.

(4.15) /E Toxa(@)|dz < Cllxall e | B2,

Now pick an arbitrary set A C R? of non-zero and finite Lebesgue mea-
sure and put A = A x [0,1]9"2. Denoting by R; and R, the planar
Riesz transforms, we see that Toxa(€,¢) = (RT — R3)x 4(€)1(0,1a-2(¢),
because of the identity

&8 ~

7{0;4(570 = *W XA(f)l[o,l]d—2(O-

Plug this into (4.15) with the choice E = E x [0,1]%"2, where E is an
arbitrary subset of R? with 0 < |E| < co. As the result, we obtain

/E (R = R3)x4(&)| A€ < Clixillre) | EI' 7.

However, we have shown in the previous subsection that this implies
Cc > pe(Q*p)/p/Q. The proof is complete. O

Acknowledgments

The author would like to express his gratitude to an anonymous ref-
eree for the careful reading of the first version of the manuscript and
many helpful comments. The research was partially supported by Pol-
ish Ministry of Science and Higher Education (MNiSW) grant 1P2011
039571 ‘Tuventus Plus’.

References

[1] K. AsTALA, Area distortion of quasiconformal mappings, Acta
Math. 173(1) (1994), 37-60. DOI: 10.1007/BF02392568.

[2] K. AsTALA, D. FARACO, AND L. SzEKELYHIDI, JR., Convex in-
tegration and the LP theory of elliptic equations, Ann. Sc. Norm.
Super. Pisa Cl. Sci. (5) 7(1) (2008), 1-50. DOI: 10.2422/2036-2145.
2008.1.01.

[3] R. BANUELOS, A. BIELASZEWSKI, AND K. BoGDAN, Fourier mul-
tipliers for non-symmetric Lévy processes, in: “Marcinkiewicz cen-
tenary volume”, Banach Center Publ. 95, Polish Acad. Sci. Inst.
Math., Warsaw, 2011, pp. 9-25. DOI: 10.4064/bc95-0-1.

[4] R. BANUELOS AND K. BOGDAN, Lévy processes and Fourier mul-
tipliers, J. Funct. Anal. 250(1) (2007), 197-213. DOI: 10.1016/j.
j£fa.2007.05.013.


http://dx.doi.org/10.1007/BF02392568
http://dx.doi.org/10.2422/2036-2145.2008.1.01
http://dx.doi.org/10.2422/2036-2145.2008.1.01
http://dx.doi.org/10.4064/bc95-0-1
http://dx.doi.org/10.1016/j.jfa.2007.05.013
http://dx.doi.org/10.1016/j.jfa.2007.05.013

[5]

FOURIER MULTIPLIERS 441

R. BANUELOS AND P. J. MENDEZ-HERNANDEZ, Space-time Brow-
nian motion and the Beurling—Ahlfors transform, Indiana Univ.
Math. J. 52(4) (2003), 981-990. DOI: 10.1512/iumj.2003.52.2218.
R. BANUELOS AND A. OSEKOWSKI, Martingales and sharp bounds
for Fourier multipliers, Ann. Acad. Sci. Fenn. Math. 37(1) (2012),
251-263. DOI: 10.5186/aasfm.2012.3710.

R. BANUELOS AND G. WANG, Sharp inequalities for martingales
with applications to the Beurling—Ahlfors and Riesz transforms,
Duke Math. J. 80(3) (1995), 575-600. DOI: 10.1215/S0012-7094-95-
08020-X.

B. BoJarski, Homeomorphic solutions of Beltrami systems, (Rus-
sian), Dokl. Acad. Nauk SSSR 102 (1955), 661-664.

B. V. BovARSKII, Generalized solutions of a system of differen-
tial equations of first order and of elliptic type with discontinuous
coefficients, (Russian), Mat. Sb. N.S. 43(85) (1957), 451-503.

N. Boros, L. SzZEKELYHIDI, JR., AND A. VOLBERG, Laminates
meet Burkholder functions, J. Math. Pures Appl. (9) 100(5) (2013),
687-700. DOI: 10.1016/j.matpur.2013.01.017.

D. L. BURKHOLDER, Boundary value problems and sharp inequali-
ties for martingale transforms, Ann. Probab. 12(3) (1984), 647-702.
D. L. BURKHOLDER, Explorations in martingale theory and its
applications, in: “Ecole d’Eté de Probabilités de Saint-Flour XIX-
1989”7, Lecture Notes in Math. 1464, Springer, Berlin, 1991,
pp. 1-66. DOI: 10.1007/BFb0085167.

S. ConTI, D. FARACO, AND F. MAGGI, A new approach to
counterexamples to L' estimates: Korn’s inequality, geometric
rigidity, and regularity for gradients of separately convex func-
tions, Arch. Ration. Mech. Anal. 175(2) (2005), 287-300. DOI:
10.1007/s00205-004-0350-5.

C. DELLACHERIE AND P.-A. MEYER, “Probabilitics and potential.
B. Theory of martingales”, Translated from the French by J. P. Wil-
son, North-Holland Mathematics Studies 72, North-Holland Pub-
lishing Co., Amsterdam, 1982.

S. K. DONALDSON AND D. P. SULLIVAN, Quasiconformal 4-mani-
folds, Acta Math. 163(3-4) (1989), 181-252. DOI: 10.1007/
BF02392736.

D. FArAco, Milton’s conjecture on the regularity of solutions to
isotropic equations, Ann. Inst. H. Poincaré Anal. Non Linéaire
20(5) (2003), 889-909. DOI: 10.1016/50294-1449(03)00014-3.

F. W. GEHRING AND E. REICH, Area distortion under quasiconfor-
mal mappings, Ann. Acad. Sci. Fenn. Ser. A I 388 (1966), 15 pp.


http://dx.doi.org/10.1512/iumj.2003.52.2218
http://dx.doi.org/10.5186/aasfm.2012.3710
http://dx.doi.org/10.1215/S0012-7094-95-08020-X
http://dx.doi.org/10.1215/S0012-7094-95-08020-X
http://dx.doi.org/10.1016/j.matpur.2013.01.017
http://dx.doi.org/10.1007/BFb0085167
http://dx.doi.org/10.1007/s00205-004-0350-5
http://dx.doi.org/10.1007/s00205-004-0350-5
http://dx.doi.org/10.1007/BF02392736
http://dx.doi.org/10.1007/BF02392736
http://dx.doi.org/10.1016/S0294-1449(03)00014-3

442

[18]

[19]

[20]

A. OSEKOWSKI

S. GEIss, S. MONTGOMERY-SMITH, AND E. SAKSMAN, On sin-
gular integral and martingale transforms, Trans. Amer. Math. Soc.
362(2) (2010), 553-575. DOI: 10.1090/S0002-9947-09-04953-8.

L. GrAFAKOS, “ Classical Fourier analysis”, Second edition, Grad-
uate Texts in Mathematics 249, Springer, New York, 2008.

T. IWANIEC AND G. MARTIN, Quasiregular mappings in even di-
mensions, Acta Math. 170(1) (1993), 29-81. DOI: 10.1007/
BF02392454.

T. IWANIEC AND G. MARTIN, Riesz transforms and related singular
integrals, J. Reine Angew. Math. 473 (1996), 25-57.

B. KIircHHEIM, Rigidity and geometry of microstructures, Ph.D.
Thesis, University of Leipzig (2003), http://www.mis.mpg.de/
publications/other-series/ln/lecturenote-1603.html.

B. KIRCHHEIM, S. MULLER, AND V. SVERAK, Studying nonlin-
ear pde by geometry in matrix space, in: “Geometric analysis
and nonlinear partial differential equations”, Springer, Berlin, 2003,
pp. 347-395.

S. MULLER AND V. SVERAK, Convex integration for Lipschitz map-
pings and counterexamples to regularity, Ann. of Math. (2) 157(3)
(2003), 715-742. DOI: 10.4007/annals.2003.157.715.

A. OSEKOWSKI, “Sharp martingale and semimartingale inequali-
ties”, Instytut Matematyczny Polskiej Akademii Nauk. Monografie
Matematyczne (New Series) 72, Birkhauser/Springer Basel AG,
Basel, 2012. DOI: 10.1007/978-3-0348-0370-0.

A. Osgkowskl, Logarithmic inequalities for Fourier multipliers,
Math. Z. 274(1-2) (2013), 515-530. DOI: 10.1007/s00209-012-
1083-z.

A. OsekowskI, Weak-type inequalities for Fourier multipliers with
applications to the Beurling—Ahlfors transform, J. Math. Soc. Japan
66(3) (2014), 745-764.

E. M. STeIN AND G. WEISS, An extension of a theorem of
Marcinkiewicz and some of its applications, J. Math. Mech. 8
(1959), 263—284.

L. SzEKELYHIDI, JR., Counterexamples to elliptic regularity and
convex integration, in: “The interaction of analysis and geome-
try”, Contemp. Math. 424, Amer. Math. Soc., Providence, RI, 2007,
pp. 227-245. DOI: 10.1090/conm/424/08104.

A. VOL'BERG AND F. NAzAROV, Heating of the Ahlfors—Beurl-
ing operator, and estimates of its norm, (Russian), Algebra i
Analiz 15(4) (2003), 142-158; translation in: St. Petersburg Math.
J. 15(4) (2004), 563-573. DOI: 10.1090/51061-0022-04-00822-2.


http://dx.doi.org/10.1090/S0002-9947-09-04953-8
http://dx.doi.org/10.1007/BF02392454
http://dx.doi.org/10.1007/BF02392454
http://www.mis.mpg.de/publications/other-series/ln/lecturenote-1603.html
http://www.mis.mpg.de/publications/other-series/ln/lecturenote-1603.html
http://dx.doi.org/10.4007/annals.2003.157.715
http://dx.doi.org/10.1007/978-3-0348-0370-0
http://dx.doi.org/10.1007/s00209-012-1083-z
http://dx.doi.org/10.1007/s00209-012-1083-z
http://dx.doi.org/10.1090/conm/424/08104
http://dx.doi.org/10.1090/S1061-0022-04-00822-2

FOURIER MULTIPLIERS 443

[31] G. WaNG, Differential subordination and strong differential subor-
dination for continuous-time martingales and related sharp inequal-
ities, Ann. Probab. 23(2) (1995), 522-551.

Department of Mathematics, Informatics and Mechanics
University of Warsaw

Banacha 2

02-097 Warsaw

Poland

E-mail address: ados@mimuw.edu.pl

Primera versié rebuda el 22 d’abril de 2013,
darrera versié rebuda el 7 de maig de 2013.



	1. Introduction
	2. A new martingale inequality
	3. Proof of (1.3)
	4. Sharpness of (1.3)
	4.1. Beurling–Ahlfors operator and its action on the indicator function of a ball
	4.2. Laminates: necessary definitions
	4.3. Biconvex functions and a special laminate
	4.4. Sharpness of (1.3), the case d=2
	4.5. Sharpness of (1.3), the case d3.

	Acknowledgments
	References



