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Abstract: We show that for every compact set A C R™ of finite a-dimensional
packing premeasure 0 < o < m, the lower limit of the normalized discrete minimum
Riesz s-energy (s > «) coincides with the outer measure of A constructed from
this limit by method I. The asymptotic behavior of the discrete minimum energy on
compact subsets of a self-similar set K satisfying the open set condition is also studied
for s greater than the Hausdorff dimension of K. In addition, similar problems are
studied for the best-packing radius.
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1. Introduction

It is known that the a-dimensional packing measure of a compact
set A in R™ and its a-dimensional packing premeasure will coincide if the
packing premeasure of A is finite (see [14]). In order to construct pack-
ing measure from packing premeasure a procedure known as method I
is used. In this paper we study a similar question for the discrete mini-
mum energy limits, namely, under what conditions the lower limit of the
normalized discrete minimum Riesz energy (the quantity g (A) defined

in (3) below) will coincide with the outer measure of A constructed using
method I from the set function g_ .

Another result obtained in this ’paper is related to the results by Kol-
mogorov and Tikhomirov [27] and by Hardin and Saff [22], [23]. The
asymptotic behavior as € tends to 0 of the e-complexity of a Jordan mea-
surable compact set A in R? was found in [27, Theorem IX]. The asymp-
totic behavior as N grows of the minimum Riesz s-energy of N-points
restricted to a compact set A C R? of positive Lebesgue measure (s > d)
is also known (see [23, Theorem 2.2]). A compact set in R? can be
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placed inside a cube, and the cube in turn, can be considered as a self-
similar set. We obtain analogs of these results when the compact set A
is contained in a given self-similar set in R? that satisfies the open set
condition. Since the upper and the lower limits of the normalized Riesz
energy and best-packing may differ on some self-similar sets, we consider
the upper and the lower limit separately. Our result may be applied to
estimating the Hausdorff probability measure of a compact subset A of
a self-similar set K. To do this one could minimize on A and on K the
Riesz energy of N-point configurations for some “large” value of N and
the value of s greater than the Hausdorff dimension of K and then find
the ratio of the two energies. We remark that methods of computing
the Hausdorff and packing measure of a whole self-similar set, which use
other ideas were considered in [33].

The paper is structured as follows. In Section 2 we introduce the
general notation and definitions. In Section 3 we review known results
for the minimum energy and best-packing problem on rectifiable sets. In
Section 4 we recall the definitions related to self-similar sets and formu-
late the asymptotic results for the minimum energy and the best-packing
radius on compact subsets of self-similar sets. In Section 5 we formulate
the result concerning the outer measures constructed from the limits of
the normalized values of the minimum energy and best-packing. In Sec-
tion 6 we obtain a regularity result, which is used in Sections 7 and 8 to
prove the main results of this paper.

2. Setting of the problems, notation and definitions

Let m € N and s > 0. For an arbitrary collection of points wy :=
{z1,...,2ny} CR™, N € N, N > 2, its Riesz s-energy is defined to be

Ei(wn) := Z !

T s
(<o 1 = il

where || stands for the Euclidian distance in R™. The discrete minimum
Riesz N-point s-energy of a given set A in R™ is defined as

(1) Es(A/N) = w}lanfA Es(wn),
#wN:N

where # X denotes the cardinality of a set X. The case of m =3, s =1,
and A being a sphere in R? corresponds to the classical Thomson’s prob-
lem of finding the ground state configurations of N classical electrons on
the sphere. For the exact results on Thomson’s problem and further
reviews see [43], [3], 28], [9], and references therein.
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In known cases when s is greater than the Hausdorff dimension of A,
interactions between points located close to each other on A determine
the main term of the energy sum as N — oo. This case is referred to as
the case of short range interactions on A.

The limiting case of the minimum s-energy problem as s — o0, is
the best-packing problem, which we will state next. For a configuration
wy = {x1,...,xny} C R™, denote

S(wn) = \min o |z; — x5

The best-packing N point distance on the set A is defined as

(2) on(A) == sup d(wn).
wnCA
#wN:N

A configuration Wy C A attaining the supremum on the right-hand side
of (2) is called a best-packing configuration. Without loss of generality,
we can consider only compact sets A in both problems, since for an un-
bounded set, the minimal energy is zero and the best-packing distance
equals infinity. Moreover, for any set and its closure, the minimal ener-
gies have the same value and the best-packing distances coincide as well.
When A is compact, there always exists an optimal N-point configura-
tion in (1) and (2) and the infimum (supremum) can be replaced by the
minimum (maximum). Formulated for the sphere in R? the problem of
finding quantity (2) is known as the Tammes problem. For notable re-
sults and reviews on this problem see [13], [37], [10], [4], [21], and [15].
It is not difficult to see that for every N fixed,

1
: 1/s _
Jim E(AN) = s

The best-packing problem is dual to the e-complexity problem, which was
first considered in [26] and [27]. For every € > 0, the e-complexity C.(A)
of a compact set A C R™ is defined as

C(A)=max{#X: X CA, and Ve#yeX, |xv—y|>c¢}.

The quantity log, C.(A) is known as e-capacity of the set A and finds its
applications in the information theory. The problem about e-complexity
also has applications in the theory of dynamical systems (see for exam-
ple [1] and [2]).
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Let 0 < « < m and s > a. Denote

. ES(AN _ . E(A,N
(3) g, ,(4):= liminf ﬁ Jsa(A) = hfvnffop ﬁ
and
(4) gs,a(A) = lim 5S(A7N)

N—00 N1+s/a ’
provided that the limit in (4) exists. For every a € (0, m], let
g (A):=liminfdy(A) - NY = liminfe- C.(A)/?,
N —o00 €e—0

Zoo,0

Joo,a(A) == limsup iy (A) - NYe =limsupe- C.(4)Y.

N—oc0 e—0
Denote also
(5) goo.a(A) := lim Ox(A)- NV = lime- Ce(4)V/*,
provided that these limits exist. We remark that
. 1/s 1 e 1/s 1
(6) Slggo(gs’a(A)) :m and slgrolo(gs@(A)) / :m.

The proof of this fact can be found, for example, in [7]. We say that
a sequence of configurations wy = {z1,n,..., 288}, N € N, N > 2,
on A is asymptotically distributed according to a given Borel probabil-
ity measure p supported on A, if for every Borel subset B of A whose
boundary relative to A has u-measure zero, there holds

#(wN N B)

Ty —H(B).

In this case we will write
v(wy) = pu, N — oco.

A sequence {wy}nen of N-point configurations on A is called asymp-
totically s-energy minimizing, if
.ES (CUN)

A E(AN) b

and it is called asymptotically best-packing if

d(wn)
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Let Ha, 0 < a < m, be the a-dimensional Hausdorff measure in R™
and let dim A be the Hausdorff dimension of the set A. In what follows,
when o = d € N, the measure Hy will be normalized so that the isometric
copy of the cube [0, 1]? embedded in R™ has measure 1. Given a compact
set A C R™ with 0 < Hx(A) < 00, 0 < XA < m, let hy = hy 4 be the
probability measure supported on A such that for every H-measurable
subset B C A,

_ HA(B)
Ha(A)
A set A C R™ is called d-rectifiable, d € N, d < m, if it is an image of a

bounded set from R? with respect to some Lipschitz mapping ¢: R% —
R™,

h)\yA(B) .

3. Known asymptotic results for rectifiable sets

For a closed d-rectifiable set A C R™ with Hg(A) > 0, the minimal
discrete s-energy has the following asymptotic behavior (cf. [22] or [23]
and [5]):

Es(A,N) Cs.a

(7> gs,d(A) = J\}gnoo Nits/d = ,Hd(A)S/d> s>d.

For the best-packing distance and the e-complexity of A, we also have
(8) goo,d(A) = Cw7de<A)1/da

see [27] for the case d = m and A being Jordan measurable and [7]
for the case d < m and A being d-rectifiable. Here Cs 4 and C g are
positive constants independent of A. The sequences of optimal N-point
configurations for both problems are asymptotically distributed accord-
ing to the measure hy 4. When the compact set A is a countable union
of d-rectifiable sets, these relations remain true if #4(A) equals the d-di-
mensional Minkowski content of A (cf. [7]).

We remark that Cy 1 =2((s), s > 1, where ((s)=)_,-, k% is the clas-
sical Riemann zeta-function [31], and Coo 1 =1, Co 2 = (2/v/3)1/? [13],
and Coo3 = v/2 [21]. The value of C, 4 in all other cases is still un-
known (see [8] for estimates for these constants). Asymptotic results for
the quantization problem on rectifiable sets were obtained in [36] (see
also references therein).

We also remark that in the case of long range interactions, i.e. when
0 < s < dim A, we always have £(A, N) < N2, N — oo (see e.g. [30]).
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4. Minimal Riesz energy on compact subsets of a
self-similar set

According to relations (7) and (8), restrictions of the set functions
gs7d(-)_d/s and goo a(-)? to the class of d-rectifiable sets in R™ coincide
with constant multiples of the Hausdorff measure. In this section we
show that the restrictions of the set functions gs 4(-)~%* and geo a(-)?
to the family of compact subsets of a given self-similar set of Hausdorff
dimension « satisfying the open set condition coincide with constant
multiples of H,.

Basic definitions and properties. Recall that a mapping S: R™ —
R™ is called a contracting similitude if there is a constant o € (0, 1) such
that for every z,y € R™,

1S(z) = S(y)| = oz —yl.

Given a finite system of contracting similitudes S,...,S,: R™ — R™,
there exists a unique non-empty compact set K C R" such that

9) K = 8i(K),
i=1

see [25]. If with A = dim K we have H (S;(K)NS; (K)) = 0 for ev-
ery i # j, the compact set K is called self-similar (see e.g. [32, p. 67]).

Following [34] we say that a collection of contracting similitudes
S1,...,Sp satisfies the open set condition (OSC) if there is a non-empty
open set O C R™ such that

P
(10) JSi(0)co, and S;(0)NS;(0)=0, i#j.
i=1
Self-similar sets, for which (10) holds, have the following proper-

ties [25] (this result is also cited in [11] and [32]).

Theorem 1. If a collection of p contracting similitudes with contraction
coefficients o1, ..., 0, satisfies the OSC, then the corresponding compact
inwvariant set K is self-similar, and the Hausdorff dimension of K equals
the unique number \ such that

p
(11) Y or=1
i=1

Moreover, we have 0 < H (K) < oo and there are positive and finite
numbers a and b such that

(12) ar* <HAN(KNB(x,7))<br*, for every z€K, and 0<r<I.
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It was also proved by Schief [38] that if a system of contracting simili-
tudes Si,..., S, generating a self-similar set K, and a positive number A
are such that (11) holds and H(K) > 0, then the system S, ..., .S, sat-
isfies the OSC.

In what follows, A will denote the Hausdorff dimension of the self-
similar set K.
Known asymptotic results for self-similar sets. The asymptotic
behavior of best-packing distance and e-complexity on a self-similar
set K satisfying the OSC was studied in the paper [29]. This paper
in particular showed that if the contraction coeflicients o1, ..., 0, of the
similitudes are such that the additive group generated by Inoy,...,Ing,
is dense in R, then for A = dim K, we have 0 < goo’)\(K) = Joon(K) <
0.
Paper [29] also proves that any sequence {w.}, € > 0, of e-complexity
configurations on a self-similar set K satisfying the OSC will have lim-
iting measure hy x as € — 0. This does not always hold for sequences
of best-packing configurations on K whose cardinality tends to infin-
ity. To construct a counterexample one can take K to be the classical
Cantor subset of [0,1] and N' = {2™ + 2™~! : m € N}. There ex-
ists a sequence {wn }nenr, of best-packing N-point configurations on K,
which has 2™ points on K N [O, %] and 2™~! points on K N [%, 1] for
every m € N.

Limit (4) does not always exist on self-similar sets. It was shown in [7],

that if the contraction coefficients of the similitudes Si,...,5, are the
same and the images S1(K),...,S,(K) are pairwise disjoint, then for
every s sufficiently large,

(13) O<QS7A(K)<§87/\(K) < 0.

Under the assumption that the images Si(K),...,S,(K) are pairwise
disjoint, a recent result in [16] finds the cases when the equality g, )\(K) =

G5, (K) holds and the limiting measure for the optimal configurations
is h k. We remark that the asymptotic quantization problem for self-
similar probabilities was studied in [18] (see also references therein).

Our result stated below, describes the limits of the normalized mini-
mal energy on compact subsets of K.

Theorem 2. Let K be a self-similar set generated by a system of con-
tracting similitudes satisfying the OSC and s > A = dim K. Consider a
non-empty compact subset A of K. There holds

o EAN) 9,
(14) I}H&f NI~ Ty e (A8
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and

. EQ(A,N) gs )\(K)
15 1 - = — .
(15) ljf,njgop NTHA Ry g (A)/A
Assume that HA(A) > 0. If g, (K) =g, \(K), then for any asymptoti-
cally s-energy minimizing sequence {Wn }¥_o of N-point configurations
on A, we have

(16) I/(@N) i> h)\,A, N — .

In the case g_, (K) < g, \(K) the following holds. If N'C N is an

infinite sequence and {Wn}nen, #won = N, N € N, is a sequence of
point configurations on A such that

ES(wN)

pA N~ a4
then we have
(17) v(@n) = haa, N3N — oo

If Hy(A) = 0, the quantity hy x(A)~*/* is understood to be occ.
Remark 1. Relations (14) and (15) imply that the ratio Z“Eﬁ;, s> A,
Zs A
Hx(A) > 0, does not depend on the compact set A. In particular, if the
limit

. &(K,N)
9o () = Jim e

exists for a self-similar set K with dim K = A\ satisfying the OSC
(gs,(K) will then be finite and positive), then the limit g5 »(A) will ex-
ist as a finite and positive number for any compact subset A C K with
Ha(A) > 0. If the limit g5 »(K) does not exist, then the limit g5 x(A)
does not exist for any compact subset A C K with H,(4) > 0.

Remark 2. If K is a cube in R? containing the compact set A of positive
d-dimensional Lebesgue measure, Theorem 2 gives a different method
(than the one used in [23]) to derive (7) for A provided that (7) is
proved for K.

As we mentioned above, in the paper [29] the limiting distribution of
e-complexity configurations is obtained on the whole self-similar set K.
The statement below gives the asymptotic behavior of best-packing con-
figurations on every compact subset of K of positive H -measure.
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Corollary 1. Let K be a self-similar set generated by a system of con-
tracting similitudes satisfying the OSC and A = dim K. Consider a
non-empty compact subset A C K. There holds

(18) g (A =P xl(A) g (K) and Goo (A) =ha k(A) Foo 5 ().
Assume that Hy(A) > 0. If QOOJ\(K) = Joo A (K), then for any asymp-

totically best-packing sequence {Wn}3%_o of N-point configurations on A,
we have

(19) v(@n) = haa, N — .

In the case Qoo,,\(K) < Goon(K) the following holds. If N C N is an
infinite sequence and {Wn}Nen, #on = N, N € N, is a sequence of

point configurations on A such that

. ~ ) 1/ _ =
A §(wn) - N2 =G 2 (A),

then we have

(20) v(@n) = haa, N3N = oo

5. The minimum Riesz energy on sets of finite packing
premeasure

This section studies the outer measures constructed using method I
from the lower limit of normalized minimal Riesz energy or the upper
limit of normalized e-complexity (best-packing distance). Throughout
the rest of the paper we will agree that gs’a([l))_o‘/s =GJ0.a0)*=0.

Basic definitions. Set functions g_ a(A)_O‘/S, s> a,and g, ,(A)" are

subadditive (see [23, Lemma 3.2] and [6]), but not countably subadditive
since each of these quantities has the same value on a set and its closure
and both quantities equal zero on singletons. Ome can still obtain a
countably sub-additive set function from 9on (A)=/ and Foo.a(A)* by
using method I: denote

Vs.o(A) = inf {ng)a(Ai)a/s A C UAl} , s> aq,
and
Voo.o(A) := inf {Zgw7a(Ai)a CAC UAZ} .

Recall that a non-negative set function v defined on all subsets of R™ is
called an outer measure (see e.g. [32]) if
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(1) v(0) =0.

(2) For every sets A, B C R™ such that A C B we have v(A) < v(B).

(3) For any set A and at most a countable collection of sets {4;} in R™
such that A C |JA; we have v(A) <> v(4,;).

Hence, the set function v o(A), s € (o, 00] will be an outer measure.
The o-algebra of measurable sets with respect to v, ,, is non-trivial
since it contains all sets for which v, o(A) = 0 and complements of such
sets in R™. We do not know if the o-algebra of measurable sets in the
case s < oo contains other sets. We remark that this question in the
case s = 0o was studied by O. Zindulka.

The idea of defining the dimension of a set using covering by sets
of vanishing diameter was first introduced in [35]. The notion of the
packing measure recalled below, and the notion of the packing dimen-
sion were first studied in the papers [39]-[42]. For every set A C R™
and «a, ¢ > 0, define the quantity

Py (A) :=sup Z(diam B)“,
i

where the supremum is taken over all collections {B;} of pairwise dis-
joint closed balls centered at points of the set A with diameters not
exceeding §. The a-dimensional packing premeasure of A is defined as

P*(A) = lim P§(4) = inf P7(4).

Using method I one can obtain an outer measure from P by letting

P*(A) := inf {Z P*(A;): AC UAi} :

The set function P* is known as the packing measure. It is a Borel
regular measure.

The quantity g (A)* is known as the a-dimensional Hewitt-Strom-
berg content. The a-dimensional Hewitt-Stromberg measure is also con-
structed using method I [24, Exercise 10.51]:

p(A) = inf {Zgoo’a(Ai)a CAC UAZ} .

Its properties were first studied in [19]. Some applications of the Hewitt-
Stromberg measure were considered in [44].
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Our result. It was proved in [14] that for every compact set in A C
R™ such that P*(A) < oo, there holds P*(A) = P*(A). Below, we
obtain an analogue of this result for the outer measures constructed
from premeasures QS,Q(A)_Q/S and g, ,(A)* using method I.

Theorem 3. Let m € N and 0 < o < m. Then for every compact
set A C R™ with P*(A) < oo, we have

g (A) =vea(A)™Y a<s< oo,

Zs,a
and
goo,oc(A) = VOOAX(A)l/a'

Known results for compact d-rectifiable sets in R™ (d < m) obtained
in [27], [22], [28], [7], and [5] express the normalized limits of the min-
imum Riesz energy and e-complexity via the d-dimensional Hausdorff
measure. Our result implies that on the class of compact sets of finite
d-dimensional packing premeasure the lower limit of the minimum Riesz
energy coincides with a certain outer measure.

Remark 3. The assumption P¥(A) < oo cannot be replaced with the
assumption g_ a(A)_O‘/ ¥ < 00. As a counterexample one can take the
set Ag = {4 :n e N}U{0}, ¢ >0, and a € (0,1). Since the Minkowski
content of dimension 1/(g + 1) of the set A, is finite and positive, we,
in particular, have g_ a(A)_a/s > 0 and g, (A)* > 0. On the other
hand, 7

oo

Vs,a(A Z LS/ g ({07 =0

and
Voo,a(A) €D Goo o {1/01)* + o o ({0})* =

which contradicts to the equalities asserted by Theorem 3.

Remark 4. If one applies method I to the set function (premeasure)
7(A) =G5 o (A)=/% then for the resulting outer measure

Ts,a(A 1nf{2g8a —a/s . ACUA} s> a,

all Borel sets will be measurable. Indeed, the set function §57Q(~)*“/ s
is monotone and supadditive on metrically separated sets, i.e. for every
sets A, B C R™ such that dist(A4, B) > 0, we have (see [23, Lemma 3.3])

(21) Gon(AUB)™ >g (A~ +73, ,(B)** s>a
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By the general result of Haase [20, Theorem 2], the outer measure 75 o
coincides with the method II outer measure constructed from the pre-
measure §37Q(~)*0‘/ 5. It is a metric outer measure, which implies the
measurability of all Borel sets.

6. Auxiliary statements

The following regularity result for the packing premeasure was proved
in [14, Lemma 2.1].

Lemma 1. Letm € N, 0 < a < m, and K be a compact set in R™ with
PY(K) < 0o. Then for every subset F' C K and every € > 0, there exists
an open set U. C R™ containing F such that

PYKNU,) < P*(F)+e.
Using Lemma 1 we prove an analogous regularity result for the lim-

its involving the minimum Riesz energy. We recall that (A, N) =
E(A,N).

Lemma 2. Letm € N, 0 < a« < m, s > «, and K be a compact set
in R™ with P*(K) < co. Then for every compact subset F' C K,

(22) 9, (F) = Sup. 9, ,(KNU)
U -open

and

(23) Isa(F) = sup g, (KNU).
U({()DpZn

Lemma 2 is used in the proof of Theorems 2 and 3. We prove this
lemma combining the ideas from [14] and [5]. We first verify the follow-
ing statement.

Proposition 1. Let m € N, 0 < a < m, e >0, G C H CR™ be
two compact sets such that P*(H) < P*(G) + € and 6 > 0 be such that
Po(H) < P*(H) +e€. Let Xpr:={z1,...,2m} be a collection of points
in H such that |z, —z;| > 6, 1 <i# j <M, and Yoy = {2 € X :
dist(z,G) < 6}. Then # (Xar \ Yar) < 3-2%5~°.

Proof of Proposition 1: Let {D;} be a collection of pairwise disjoint
closed balls centered at points of G with diameters at most §/2 such
that

(24) Z(diam D;)* > P§y(G) — € > P*(G) —e.

7
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Let Bla,r] denote the closed ball in R™ of radius r centered at point a.
For every x # y € Xy \ Yas, by assumption we have |z — y| > § and

Blz,5/4] N Bly, /4] = 0.

Balls from collection {D;} (their centers are in G and diameters are at
most §/2) do not intersect balls Blz,d/4], x € Xar \ Y, since their
centers are at least 0 from G. Hence, {D;} U {B[x,0/4]}zex,\v,, 1S
collection of pairwise disjoint closed balls centered in H with diameters
at most ¢/2 and we obtain

D (diam Dy)* +27 Y 5 < Py (H).

i z€EXm\Ynr
Then taking into account (24) we get
2764 (X \ Yar) < P(H) =) (diam D;)*
< PY(H)+e— PYG) + €< 3e.

Hence, #(Xa \ Yar) < 3-2%06~%, which proves Proposition 1. O

For every € € (0, 4%), denote by U, an open set in R™ containing the
compact subset F' C K such that

PYKNU) < PYF)+e

(such a set U, exists in view of Lemma 1). Let [t] denote the largest
integer not exceeding ¢t. The following statement is true.

Proposition 2. Let C' be a positive and finite number and € € (O7 44%)

be such that x.(C) := 1 —eia (C+1) —3e*/2 > 0. If N C N is an infinite
subset such that the following limit

! Es(KNU,N)

Na]l\/'nimo Nl+s/a

exists and does not exceed C, then

s F N

C > (1 _461/(4a)) XE(C)1+S/a lim sup 55( a[Xe(?) ])
NaN—e [y (C)N]' /e

Proof of Proposition 2: Let w} = {z1,n,..., 2y n}, N € N, be a se-

quence of energy minimizing configurations on K NU.. Denote h :=
61/(4a), ri,N = ml;él |xi,N — l‘j,Nl, i=1,...,N, and let
JiyFi

o.)]l\, = {Qii’N S w}kv TN 2 hN_l/a}.
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We next show that w]lv contains sufficiently many points. We have

1
E(KNT.,N) = szm—x]m ) > S

rs
i=1 j=1 i=1 &N zi’NEwJ*\,\w}v i,N
J#i

> Y RNV = (Wi \wy) kTN

i, NEWR \wy

By assumption, for N € A sufficiently large, we have
E(KNU,N)<(C+1)NHs/e,
Hence, # (wi \wk) < h*(C +1)N and
(25) #wy > (1 —h*(C +1))N
Let now
W = {x e w} : dist(z, F) < 202N/},
We next show that the collection w%; contains sufficiently many elements.
Applying Proposition 1 with G = F, H = K NU,, X = wk, Y = w3,

§ = 2h2N~Y* and taking into account that h € (0,1), for N € NV
sufficiently large, we get that

#(wh \w%) < 3eh™2N = 3¢1/2N
and hence,
#w3 > (1 —h*(C+1) — 3¢/2)N = x.(C)N.

For every © € w3 let y, be an element in F such that dist(z,y,) <
2h2N~1/® Denote wr = {y, : * € w¥}. Note that for every z # z €

w?;, we have |z — z| > RN~V and
Yo = yz| = |2 — 2] = |2 — ya| = [2 — vz
(26) 01
> |z —z| —4R2N"Y* > (1 —4h) |z — 2| > 0,

since h € (0,1/4). Then we have #wr = #w?%. By the assumptions of
the lemma, taking into account (26), we obtain

Es(Wi) o Bs(wh) o N A
O2 N W Ntrs/a = ISP i = (L= 4h)" fmew i

> (1 — 4h)*xe(C)+*/% Tim sup w
N3N -0 [XG(O)N] +s/a

which completes the proof of Proposition 2. O
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Proof of Lemma 2: Denote

Co:= sup g (KnNU).

UDF ~ 5%
U-open

By monotonicity of the Riesz s-energy, Cy < gsa(F). If Cy = o0,
then g (F) = oo and (22) holds trivially. Assume that Cy < co. For

every € € (0,47%%) such that x.(Co +€) > 0, let N' C N be an infinite
subsequence such that

K N
g (KNU,)= lim M<Co+e.

Zs,0 T N3Nooo  Nlts/a

Using Proposition 2 we obtain

s (F N
Co+e> (1—4e/69)) x(Co + €)'/ limsup £ Dee( o + V)
N3N=oo [xe(Co+ €)N] +s/a

> (1 - 461/(4a))sX€(C«0 +€)1+s/ag

Zs,a

(F).

Since Cy does not depend on €, we have x.(Co + €) — 1, ¢ — 0. Hence,
Co = g, (F) and we get equality (22).
Analégously7 we now let
Cr:= sup g, ,(KNU).
UDF
U-open
We have again, C; < g, ,(F) and it remains to consider the case C; < oc.
Let N7 C N be an infinite subset such that
&N
GoalF) = M0 NTFTa
Let ee (O, 4*4‘1) be sufficiently small so that 0 < x.(C1+¢€) < 1. Then for
every M € N, there is a number Nj; € N such that [x.(Cy + €)Ny] =
M. Let No = {Np}men,. All partial limits of the sequence

&(E AU, N)

N1l+s/a ’ N e NZ’

belong to the interval [0, Cy]. Denote by N an infinite subset of A5 such
that the limit
L &(ENTLN)
N3N —=oo N1+S/O‘
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exists. It will not exceed Cy + €. By Proposition 2, we have

5 S F7 € N
Ci+e> (1 - 461/(4Q)) X(C1 + 6)1+S/O‘ lim sup Es(F [xe (G +1€), )
N>5N—o00 [Xe(Cl + E)N] +s/a

s _ &(F,N)
— _ 1/(40()) 1+s/a s\t
(1 e XG0 L N

= (1 —4€/U)x (O + &)1 F/2g, (F).

Letting € — 0, we get that x.(Cy +¢) — 1. Hence, C > g, ,(F') and we
get equality (23). Lemma 2 is proved. O

We will also need the following statement, see [23, Lemma 3.2]. The
assumption of boundedness of B and D as well as the assumption that
A is an integer made in [23] are not essential.

Lemma 3. Let m € N, 0 < A < m, s > X and B and D be arbitrary
sets in R™. Then

g, (BUD) ™M <g (B 4g (D).

Furthermore, if g_,(B),g, (D) > 0 and at least one of these quantities

is finite, then for any infinite subset N' C N and sequence {wn}nen of
N-point configurations in BU D such that

ES(wN) —)/s /s —s/A
NN Lo NIEs/A (QS,A(B) +QS,A(D) )
holds, we have
(27) i FennB) g, (D
N3N o0 N - QS,A(B)A/S +gs7/\(D)>‘/5'

In the case g_, (D) = oo the right-hand side of relation (27) is under-

stood to be 1 and we agree that co™*/% = 0 and 07%/* = .

7. Proof of Theorem 2
We start by verifying the following basic statement.

Proposition 3. Let K C R™ be a self-similar set satisfying the OSC
and having Hausdorff dimension A. Then for every s > ),

0<g,,(K) g.(K) < oo.
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Proof of Proposition 3: Let {z1n,...,znn}, N € N, N > 2, be an
s-energy minimizing configuration on K. Denote
1
riN =—-min |x; yn —x;n|, t=1,...,N.
N =g j:#i| N — TN
Since K is compact, the number Ly of indices 4, for which r; y > 1,

stays bounded. Using the convexity of the function y(t) = t=*/*, we
have

N 1
vy S P gD D

Isz—x NI

i=1j=1 i=1 zrl-,N<1 ’
J#i
s - ) 1 ) A —s/A
(N = L) N—-Ly Z<1 (ri’N)
i, N <

7S(N7LN)1+S/>‘ Z 7,1_):N

iy, N <1
By Theorem 1, there is a number a > 0 such that
—s/A

Es(K,N) s 1
1}\r]ri)1£10f NiF >2- lﬂlglof . Zq'}-l)\ (KN B(xin,TiN))
iy, N <

=27 i inf (o (KO (U, <1 Bl 7in))))
>27%a MHy (K) 7/

Since by Theorem 1, 0 < H»(K) < oo, we get that

9. (K)>27°a* HA(K) ™2 >0, s>\

Corollary 1 of Theorem 4 in [5] implies that whenever compact set K
has positive H y-measure, there exists a finite and positive constant C' =
C(K, A, s) such that for every N sufficiently large,

E(K,N) < CONY™s/* 0 s>\
Hence, gs)\(K) < C < co. Proposition 3 is proved. O

For every positive integer n and every vector of indexes i ={i1, ..., i, },
i;j=1,...,p,j=1,...,n, let

K= Si 0085, (K).
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Denote by F,(K) the family of all sets Kz, where i € {1,...,p}". It is
not difficult to see that for every n € N,

K= |J K&
ie{l,...,p}m
Denote also by C(K) the family of all non-empty compact subsets of
the set K. Our proof relies on the following statement, which could be
considered as an analogue of the result in [25] about the unicity of the
invariant measure.

Lemma 4. Let K C R™ be a self-similar set such that 0 < Hy(K) <
oo. There exists a unique non-negative functional v defined on C(K)
satisfying the following properties:

(1) For any compact subsets A C B C K, there holds {(A) < (B).

(2) For everyn € N and i = {i1,...,in} € {1,...,p}", there holds

A A

Y(K;) =05 ..o 0.

(3) For any n € N and any collection of pairwise distinct sets Fi, ...,
Fy, € F.(K), there holds

k k
¥ (U m) = Zw(ﬂ).

(4) For every A € C(K) and every ¢ > 0, there is an open set U such
that A C U and

WO < 9(4) +e
Note that the assumptions of this lemma imply that ¢(K) = 1.

Proof of Lemma 4: The existence follows from the fact that the func-
tional v such that

Q/J(A):h)\,K(A), AEC(K),

satisfies properties (1)—(4).

Show uniqueness. Let 17 and 1 be arbitrary functionals satisfying
properties (1)—(4). Choose any set A € C(K). For every € > 0, let U be
an open set containing A such that

Yo (KNU) <4ha(A) +e.

Then, there exists a §-neighborhood Uy of the set A, so that Us N K C
KNU and

Vo (K N Us) < 1ha(A) +e.
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Let Si,...,5, be the contracting similitudes defining the set K and
01,...,0p be their contraction coefficients. Denote ¢ = max{o1,...,0,}.
Choose n to be a sufficiently large positive integer so that o™ -diam K < 4.
Denote by Z the set of vector indices i = (i1,...,i,) € {1,...,p}" such
that

ANK; #0.
Then
(28) Ac|JEK;cUsnK.
i€z

Taking into account (28), we get

7/)1(A)§1/}1 UK{ :Zwl(Kz):ZUigf\n

icZ icZ i€z
= ha(K5) =1 | | K5 | <a(Us NK) < 1a(A) +
i€Z =4

Letting € — 0, we get 11(A) < ¥2(A). Since ¢, and 1y were chosen
arbitrarily, we can do the same proof to show the opposite inequality.
Lemma 4 is proved. U

We now proceed with the proof of Theorem 2. For s > A, let us show
that the following functional

(g, M\
¢(A) - <957A(K)>

satisfies properties (1)—(4) in Lemma 4. In view of Proposition 3, the
functional v is well defined. Whenever A C B C R™, we have

E(A,N) =2 E(B,N), N=2,

which implies property (1). If S: R™ — R™ is a similitude with the
contraction coefficient o, then for every set A C R™,

E,(S(A),N) = 07°E,(A,N), N >2.

This implies property (2). Lemma 3 shows that 1 is a finitely sub-
additive set function. If now, H is any collection of pairwise distinct sets



244 S. BORODACHOV

from F,(K) and G is the collection of the remaining sets from F, (K),
then taking into account property (2) and relation (11), we obtain

w(K)<w<U B>+¢<U B) <Y B+ Y %(B)

BeH BeG BeH BeG

H
|

Z w<B):Z"'ZU;‘1-...~o'{\":1

BEJ:TL(K) i1=1 in=1

Hence, the equality sign must be everywhere in the above relation and

we get that
w(U B>= > w(B),

BEH BEH
which proves property (3). Relation (12) from Theorem 1 implies that
P*K) < oo and property (4) for the functional ¢ will follow from
relation (22) in Lemma 2. Since hy k also satisfies properties (1)—(4), in
view of the uniqueness, we get that

—A/s
9,24
(29) P(A) = | —= =hak(4), AeC(K),
9, (K)
and relation (14) will follow.
To prove relation (15) we will need a stronger statement than rela-
tion (21) for compact subsets of a self-similar set.

Lemma 5. Let K be a self-similar set of Hausdorff dimension \ sat-
isfying the OSC and s > X. Then for every compact subsets B and D
of K such that Hx(B N D) =0, there holds

Gun(BUD)™ =g, \(B)™* +7g,,(D)V>.

Proof of Lemma 5: 1f g, ,(B) = oo or g, (D) = oo, then the assertion
of Lemma 5 holds trivially. Assume that g, ,(B), g, (D) < oo. If
BN D = 0, then the assertion of Lemma 5 follows from (21). Assume
that BN D # . From relation (14), since hy x(B N D) = 0, we get
QS,A(B N D) = co. Then from Lemma 2 it follows that

sup g ,(UNK)=oo.
UDBND %
U-open
For every k € N, let Uy be an open set containing B N D such that

9., (UxNK) > k.
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Since dist(B \ Uy, D \ Ux) > 0, by relation (21) we have
G (BUD)™* =g, \(B\Uy)U(D\Uy))
> g (B\ Up)~* + s A (D\ Up) .

Denote by wy, N € N N > 2, a sequence of s-energy minimizing
configurations on B such that #wony = N, N > 2. Let also ay =
#(wy NU),

(30)

. an
Bi = limsup —,
N—o0 N

and A" C N be an infinite sequence such that

an ﬂ
im — = 0.
N3N—oo N

If B > 0, then
55(B,N) = ES(CTJN) > ES((:)NQU]C) > ES(BﬂUk,aN) > 55(KﬂUk,aN),
and

(KN Uk an) (LN)”S”

Es(B,N .
Gs.(B) > limsup £(B,N) > limsup 5

N>3N—oco N1+s/A N3N -0 a}\;rs/)‘

Hence, B < (ESVA(B)/k)l/(HS//\) including the case £, = 0. Assume

k to be sufficiently large so that v, = 1 — By — % > 0 and let by =
#(@WN \Uk), N € N, N > 2. Then by > 7N for N sufficiently large,
and we obtain

_ L Ey(On) . Ey(on \ Ug)
g (B) = hjlvnjilop Nt = h]ffnjfop TN
Es(B\ U, b
Zlimsup%
(31) N —o00
E(B\ Uy, [y N N\ e
+ i 2\ B ) | (u20)
Nooo o [yN]T N

> G (B\ Uy ™

Using analogous argument, one can show that there is a sequence 6, — 1,
k — oo, such that

(32) Gor(D) > Go (D \ Up)o, .
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Then from (30), taking into account (31) and (32) we get
_ —\/s — —\/s Als | — —\/s A/s
GuA(BUD) ™ 25, \(B) Moy ™ 4 g, (D)0
Since vk, 0 — 1, letting £ — oo we obtain the assertion of Lemma 5. [

Let now

(FaaA)\ TV
old) = (gs,mm) , ACCE).

Proposition 3 implies that the set function ¢ is well-defined. Proper-
ties (1) and (2) are proved in the same way as they were proved for 1.
Property (4) follows from relation (23) of Lemma 2. By Lemma 5, if
H is any collection of pairwise distinct sets from F,(K) and G is the
collection of the remaining sets from F,,(K), then the intersection of the
unions of these two collections has H-measure zero, and we obtain

1=<p(K)2cp<U B>+<p<U B)z > w(B)+ Y ¢(B)

BeH BeG BeH BedG

— Z @(B):Z~-~ZU{\1-...~U{\”:1.

BeF,(K) i1=1 in=1

Hence, the equality sign must be everywhere in the above relation and

we get that
@(U B)- > w(B),

BeH BeH

which proves property (3). Then, by Lemma 4, we will have

— —A/s

ota) = (L222) "), Aec),
gs,)\ (K)

which will prove (15).

To prove relations (16) and (17) consider an arbitrary infinite sub-
set N' € N and an arbitrary sequence {wy}nen of N-point configura-
tions on A such that

. Es (wN) _
NBIJIVHLOQ N1+S/A - gs,)\(
In the case g, (K) = g, »(K), in view of (14) and (15), the limit g;,x(A)
exists and any asymptotically energy minimizing sequence {wy } yen will
satisfy (33) with A/ = N. Therefore, we let A/ = N in this case.

(33) A).
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Let B C A be any non-empty subset such that the boundary 4B
of B relative to A has hy s-measure zero. Then hy x(94B) = 0 and in
view of (14), we obtain

. Es(wN) —s/A
im BN () = g () k(B) 4 (41 B

= g, ,(K) (i (B) + ha, i (A B)) />

. [ —s/A
= (4,0 B)" g, ,(AVB) )

) /s —s/A
= (9,0 (B g, ,(A\B))

Since hy x(B), hax(A\ B) < co and at least one of these quantities
is positive, by (14), we have g_,(B),g_,(A\ B) > 0 and at least one
of these quantities is finite. Then we can apply Lemma 3. From this
lemma and relation (14) we obtain

by #@ENNB) g,,(A\ B)/® haa(B)

= = NX A 3
N3N 00 N QS,/\(B)/\/S + gS7A(A \ B)s
which implies relations (16) and (17). Theorem 2 is proved. O

Proof of Corollary 1: Relations (14) and (15) together with equalities (6)
imply relations (18). The proof of relations (19) and (20) can be done
analogously to the proof of relations (16) and (17). Let A/ C N be ar-
bitrary infinite subsequence and {&wy}yen be any sequence of N-point
configurations on A such that

(34) im 5@ N =g, (4).

In the case g, (K) = Joo (X)), in view of (18), the limit goo,1(A) exists

and any asymptotically best-packing sequence {0y} yen will satisfy (34)
with A = N. Therefore, we let A’ = N in this case.
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Let B C A be any subset such that hy 4(94B)=0. Then hy x(04B) =
0 and in view of (18), we will have

Hm (@) NY* =G0 1 (A) = Goo a (KA k (4)

N3N—=o0

= Goor(K) (hai (B) + ha i (A\ B)/

= G () (i (B) + (AN B)

= (oo ) o e (B) 4 s () i i (AT B))

1/x

= (920n(B) + 90 n (AN B)Y)

_ _ 1/
= (goo,)\(B)A—’—goo,)\(A\B))\) :

This shows that the sequence {&Wy}nen satisfies relation (16) in Lem-
ma 3.1 from [6]. Applying relation (15) from that lemma, relation (18)
proved above and the fact that hy x(04B) = 0 and 0 < g, (K) < oo,
we will obtain

o #@vOB) oo (B)*
N3N—oco N goo,)\(B))\ —i_§<>o7/\(14\B)A
hx i (B)

" hok(B) + hax(A\B) hr.a(B),

which completes the proof of relations (19) and (20). Corollary 1 is
proved. O

8. Proof of Theorem 3

To prove Theorem 3 in the case s € (o, 0), we will need Lemma 2
and in the case s = 0o, we will use its analogue given below.

Lemma 6. Let m € N, 0 < a < m, and K be a compact set in R™ with
P*(K) < o0o. Then for every compact subset F C K we have

ooalF) = inf g (KNU).
U -open
Proof of Lemma 6: Let
Co:= inf g (KNU).

UDF
U-open
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Clearly, g, o(F) < Co. Assume to the contrary that g, ,(F) < Cp.

This will imply that at least Cy > 0. Choose any € € (0, (00/8)2'1) and
let U, be the set from Lemma 1. Denote by A an infinite subset of N
such that

Aim InEATINY =g, (KAL) = Co >0,

and let wi = {x1.N,..., 2NN}, N € N, be a sequence of best-packing
configurations on K NU,. Note that for any N € N sufficiently large
and any = # y € wi we have |z —y| > %N‘l/a. Denote p := e2a and
let

Wy o= {z € wi : dist(x, F) < 2pN 1/},
Applying Proposition 1 with G = F, H = K NU,, Xy = wi, Yu = Wy
and § = 20N~/ we obtain that for N sufficiently large
#(wh \wy) < 3ep™*N = 3¢'/2N
and hence,
#uwy > (1 - 36N =: N..

For every © € w)y let y, be an element in F such that dist(z,y,) <
2pN Y/ Denote wr := {y, : ® € Wi }. Note that for every = # z € wh,
and N € N sufficiently large, we have |z — 2| > 2 N~1/* and

Yz = el > |7 — 2] = |2 — yu| = [2 — y:]
> |z —z| —4pN~YV > (1 —8p/Cp) & — 2| > 0.
Here we have 8p < Cyby the choice of e. Then we get that #wp = #wy

and

Co < FocoKNT) = lim Sn(KNT):- NV«

_ li 5wt .Nl/a < I 5 / .Nl/a
ydim §(wy) < Jimsup (wi)

< (1—8p/Cy)~! limsup §(wp) - N¥/
N

SN —o0

< (1—8p/Co) ™M (1 = 3¢/%) Y/ limsup oy, (F) - [NV
NOSN—=co

< (1—8p/Co) (1 — 3e¥/2) Vg (F).

Letting ¢ — 0 we get that Cy < g, ,(F) which contradicts to our
assumption. Hence, Cy = g, ,(F). Lemma 6 is proved. O
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To complete the proof of Theorem 3, let s € [a, 0] and define

{gs’a(A)_o‘/S, a < s <09,

A) =
g( ) goo,a(A)av § = 0.

The statement below is contained in Lemma 3 for s < co and is proved
n [19] or [6] for s = co. In the case s = co one can obtain the assertion
of Lemma 7 by letting s — oo in Lemma 3 and applying (6).

Lemma 7. Let m € N, 0 < a < m, s € (o,00] and B and D be any
sets in R™. Then
9(BUD) < g(B) + g(D).

Choose again any € > 0. Let {4;}ien be a collection of subsets of A
such that A = U;enA; and

Zg ) < Vsa(A) +e
i€N

Let now N C N be the set of indices i such that A; # 0. For every i € NV,
let U; . be an open set in R™ such that 4, C U, . and
(35) g(ANUie) < g(A) + /2" = g(A;) +¢/2".

The existence of U; . is guaranteed by Lemma 2 for s < oo and by
Lemma 6 for s = co. Since the collection {U; }ien covers A, it has a
finite subcollection {U;, },_; that still covers A. Then using Lemma 7
and (35) we get

» »
g(A) g(U (ANUi,.e) ) SZQ(AOUWG)
k=1 k=1

P
Z A;,) +€/2%) Zg )+ e <vsa(A)+ 2

k=

IN

In view of arbitrariness of €, we get g(A4) < vso(A), s € (a,00]. The
opposite inequality is obvious. Theorem 3 is proved. O
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