PERTURBATION OF THE CONTINUOUS SPECTRUM
AND UNITARY EQUIVALENCE

MARVIN ROSENBLUM

1. Introduction. Suppose that 4 and B are self-adjoint operators
in a Hilbert space H such that B—A=P is a completely continuous
operator. We shall concern ourselves with the problem of finding con-
ditions sufficient to guarantee that B is unitarily equivalent to A.
Clearly a necessary condition is that the spectrum of A (considered as a
point set on the real line) is equal to the spectrum of B. However
this condition is not sufficient; von Neumann [8] has proved the follow-
ing result

1.1. Let A and C be bounded self-adjoint operators in a separable
Hilbert space, such that the spectra of A and C have the same limit
points. Then there exists an operator B that is unitarily equivalent to
C and such that B— A s completely continuous.

Thus we see that perturbation by a completely continuous operator
can radically alter the multiplicity of the spectrum. Even if A and B
have pure continuous spectra on the same interval, it does not follow
that B is unitarily equivalent to A4.

Our present investigation continues along lines begun by Friedrichs
in [1] and [2]. He considered bounded operators A that have continu-
ous spectrum of finite multiplicity, and worked in the representation
space where A corresponds to a multiplication operator. One of Fried-
richs’ results is the following.

1.2, Let H=L*—1, 1) and let A be the operator that sends any
Junction f(x) of H into xf(x).. Let P be the integral operator with the
hermitian kernel o(x, y)=p(y, x), where p satisfies certain Lipschitz
conditions. Then if ¢ is a sufficiently small real number, there exist
unitary operators U, and V. such that

(1) e ¥4+l copperges strongly to U, as t — oo;

(i) e i4+=Plgidt copperges strongly to V., as t—> —oo;
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and

(ili) U(A+eP)U,=A and V."(A+eP)V.—A .

The operator S=U.*V, is the scattering operater, which is of in-
tersect in quantum mechanics; see H. E. Moses [5] and Kay and Moses

[4].

We shall make the following assumptions.

xd F, are (possibly un-

Assumption 1.3. A=r 2d.E, and B=r

bounded) self-adjoint operators and B—A=P is a completely continuous
operator such that the trace of [P| is finite!.

Assumption 1.4. The spectral measure of A is weakly absolutely
continuous, that is, (E,f, g) is an absolutely continuous function of
for all f, g in H.

We want to find conditions on B that will guarantee that B is
unitarily equivalent to A, that is, that there exist a unitary operator
U such that BU=UA, or equivalently, that (F,Uf, g9)=(E,f, U*g) for
all f, g in H. Thus a necessary condition is given in

Assumption 1.5. The spectral measure of B is weakly absolutely

continuous.
We shall show in this paper that this condition is also sufficient.
In fact, we shall prove the following.

THEOREM 1.6. Suppose that 1.3, 1.4, and 1.5 hold. Then as t—,
or t —>—co, e B converges strongly to unitary operators U and V re-
spectively, such that U*BU=A and V*BV=A.

By von Neumann’s theorem (see 1.1) Theorem 1.6 is no longer true
if P is allowed to be an arbitrary completely continuous operator. It
should be noticed that we have imposed no smallness condition on the
norm of P, and that 4 may have continuous spectrum of any
multiplicity.

1. Sketch of the proof. Actually, to prove Theorem 1.6, we have
only to prove the following (seemingly) weaker result.

2.1. Assume 1.3-1.5 hold. Then ast — o, e B4t converges weak-

" AdEx we define |A[:5°° [A|dEN .

1 For any self-adjoint A=S
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ly to an operator U such that BU=UA and | Uf|=|f| for all f in H.

Proof. We shall deduce Theorem 1.6 from 2.1. We assume that
the hypotheses and conclusions of 2.1 are valid. Recall that if a sequence
{9,} of elements of H converges weakly to a limit element g, and if
lg.l—1gl, then g, converges strongly to g.

Let fe H. U,=e "$'¢" is unitary, so

lim | Uf1=I71=1UF1 -

But, since U,f also converges weakly to Uf, it follows from the pre-
ceding paragraph that as ¢ — o, U,f converges strongly to Uf. Also
Fl=lUf|l implies that

(f, N=IrP=VUFF=UF, UH=U"TS, 1), so UU=I.

Now, 2.1 holds for all choices of A4 and B that satisfy the Assump-
tions 1.3-1.5. Since B—A=P we see that A—B=—P. Thus we can
substitute A for B, B for A, and —P for P, and we can infer from
2.1 and the preceding paragraph that e-*4%# converges strongly to
some operator W, and W*W=1. Since (¢ f%*4!)*=¢ 4% we deduce
_ that W=U* and that UU*=U*U=1, so that U 1is unitary and U*BU
=A.

It is also true that —B—(— A)=—P, and if we substitute —A4 for
A and —B for B in 2.1 we can repeat the above arguments to prove
that as ¢ — oo, e'le~ 4! converges strongly to a unitary operator V such
that V*BV=A

In the remainder of this paper we prove 2.1. From now on we
assume that assumptions 1.8-1.5 hold. We know that P=B—A has a
representation

Pzg; zj('! ¢J)¢)J ’
where the ¢, are orthonormal and
; 41 < oo .

We put U,=e %4, For any complex-valued Lebesgue-measurable
function K(x) that is almost everywhere finite we can define the normal
operator K(A4) by specifying that

d(Ezf,

(K(A)f, 9)= S K(z) D

for suitable f in H. In particular, (e *f, g) is the Fourier transform
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of d(E.f, g)/dx. The letters f, g shall denote arbitrary elements in H.
The following sketch of our method of attack may prove instructive.
We first derive the representation theorem

83. () (UL )=, 0+ [ o Poss, )z

We wish to take ¢t — « and thus exhibit an operator U such that U,
converges weakly to U. But the integrand in 3.3 (i) is not necessarily
integrable over (0, «). However, we show in 4.4 (i) and 4.7 that there
exists a function w(x) that is finite a.e. and such that when f is in
the domain of w(A4) and ¢ is in the domain of w(B), then the integrand
in 8.3 (i) belongs to L(0, o). Using this fact we prove in part 5 that
U, converges to an operator U such that BU=UA.

Now we have to show that | Uf|=|lf|. We proceed in an indirect
fashion. Rather than work with U, we consider the operators K,(B)U,, -
where the K,(r) are a sequence of characteristic functions such that
K. (x) > 1 and such that the integrand in the representation

KBS, )=(KBY, o)+ | | (Ko (BlemPes, o)l

belongs to L(0, ) for a dense set of f and all ¢ in H. We show
that, for each n, K (B)U, converges strongly to K,B)U, and thus
lim lim | K(B)U.|=IUF1

By means of representation Theorem 8.5 we show that this iterated
limit is also equal to |f|, and thus | Uf|=|fl, and 2.1 is proved.

3. Derivation of the representation theorems.

LeMMA 3.1. If s is a complex number with nonzero real part, then
(i) (s+iB)'=(s+3A4)"'—i(s+iB)'P(s+34)™*,
(ii) =(s+24)"'—i(s+1A)'P(s+iB)™".
Proof. Since B— A4 is bounded it follows that A and B have the
same domain D. Then, for any fe H, (s+B)"‘fe D, and
—i(s+1A)'P(s+1iB) f=(s+34) (s +iA—s—iB)(s+iB)"!f
=(s+iB) f —(s+1A)'f.

(i) follows similarly.
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LEMMA 3.2. If s is a compler number with nonzero real part, and
if L is a bounded operator that commutes with (s+1iB)™"', then

(i) (s+id)'L—L(s+iA)"'=—i(s+3A4)"[LP—PL](s+iA)™" .

Proof. By 3.1 (i),
L(s+iB) '=L(s+1A) "' —iL(s+iB)'P(s+14)~!
=L(s+1A)"'—i(s+iB)'LP(s+14)™" .
By 3.1 (ii), this last expression equals
L(s+3A4) ' —i(s+1A)'LP(s+4A4) ' —(s+3A)'P(s+iB)'LP(s +14)™" .
It can be similarly shown that
(s+4B)'L=(s+tA)'L—i(s+%A)'PL(s+1A4)™"
—(8+1A)'"PL(s+1B)'P(s+1A4)™".

Lemma 3.2 follows upon subtracting this last equation from the preced-
ing equation and using the commutativity property of L.

In the following representation theorems all operator integrals are
understood to be defined in the weak sense.

THEOREM 3.3. For any real number t,

() U —I+ ?Ste-wxpem de . and
?

0

t
(ii) é—iBf,=e—’LAt, + 175 e—iE:cPelA(:c—t) dw .
v JO

Proof. Let s be a complex number with positive real part. Then
3.1 (i) holds and
R
0
for any self-adjoint operator A. Hence by the Laplace transform, con-
volution and uniqueness theorems as found in Hille [3], chapter 10, we
derive (ii).
(i) follows from (ii) by operating on the right with e'4*.

THEOREM 3.4. If L is a bounded operator that commutes with every
bounded function of B, then

1

(1) et gl [ 4 ; Ste"iAz(LP-—PL)eMx dz .
7 J
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Proof. We start with 3.2, parallel the proof of Theorem 3.3, and
derive the formula

e[ — Lo~ — S’e—fAr(LP—PL)ew-wdx :
7 Jo

3.4 follows by operating on the right with e,
We shall use 3.4 (i) in the following form.

COROLLARY 3.5. If K s a projection operator that commutes with
every bounded function of B, then

() VKU1 P=K=11f, )+ L[ ek - DPeses, fyae
- H:(e-iAIP(K—I)emf, f)da

Proof. We set L=K—1I in 3.4 (i) and take inner products. Then
the right hand side of 3.4 (i) is equal to the right hand side of 3.5 (i).
But,

(e—iAn[K__ I]e“‘f, f) =(e—iAhKeiAt‘f’ f) — (f, f)
=| K “'f P—|fI
=|KU.f=|SF,

so the left sides are equal which proves 3.5.
4. Definition of the K, ().
THEOREM 4.1.
(i) 0 ;d(Ezll;f) < o for almost all z;

iy [ |45 D gz <pritol

o0

(i) S

(iv) ld(E;J; 9)

UL Daz—(f, g); and
- dx

2_§ UE.S, f) dEs9, 9) Sor almost all .
dx dx

Proof. (i) follows from the fact that (E.f, f) is a monotone increas-
ing function of z;
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(i) is true because the total variation of (E.f, ¢) is <|f|-|«],
(see Riesz and Nagy [6, p. 340]).

(iii) holds because E.=I and E_.=0.
We shall now derive (iv). If A is a nonzero real number, then

\([Emn,_}f:x]fy g) I‘,:}}l [([Ez+h_Ex]f, I—Enn,“Ez]g)lzy

which by the Schwarz inequality is

g([@zﬁ;&:‘_@]ﬁ f).([@xt%_@@]g, g> .

Taking A to 0 completes the proof.

LEMMA 4.2,
(i) | e, o do < 2a]”

UL g
dx

oo

(i) lim (¢"f, g)=0.

Proof. If d(E.f, g)/dx is not square integrable, then the right
hand side is infinite and there is nothing to prove. If d(E.f, ¢)/dx is
square integrable, then its Fourier transform is also square integrable
and (i) is an equality.

(i) is a consequence of 4.1 (ii) and the Riemann-Lebesgue lemma.

LEMMA 4.3, If Q is a bounded self-adjoint operator, thenm
(i) S | |PEQeHefpde < 2r S i [ilxﬂd(@w , Q@)/dx]d(mf, f)da de

j=1

< 2ress supd(E.f, /)/de 14| 1QpF

Gy |1 iptQenride < 2e(” | $121d0.Q8, @8 )/d a1, £)de do

Proof. In this proof we have nonnegative integrands and thus we
freely commute integration and summation.

| niptaesrraa=|" Sial ks, Qo ds,
which by 4.2 (i) and then 4.1 (iv) is

<2:|” SILUES, Qp)ldat da
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The remaining inequality in (i) is readily derived from this and 4.1 (iii).
4.3. (ii) follows similarly.

LemMmA 44, If Q, and Q, are bounded self-adjoint operators and
—o <8, t < o, then

(@) [ [Keopeser, pas <[t 1pFerpaz(” i 1PEe gk do.

(li) I;S‘:o l(e-iAz:QlPQzez‘Axf, f)] dw]z
< [2ress supd(E.f, /)/da]| SI41 1@k

| Sl 1esr].

Proof. Let C be the operator A or the operator B. Since for any

self-adjoint operator P we have the decomposition P= |P|% sgn P IPI%,
we have

(e “*QPQ.ef, g)l=(e~*Q,|PI* sgn P |PEQef, g)
. 1
—|(sgn P |PEQe"f, |PEQieg),
which by the Schwarz inequality and the fact that |sgn P <1 is
%) 4 %0 o
< IPFQe*“fI-|| |PI*Qie*g] .

By the Schwarz inequality for integrals and the above calculation
we see that

H:‘(e—mQIPQZeWﬁ g)ldmjz

<[ 1irtaenrpas () 1PlQegp a

Re

<[viptaesrras | | 1PEQecgr s,

If we put @,=Q,=I and C=B we see that we have derived (i). If we
put t=c, s=—c0, C=A4, and employ 4.3 (i), we derive (ii).



PERTURBATION OF THE CONTINUOUS SPECTRUM 1005

DEFINITION 4.5.

w(@)= 3 A Exbs, ¢)/dw+d(Fs, 5)ldal

THEOREM 4.6. For almost all x, w(x) is nonnegative and finite.

Proof. From 4.1 (i) and the definition of w(x) it follows that w(x)
is nonnegative a.e.

[ w@io— S\ dE, o)l do+ | dE, @) dz |
which by 4.1 (iii), is 2 ‘S“M_,-L This last term is finite by assumption.
Hence w(x) is integrablg,I and thus is a.e. finite.

LeMMA 4.7. If f is in the domain of w(4), then

() [ 1ipfesrt do < 2nys, £).

If f is in the domain of w(B), then

(@) | 11PEer do < 22(BYY, 7).

Proof. By 4.3 (i)

| 1 1pfesrye da
<2 [SldEs, ¢y |UE.s, £ide da,

which is

:w(x)d(E',f, de do=2z(w( A)f, f).

< 27TS
(ii) follows similarly.

DEFINITION 4.8. For every positive integer =, let K,(x) be the
characteristic function of the set of real number x such that w(x)=cw

or w(x) < n.
THEOREM 4.9. For every positive integer n,

(1) K. () is a measurable function

(i) [Ku@)=K. @) and K,(z) is real;
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(iii)) lim K,(z)=1; and

(iv) 0 < w@)K,(x) <n for almost all x.

Proof. (i)-(iii) follow immediately from the definition of K,(x).
(iv) is a consequence of 4.6,

THEOREM 4.10. For every positive integer n,
(i) K.,(A) is a projection operator such that
(ii) 0 w(4)K,(A) < n;

(iif) lim (K.(A)Sf, 9)=(f, 9); and

(iv) Tim |K,(4)f=F=0
(1)-(iv) also hold when A is replaced everywhere by B.

Proof. (i)-(iii) are direct consequences of 4.9. (iv) follows from

(iii).
THEOREM 4.11. Let n be any positive integer. Then as t — oo,
K. (B)U, converges strongly.
Proof. For f in the domain of w(A4) and all g in H
(K.B)U,—-UJf, of=U.—U.lf, KB,
which by 3.8 (i) and then 4.4 (i) and 4.7 (ii)

1
i

S’(e-‘BZPve, K(B)g)da|

< 22| | |PResr | d- u(BK(Blg, Ko(B)o) -
But by 4.10 (ii) this is
< 22|} |PRessr danelol

Now set g=K,(B)[U,—U,]f in preceding inequality. When then have

“ Kn(B)[Ut - U's]f“‘t

< 20| |PFerr | dan- (BT, — ULAP

12 1
< smnl 7 p] ) 1PPesry dar
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But, by 4.7 (i) the integrand in this last expression belongs to IL(— o,
). Thus lim |K.(B)U,—U]f|=0.
8,t->o0

We have proved that for all f in a dense set, K,(B)U.f converges
strongly. Since |K,(B)U,| <1, it follows that 4.11 is true.

5. The Operator U.

THEOREM 5.1. As t— o, U, converges weakly to an operator U,
For any f, 9 in H,

(@) (W, 9)=(f, )=ilim | (> Pessr, g)do .

Proof. We know from 3.3 (i) that

U1, =8 =i (e oPe, o).

The estimates 4.4 (i) and 4.7 assure us that the integrand in this ex-
pression belongs to L(0, o) for all f in the domain D, of w(4) and all
¢ in the domain D, of w(B). Thus the bilinear form

B, 9)=Yf, H=lim (U.f, 9)

is defined on D,xD,. Since |U,|=1 this form is bounded and it follows
from the Frechet-Riesz representation theorem (see Stone [7], p. 63)
that there exists a bounded, everywhere defined operator U such that
(Uf, 9)=b(f, g) for all f, g in D,xD,. In fact, since the U, are uni-
formly bounded it is the case that (Uf, g)——=ltim(Ut f, g) for all f, g in

H. Thus 5.1 (i) holds.

LEMMA 5.2. For all f in H, lim| Pettf|=0.

Proof. Let ¢ >0. Since P is completely continuous there exists
an integer » and an operator

Pn=§‘.1. Ay bi)b;
such that |P—P,| <e. Then
[P |=|(P, + P— P)e“sf | < | P [+ K P—P)e |

Z|Pefl+el ]
But
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[Bctr =33 B, ¢,

which, by 4.2 (ii), goes to 0 as ¢ - c. Since ¢ is arbitrary, the proof
is complete.

LEMMA 5.3. For all real s, e7®U=Ug ™.
Proof.

e—iBSUL — Ube—ZAS___e—iBSe—-iBteiAt —_— e—LBteiAte—iAs

=:e—wc(e—ws — ids)gidt

which by 3.3 (ii)
—_ 1 Sse—-iB(xM)PeiA(xH-s)dx .
2 Jo

Thus
l(e=™U.f, 9)—(U.e™™, 9)|
ggs !(e—iB(:v+$)PeiA(x+t—s)f, g)l dw
0

< [jpescre-orypat da.
0
By the preceding lemma and the bounded convergence theorem this

last term goes to 0 as ¢t— o. Since U, converges weakly to U we
have (e~*®Uf, g)—(Ue *“f, 9)=0, or 5.3.

THEOREM 5.4. BU=UA.
Proof. By 5.3, (¢7"®Uf, 9)=(Ue™**f, g), or
S"’ o= d(FUf, g)|da dw=r o= d(UE.f, ¢)ldx dw .

By the Fourier integral uniqueness theorem, (F,Uf, 9)=(UE.,f, g), and
thus BU=UA.

6. Conclusion of the proof.

6.1. We know that as ¢t — oo, U, converges weakly to U. Since
K. (B)U, converges strongly (Theorem 4.11) it follows that it converges
strongly to K(B)U. From this we deduce that for all £ in H,
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lim | K(B)U.f |=| ELB)USY ,
and by 4.10 @iv),
(i) tim lim | K,(B)U.S|=1UF|
We shall use 3.5 (i) in the form

i) |E(BTSE - P=(KLB) 1S, f)
+ [tk ) - DIPesf, £y

— P, B~ ey, )i,

to prove that
(iif) lim lim IE.B)U.L=I11,

and thus show that |Uf||=|f|. When this has been done we will have
proved 2.1, and Theorem 1.6 will follow from the argument after 2.1.
It is clear that it is sufficient to show that (iii) is valid for all f is a
dense set.

DEFINITION 6.2. Let D be the set of all f in H such that d(E,f, f)/dx
is essentially bounded for all real =.

THEOREM 6.3. D s dense in H.

Proof. Let f be an arbitrary element in H. By 4.1 (i) d(E,f, f)/dx
is almost everywhere finite. Let M, (x) be the characteristic function
of the set of all real numbers « such that d(E.f, f)/dx < n or d(E,f, f)/dz
=oo, Then M,(A)f is a sequence of elements of D that converges
strongly to f. Hence 6.3 is true.

THEOREM 6.4. If fe D, then 6.1 (iii) ¢s true.

Proof. We shall consider each of the terms on the right hand side
of 6.1 (ii). By 4.10 (iii), lim ((K.(B)—1]f, f)=0.

By 4.4 (ii)

< zwess sup WD DS o k@ —ng e [ S 1]
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which by 4.10 (iv) goes to 0 as n— . Thus it can be shown that
all the terms on the right hand side of 6.1 (ii) go to 0 as # — o, and
thus 6.1 is true, and our proof of Theorem 1.6 is complete.

We conclude this paper with an interesting representation theorem
for F(B)—F(A).

THEOREM 6.5. Assume 1.3-1.5 hold and that F(x) is an essentially
bounded function. Then

(i) lim (e ““F(B)F, 9)=(F(A)f, g) and

i) (FB)~FAL, 9)=lim ] (“TBBP-PEBIS, oo .

Proof. (e*'F(B)é'f, g9)=(UFF(B)U.f, 9) = (F(B)U.f, U,g). Since
U.f and U,9 converge strongly to Uf and Uy respectively and U is
unitary we have

lim (e “F(B)e''f, 9)=(F(B)Uf, Ug)=(UF(A)f, Ug)=(F(A)f, 9) .

(ii) 1is a consequence of (i) and Theorem 3.4.
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