ABELIAN GROUPS CHARACTERIZED BY THEIR
INDEPENDENT SUBSETS

WUu-CHUNG HSIANG

1. Introduction. Recently, the theory of abelian groups has be-
come an active field. This note is devoted to it. One of the important
theorems, called ‘¢ the theorem on the subgroups of a free abelian group
U, of finite rank » [2, p. 145] will be studied here. From now on the
term ‘‘group’’ will be used instead of ¢ abelian group’’, for sim-
plicity. Since the notations, the definitions, and the terminologies vary
for different authors, we refer to Kurosh [2] and Kaplansky [1] as
standards. For example, for the definitions of the height of an element
¢ in a primary group G (denoted by #%(x)), of the lowest layer of a
primary group we refer to [2], and the definitions, of Z(n), of Z(p~) we
refer to [1]. Moreover, the subgroups spanned by the subset {u.} of
a given group G is denoted by ({#.}), and in a primary group we write
o(x) = n if the order of the element x is equal to p".

For convenience, the following terminology is adopted.

I. A group G has property (A), if for any non-zero element x of
G there exists a cyclic direct summand of G containing x.

II. A group G has property (B), if G is a direct sum of ecyclic
groups, and for any subgroup H of G there exists a basis {h.} of H
and a basis {gs} of G such that for any A,e {h.} we can find a g.€ {gs}
with the property A.€ (9.)-

III. A group G has property (C), if for any independent subset
{hs} of G there exists another independent subset {g.} of G such that
he € (9,) and ({g,}) is a direct summand of G.

The purpose of this paper is to give an analysis of these classes of
groups. In particular, we show that a free group U, of finite rank
n = 2 has properties (A) and (B) but not (C).

GENERAL LEMMA. A torsion group G has property (A), (B) or (C)

respectively, if and only if each of its primary components has property
(A), (B) or (C) respectively.

Proof. We decompose G into its primary components,
G = % PG, .

We prove that G has property (C) if and only if each G, has property
(C). If for an independent subset {2?} C G,, we can find an independ-
ent subset {g,} © G such that 2’ e (g,) for all «, and the subgroup
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2 (92)

is a direct summand of G, then we can find a subset {¢?} C G, such
that 2 € (¢) and >, P (¢9?) is a direct summand of G,. To find
the desired subset {9”} c G,, we need only consider the p-components
of g¢.’s, since a2 € (g,) implies that x{” is contained in the p-component
of (9.) which is a cyclic subgroup of G, generated by the p-component
of g,.

Conversely, if for every p-component {#{”} C G, of an independent
subset {x,} G, we can find an independent subset {9} such that
x> € (9) for all a’s and the subgroup 3. P (¢) is a direct summand
of G,, then there exists an independent subset {g9,} CG such that
x, € (9,) for all a’s and the subgroup 3. P (9.) is a direct summand of
G. Since every z, has only a finite number of p-components different
from zero, we can set gi*> = 0 when 2 = 0. To find the desired subset
{9.} c G, we need only set

Ja = Zg;p) .
D

The independence of {g,} follows from the independence of {g®} for
all p, and «, € (9,) follows from

@) = SO G C SO 0) = @) -

The other two parts of the lemma are proved in an analagous
manner.

2. Groups with property (A). To discuss groups with property
(A), we need several lemmas.

LEmMMA 1. If G is a primary cyclic group of the type Z(p™), and x
is a non-zero element of G, then

o(x) + he(x) =n .

This is clear.
LEeMMA II. If G is a primary group of the type

Z(p*") D Z(p™) D H
where 3 < hy + 2 < h,, then it 1s not a group with property (A).

Proof. Let wu,, u, be the generators of Z(p™), Z(p"2) respectively.
Therefore,

o) =hy = hy+ 2=o0(u) + 2.

To prove Lemma II, it is sufficient to show that there does not exist
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any cyelic direct summand of G containing p“~'u, + p™u, . Suppose the
contrary. Then, we can find a cyeclic direct summand V = (v) contain-
ing pM'u, + pMu,. Since h, — 2 = h,, it is clear that the lowest layers
of V and of the cyclic group (p“~'u, + p™u,) are both equal to (p":~'u.),
and o(pM~'u, + p"u,) = h, — k. Let o(v) = k. Since (v) and (u,) are
direct summands of G,

he(P*0) = hy(p*v) =k — 1
and
he(D"™ ) = h{p™~u,) = by, — 1.

But since the lowest layer of (v) is (p*~'v) = (p"+'u,), we have k — 1 =
h, — 1, and o(v) = k = h,. Therefore, it follows from Lemma I that

hy("1 Uy + P, = hy— (B — hy) = Ry .
On the other hand, we have
he(P"~'u, + p"u,) = min (b; — 1, h) =h, — 1.
This is a contradiction since V = (v), being a direct summand, is a pure

subgroup of G, so that for « € V, Ay (x) = hq(x).

LEMMmA III. A primary group G has property (A) if and only if it
18 of the type

DCPACICDCRACER

A

Proof. First, G must be a reduced group. If this is not the case,
we can find a non-zero x of G which is of infinite height in G. It is
clear that x cannot be contained in a cyclic direct summand (g) of G.
Second, G must be of bounded order, therefore G is a direct sum of
cyclic groups. Otherwise, by [1, Theorem 9] there exists a direct
summand (u,) @ (u,) of G of the type

Z(p™) D Z(p"), 3<h +2<h,.

Then, by Lemma II, G is not a group with property (A). Moreover,
the bounded group G must be of the type

SO LD LD L.
Conversely, if G is of the type
S Z0) ® 3O L)

we claim that it is a group with property (A). Let {u,} and {u,} be
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the generators of the cyclic subgroups of the type Z,(p") and Z,(p"*")
respectively. Then, for any non-zero x € G, we can express it as
s 13
21' apliu,, + s% bp'iun,
such that (@, p) =0, p)=1land 00, <h, 01 < A
It is obvious that
he(x) = min (g, +««, s, ey, =+, Ls)
0(.’)3) = max (k’— llr M) h — lsyh+ 1-— ls+1, "'7h+ 1-— lt) .

If o(x) is equal to a certain 2 — [;(1 < ¢ < s), that is ~ — [, then the
generator & of the lowest layer of (x) is of height ~ — 1 in G. Since

h—lLz=h—1 1=is)
h—lLzh+1-1 s+1=s5=10),
we have
L=<, 1=i=59)
L, <l s+1=5=1).

Hence, the cyclic subgroup

S t
(Z‘. ap"T iy, X b;p’f"%,)
1 S+1

is pure, and by [1, Theorem 7] is a direct summand, which contains the
element . The cyclic subgroup is pure by [1, Lemma 7].
If o(x) is equal to a certain 2+ 1—I[(s+1=<j=<1%), that is
h + 1 — I, but not equal to any »— ;(1 < 4 < s), then the generator % of
the lowest layer of (x) is of height 2 in G. We have
I >0 —1 l=si=59)
ljgls+l (S+1§.7§t)

Consequently, by the same argument as we used above,
S 3
(Z .l s, S byptiTts e, )
1 ¢ s+l J
is the desired direct summand containing . This proves our lemma.
THEOREM A,. A group G with property (A) cannot be mixed, i.e., it
18 either torsion or torsion-free. Moreover, o torsion group G has prep-

erty (A) of and only if G is of the type

SO(3® 2,0 © L @%,0).
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Proof. If G is a torsion group, the theorem follows from the
General lemma, and Lemma III. Now, we are going to prove that G
cannot be mixed. If G has property (A), then the torsion subgroup
T(G) of G must be of the type

SO(20 2,0 ® SB %,00)

If this is not the case, T(G) does not have property (A), and there ex-
ists a non-zero element « e 7(G) which is not contained in any cyclic
direct summand (g) of 7(G), and therefore, it cannot be contained in a
cyclic direct summand of G. We shall prove that if T(G) # 0, then
G = T(G). Suppose the contrary. There exists a non-zero x € G, such
that we can find an infinite cyclic direct summand (u,) of G containing
x. Select a non-zero primary component T',(G) of G, which is of the

type

1
’Lp +

SO, 0O XD 2, 0"").

We have

G=w®T,(DEC,

by [1 Theorem 7]. Consider the element pju, + Uy wheres > h, +1=1
and th (@) (a,) = 0. Since G has property (A), there exists a cyclic
1

direct summand (g) containing piu, + a,. We have
9 =lu; + b, + ¢, where g’ e G, b, € T,(G) .
By the hypothesis, there exists an integer ! such that
lg = U, + Wby, + 19" = piu, + @y, .
Consequently, we have
=950 =9% and ¢ =0, where c+d =s.

Thus
g = b, + piu,, and a, = pb,, .

Since %z, )(a,) =0, we must have also ¢ =0, that is [ =1 and g =
1
piu, + a,. Hence (pju, + a,) is a direct summand of G. Since

(P, + a,) Ty (G) D (w)) »

we have that (pju, + a,) is also a cyclic direct summand of T,(G) @D (u,).
It is clear that

T, (@)D () = T,(G) D (piu, + a,,) .
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Then
u, = f(plu, + a,) + b, = fpiu, + fa, + b,

for a non-zero integer f, and an element b, € T, (G). It follows that
u; = fpju,, which contradicts s > 1. Therefore the proof is complete.
THEOREM A,. A free group G has property (A).

Proof. Since G = >, P (u,), each x 0 in G can be written
A e R L Hence

¢=3®w,) BID ),

and it follows from the theorem on the subgroups of a free group of
rank n [2, p. 145], that there exist a basis vy, v, -+-, v, of 37D ()
such that x € (v,). But (v) is a direct summand of G, so that G has
property (A).

REMARK.! A torsion-free group with property (A) need not be a
free group. The counter-example is the unrestricted direct sum of in-
finitely many infinite cyclic groups. This group has property (A) and
is not free [2, p. 216].

ExAMPLE. Let G be the unrestricted direct sum of infinitely many
infinite cyclic groups. Then G has property (A).

Proof. Let ge C, g = 3. ka,, where G is the unrestricted direct
sum of infinite cyclic groups (a;). Let m = (k, I =1, 2, ---). Then g.c.d.
there exists a finite subset of the %,, say ki, k., ---, k,, such that g.c.d.
(ky, kyy » o+, k) = m. Then we have

g = "2 ki, = i mla; = m[i‘. Lo, + i liai:l
i1 -1 a1 i

=n+1

where g.c.d. ({, +-+,1,) = 1. Let
o= 2”: La, + > Lay
i=1 i=n+1
and
H={h=SaneGla=0i=12-a}.
i=1
Then G/H is isomorphic to >3\ @P (e ), a free group of rank n. Now,
(H#, g)/H = (5 4o+ H)
i=1

1 This _r"gmark and the following example are due to R. A. Beaumont.
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is a cyclic subgroup of G/H. By the theorem on subgroups of a free group
of rank n, there exists a basis v, v,, -+, v, of G/H such that

é La, + He (v,) .
Thus
gltaq‘!‘ H=ev, = egﬁﬂz +H,

so that (ef,—l)a, =0, :=1,2,---,m. Hence [, =ef;,1=1,2,-++,n
and

ged.(, b, -+, 1,) =g.cd.(efy, ep,, ---,¢0,) =e=0.
We have proved >7.,la, + H = v, so that

G/H = (; La, + H)@ @)@ - D)= (0 + HOG/H.

Then G = (¢:) P G, and g = mg, € (¢9;). The problem of characteriza-
tion of torsion-free groups with property (A) is still open.

3. Groups with property (B). We prove first that for primary
groups, properties (A) and (B) are equivalent.

Lemma IV. A primary group G has property (B) if and only if it
s of the type
DCRADICHICEACOR
Proof. The necessary condition follows from Lemma III since prop-

erty (B) implies property (A). Conversely, suppose that G = MP N
where

M= ;,(—D Z\(p") and N = %@Z,L(p"“) .

Let H be a subgroup of G. Then,* (HN M)c H. Since both Hn M

and H are of bounded height in H, by [1, Lemma 11], applied to the
primary group H, we have a basis {ha} U {%.,} of H such that

S® Cu) = H 1)

and

SO0 ®T® ) = H.

2 We denote the lowest layer of a primary group K by K. Thus K = {x€ K|px = 0}.
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By Lemma III, every 4, is contained in a cyclic direct summand (g.) of
G. We are going to prove that {g.} = {94,} U {gs,} is a pure independ-
ent subset of G. The independence of {g.} follows from the independ-
ence of {hs} U {hs}. We need only prove that

Gi=20 () = % D (94) B 2D (9a,)

is pure in G. It is sufficient to prove that every g, € G, has the same

height in G, as in G, by [1, Lemma 7]. The element g(+ 0) e G, can
be written as

9, = p’“[Zl lzgwli] + p”[gl l;ngj]

where (I, ) = (;, p) = 1.

If the first sum does not occur in the above expression for g, 2s(g,) = A,
which is the maximal height of the element of order » in G, and we
have Ag(9:) = he(g:)-

If the first sum does occur then g, = ¢ + ¢ where g{*(# 0) e M
and ¢ e N.

Since G = M@ N, it follows that

ha(g:) = min (hy(9i™), hx(gi™)) =h — 1

which is the minimal height of the element of order p in G,, hence
ha(91) = hal(g1)°

Therefore, {g,} is a pure independent subset of G. By [1, Lemma 11]
the set {9.} can be enlarged to a basis {gs} of G, which is the desired
one.

LEMMA V. A torsion free group G has property (B) if and only if
it 18 a free group of finite rank.

Proof. If G is a free group of finite rank, by the theorem on the
subgroups of a free group of finite rank, it has property (B).

It is well known that a group of order o is isomorphic to a factor
group of a free group of rank «, and for any infinite cardinal p there
exists a group of order p which is not a direct sum of cyclic groups.
Since the group G with property (B) is a free group, we shall show
that it must be of finite rank. Suppose to the contrary that G is of
infinite rank. Then, select a subgroup V of G such that G/V is not a
direct sum of cyelic groups. It is clear that G cannot have property
(B) with respect to V.

THEOREM B. A group G has property (B) if and only if either
(@) G is a free group of finite rank, or
() G is of the type
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SO(S04,0MOE@Z,0).

Proof. The sufficiency follows from Lemma IV, Lemma V and the
General lemma. Since (B) implies (A), G must be a torsion-free group
or a group of the type (b) by Theorem A,. If G is torsion-free, by
Lemma V, G must be a free group of finite rank. Therefore, the con-
dition is also necessary.

4. Groups with property (C). We note first that (C) implies (A)
and (B). It is immediate that (C) implies (A). Let G have property
(C) and let {h,} be a maximal independent set in G. Then there ex-
ists another independent subset {g,} of G such that A, € (9.), and ({9.})
is a direct summand of G. Since {%,} is maximal, G = ({g.}), that is
G is a direct sum of cyclic groups. If {k,} is a basis of a subgroup
H of G, then the independent set {g,} such that A, e (g,) is pure (since
({9}) 18 a direct summand) and can be enlarged to a basis of G by [1,
Lemma 11]. Hence (C) implies (B).

LemMMA VI. A primary group G has property (C) if and only iof it
is of the type

; @ Z\(p") .
Proof. Since (C) implies (A), the group G is of the type
2B 20O 2D 2" -

If both sets of indices for A, # are non-empty, then there exists (u,) P (u.),
a direct summand of G such that o(w,) =2 =1 and o(u,) =~ + 1.
Now, consider the independent subset {p"'w,, p"'w, + p'u,} of G. It
is clear that

P"u, € (p" 'y, P + PU)
If there exists a direct summand V = (u)@ (u,) of G such that
P u, € (W), " 'uy + p'u, € (u,), then
0" "w) = @), (0""uy + P'us) = (@) .
Since p"u, € V, we must have
hy(P"u,) =k = min. (kD" "us), k(" 'ur + p'w,)) =k — 1,

which is a contradiction, therefore the condition is necessary.
Conversely, if G is of the type

S L0,
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then it follows from Lemma III, that any element 4, of an independent
subset {,} of G can be contained in a cyclic direct summand of G,
viz., (4,). Now, we are going to prove that {u,} is a pure independent
subset of G, hence by [1, Theorem 7], U= >, P (u,) is a direct sum-
mand of G. The independence of {u,} follows immediately from the
independence of {h,}. Since every element x of order p in U has height
h —1 in U which is the height of « in G, U is pure in G, by [1,
Lemma 7]. Thus, G has property (C).

LEMMA VII. A torsion free group has property (C), if and only if
G = I (the integers).

Proof. If G =1, it clearly has property (C). Conversely, we shall
prove that G = I is also necessary. Suppose to the contrary that G is
a free group of rank not less than 2. (Since (C) implies (B), G is a
free group of finite rank.) Then, there exists a subgroup V of G such
that

G|V = Z(p) ® Z(p°) .

Let u, and u, be the generators of Z(p) and Z(p®), respectively. Let H
be the complete inverse image of (u, + pu,) with respect to the homo-
morphic mapping of G onto Z(p) P Z(p*). Then, H is a free group of
finite rank, therefore, a group with property (B). There exists a basis
{v.} of V and a basis {hs} of H such that for any v, there is an A, € {h;}
with the property v, e (k,). If G is a group with the property (C),
then there exists a basis {g,}, such that %; e (gs) for all 5, where
Be € {9v}. Hence G|V = 3, @D (9.)/(va) and H|V = 3, @D (ha)/(va) Where
(h)[(va) C (9a)/(va). Since H|V = (w, + pu,) is eyelic, H|V = (ha)/(va,)
congists of a single summand of order p* which is contained in a cyeclic
direct summand of G|V = Z(p) D Z(p*) of order p’. Thus u, + pu, =
pu, where (u;) is a direct summand of G/V. This implies that
he;v(@, + pi,) = 1, but on the other hand it is clear that &g, (u, + pu,) = 0.
This contradiction completes the proof.

THEOREM C. A group G has property (C), if and only if either
@ G=1 or
(b) G is of the type

SO (2@ %,0M).

Ap

Proof. Since (C) implies (A), the theorem follows from Theorem
A,, Lemma VI, Lemma VII and the General lemma.

5. Conclusion. We have analyzed the groups characterized by
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their independent subsets. The classical theorem on the subgroups of
a free group U, of finite rank is obviously a particular case of Theorem
B; Theorem A, Theorem A, and Theorem C are its generalizations.

I extend my sincerest appreciation to Professor Ross. A. Beaumont
for his suggestions, comments and corrections in the preparation of this
paper. And I wish to thank my friends for their encouragement.
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