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Introduction. The set C{X, R) of all real-valued continuous func-
tions on a compact Hausdorff space X has been characterized from
a variety of points of view. We mention, in particular, those charac-
terizations of C{X, R) as a partially ordered system of some prescribed
kind: namely, the characterizations of C(X, R) by Stone as a partially
ordered ring [14] and as a lattice-ordered group [15], those by Kakutani
[7] and by M. and S. Krein [11] as a lattice-ordered Banach space, and
those by Fan [4] and Fleischer [5] as a partially ordered group. The
problem of characterizing C(X, R) as a lattice alone was posed by
Birkhoff [1, Problem 81] and by Kaplansky [9]. As a partial solution
of this problem Kaplansky [9] characterized certain sublattices of C(X, R)
as '' translation lattices ''. A solution of the general problem has re-
cently been obtained by Heider [6], and, still more recently, another
solution has been announced by Pinsker [12].

In the present paper we obtain, as corollaries of our main results,
two new characterizations of the lattice C(X, R). We shall actually
solve, however, problems somewhat more general than that of Birkhoff
and Kaplansky mentioned above. In the first place, we replace the real
chain R by a conditionally complete dense-in-itself chain K which has
neither a first nor a last element and which is equipped with its interval
topology. In the second, we characterize not only C(X, K) but also an
extensive class of sublattices of C{X, K).

We give next a more detailed summary of the results of this paper
following this, we pose some unsolved problems suggested by these re-
sults.

A sublattice L of C{X, K) is characterizing (Definition 1.1) in case
L separates points in X in a certain strong sense. The space X is K-
normal in case C(X, K) is itself characterizing. In Definition 2.10 the
notion of an '' S-lattice '' is introduced. The main result (Theorem 2.16)
of § 2 states that a characterizing sublattice of C(X, K) is an S-lattice.
(This usage of the term " S-lattice " is inexact but will suffice for the
present; the concept itself is inspired by work of Shirota [13].) Section
3 is devoted to a further study of S-lattices and of '' S-ideals '' in S-
lattices. The results of § 3, when applied (in § 4) to a characterizing
sublattice L of C(X, K), enable us to reconstruct X as a space of
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maximal S-ideals of L. From this it follows (Theorem 4.3) that L com-
pletely determines the topology of X.

Those characterizing sublattices of C(X, K) which contain a set Q of
constant functions order-dense in K constitute an extensive and reasona-
bly accessible subclass of the class of all characterizing sublattices of
C(X, K); we call such sublattices characterizing Q-sublattices of C(X,K).
This notion finds its abstract counterpart in the concept of a " Ci-lattice
relative to a separating chain Q" (Definition 5.8). The main result
(Theorem 5.12) of § 5 states that a characterizing Q-sublattice of C(X, K)
is a Ci-lattice relative to Q.

Section 6 is devoted to " C-lattices " (Definition 5.8), a somewhat
wider class of lattices than that of Ci-lattices. Theorem 6.8 asserts that
a C-lattice L is also an S-lattice so that the results of § 3 are applicable.
It then becomes possible to associate with L a uniquely determined com-
pact Hausdorff space XL (Theorem 6.16).

In § 7 we are ready to attack the problem of representing a bounded
C-lattice (Definition 7.3) as a lattice of functions. As a preliminary re-
sult, Theorem 7.4 states (in effect) that a bounded C-lattice admits
a characterizing Q-sublattice of C(XL, K) as a homomorphic image.
Theorem 7.7 then accomplishes a complete description of characterizing
Q-sublattices: A lattice L is isomorphic to a characterizing Q-sublattice
of C(X, K) for some (topologically unique) compact ^-normal space X if
and only if L is a bounded Ci-lattice relative to Q. Once this basic re-
sult is at hand, one need only impose on the bounded Ci-lattice L a suitable
hypothesis of completeness in order to obtain the entire lattice C{X, K).
This we do in § 8 in two different ways: In the first, an intrinsically
defined uniformity is introduced on L and L is required to be locally
complete in this uniformity (Theorem 8.3); in the second, Fan's notion
of a direct extension [4] is adapted to the present context and L is re-
quired to be isomorphic to each of its bounded direct extensions (Theorem
8.9). Solutions of the Birkhoff-Kaplansky problem emerge as Corollaries
8.4 and 8.10.

In the concluding section the results of the present paper are com-
pared with certain earlier characterizations of C(X, R). In particular,
we indicate how our results can be used to deduce the characterizations
of Stone, Fan, and Fleischer mentioned above.

The results of the present paper suggest certain more general
problems.

L Given an arbitrary chain K, characterize those lattices L which
are isomorphic to C(X, K) for some (compact) space X.

IL Given an arbitrary chain K, characterize those lattices L with
the property that, for some (compact) space X, L is isomorphic to some



CHARACTERIZATIONS OF CERTAIN LATTICES OF FUNCTIONS 337

sublattice of C(X, K) which determines X. In particular, characterize
those lattices L with the property that, for some compact space X, L
is isomorphic to some sublattice of C(X, K) which is characterizing in
the sense of Definition 1.1.

Related problems are obtained from problems I and II by dropping
the requirement that the chain K be specified in advance.

The difficulty involved in solving either of these problems will proba-
bly depend upon the type of solution sought. In this connection it is
clear that the type of solution obtained is of an importance approaching
that of the solution itself. We propose, as the most desirable type of
solution, that type in which the conditions imposed on the lattice
<X, V> Λ^ a r e aH arithmetical [17] relative to <X, V> K)Ί that is> f° r"
mulable solely in terms of (i) elements of L, (ii) elementary logical con-
stants (connectives, quantifiers, identity symbol), and (iii) the operations
V and Λ (Thus, for example, conditions involving assertions about
ideals of L are non-arithmetical and, therefore, in such a solution, in-
admissable.) A solution of either I or II of this ideal type is probably
impossible. In the first place, a (non-arithmetical) assumption of the
sort that L contains (a replica of) a suitable subset Q of K seems
inevitable. Admitting this assumption, however, and introducing the
predicate C£Q expressing elementhood in Q, we can still insist that al-
lowable conditions be arithmetical relative to the system <X, V> Λ> ^e>;
that is, formulable solely in terms of (i)-(iii) and (iv) the predicate S%.
A solution of II of this modified type seems not unfeasible. When it
comes to I, however, a solution seems to require first a solution of II
(in some form) followed by the imposition of a suitable hypothesis of
completeness. Again, it appears difficult, if not impossible, to formulate
such a completeness hypothesis arithmetically relative to <L, V> Λ> ^ >
For a complete solution of I, therefore, a further relaxation of arithme-
tical requirements seems unavoidable.

Using the above terminology we can now describe more precisely
the nature of our present results and their relation to those of Heider
and of Pinsker. Theorem 7.7, described above, is a solution of the spe-
cial case of II in which K is conditionally complete, dense-in-itself, and
without extreme points, and in which the characterizing sublattice in
question is a Q-sublattice. Moreover, our solution of this problem is
arithmetical relative to <X, V> Λ> <^o>- Theorems 8.3 and 8.9 are solu-
tions of I with the specified restrictions on K; they are, furthermore,
non-arithmetical (relative to <X, V, Λ, ^o)) on^Y i n their hypotheses of
completeness. These same remarks apply also to the solutions of the
Birkhoff-Kaplansky problem embodied in Corollaries 8.4 and 8.10. On
the other hand, an inspection of the solutions by Heider and by Pinsker
of the BirkhofF-Kaplansky problem shows that they are both non-arithme-
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tical, not only with respect to their completeness hypotheses, but also
with respect to most of their remaining hypotheses. We mention, in
particular, that Heider relies on assumptions concerning the real lattice
homomorphisms of L and that (among other non-arithmetical assumptions)
Pinsker assumes outright the existence of a certain dual lattice auto-
morphism of L.

1. Preliminary remarks. In this section we list some of the defini-
tions, notational conventions, and facts essential to the rest of the paper.

We begin by adopting the following convention: Throughout the
paper K will denote a chain which is conditionally complete [1], dense-
in-itself [1], and with neither a first nor a last element.

The letter R will be reserved for the chain of real numbers.
If Q is any chain, then we shall denote by Q the completion of Q

by cuts [1, p. 58]. We denote by Q the conditionally complete subchain
of Q obtained by removing those extreme points of Q, if any, which are
not in Q, and we call Q the conditional completion of Q. If Q is an or-
der-dense subchain [1] of K, then Q — K and Q — K.

If Q is a chain and if X is a non-empty set, then we denote by
F(X, Q) the set of all functions on I to Q. For f,ge F{X, Q) we set
/ ^ g in case f(x) ^ g(x) for all x e X; with respect to this partial or-
dering F(X, Q) is a distributive lattice. If i C l and if / , g e F(X, Q),
then we shall say that "f<g (respectively, / ^ g) on A" in case
f(x) < g(x) (respectively, f(x) < g(x)) for all x e A.

If X is a topological space, and if Q is endowed with its interval
topology [1, p. 60], then we denote by C(X, Q) the sublattice of F(X, Q)
consisting of all continuous functions on X to Q. If a e Q, then we
shall also denote by a the function in C{X, Q) which is identically equal
to a on X.

Let X be a topological space. We shall for the most part be con-
cerned with a certain class of sublattices of C(X, K) which we now
define.

DEFINITION 1.1. A sublattice L of C(X, K) is characterizing1 in case
for each pair of distinct points x, y in X and each pair of functions
/ , g in L, there is an h e L such that h(x) < f(x) and h(y) > g(y).

The proof of the following proposition will be omitted.
(1.2) / / X is compact and if L is a characterizing sublattice of

C(X, K), then for each pair of disjoint closed subsets A, B of X and
each pair f,geL there is an h e L such that h < f on A and h > g
on B.

1 If X is compact, then, in view of our restrictions on K, this is equivalent to the
notion of characterizing used in [3].
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For some compact Hausdorff spaces X and some chains K it may be
the case that no sublattice of C(X, K) is characterizing, and it may be
the case that C(X, K) itself is not characterizing even though it has
characterizing sublattices.

DEFINITION 1.3. We say that a compact space X is K-normal m
case C(X, K) is characterizing (cf. [8]).

We observe that Z-normal spaces do exist. In fact, every totally
disconnected compact Hausdorff space is clearly if-normal. It is also
clear that every compact if-normal space is necessarily Hausdorff.

Throughout the remainder of this paper we shall assume that X is
a compact Hausdorff space containing at least two points.

DEFINITION 1.4. Let Q be an order-dense subchain of K. Then
a sublattice L of C(X, K) is a Q-sublattice of C(X, K) in case L con-
tains the set Q of constant functions.

We observe that if Qλ is order-dense in Q and if Q is order-dense
in K, then a Q-sublattice of C(X, K) is also a QΓsublattice of C(X, K)
Note also that C(X, K) contains a characterizing Q-sublattice if and
only if X is ίΓ-normal.

The symbols \J and Π will denote set union and intersection, re-
spectively, whereas, when dealing with "abstract" lattices, the symbols
V and A will b e used to denote joins and meets.

If A C I , then we denote by A' and A'', respectively, the closure
and the complement of A in X.

2. A class of binary relations on characterizing sublattices* If L is
a distributive lattice, if I e L, and if <; is a transitive binary . relation
on L, then (according to Definition 2.10) L is an S-lattice at I, relative
to < ,̂ in case L satisfies conditions (2.11)-(2.15) below. The main pur-
pose of this section is to prove that if L is a characterizing sublattice
of C(X, K), and if i e L , then there is a transitive binary relation <^
on L relative to which L is an SMattice at I. We point out that the
results of this and of the next section rely heavily on the ideas of Shirota
[13].

DEFINITION 2.1. If L is a distributive lattice and if I e L, then
we define the binary relation c t on L as follows: For each pair
/, g e L,/ c,flf in case h A g ^ I implies h Λ / ^ I for every h e L.

The following facts are easily verified.
(2.2) The relation c z is transitive on L.
(2.3) If f,g e L with f<Lg, then f atg for every I e L .
(2.4) ///c,i, then f^L
(2.5) If fi9 gte L with ft(Zιgi(i = 1, 2), then f, A f2 czιg1 A g2 and
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DEFINITION 2.6. If L is a sublattice of C(X, K), and if I e L, then
we define the binary relation < ẑ on L as follows:2 For each pair
/, g 6 L, / < ^ # in case for each k e L there exist gr,h e L such that
g1 dzg and such that both gf V h ^ k and f A h <^ I.

It is clear (taking gr — g and h — k) that Z <^ g for every g e L.
(2.7) Lei L be a sublattice of C(X, ίQ and Zeί Z 6 L. T&ew
(i) <Ĵ  is transitive on L;
(ii) if f, g e L with /<< zg, t/iβw /Cjflf.

Proof. The first statement follows at once from (ii) and the defini-
tion of <^. Thus we shall prove (ii). Let / < ^ # ; then there exist
g',he L such t h a t gf (zιgJ gf \J h ^fy and f Ah £ l . Ii k e L with

k Λ g ^ l , then k A f = k A (gr V h) A f = [(k A g') V (k A h)] A f ^

[I V (k A h)] A f ^ I V [k A h A f] = I. Hence / c , #.

If /, 0 e C(X, if), then we set

Observe that since / and g are continuous, P ( / , #) is open in X.
We now characterize the relations c ; and <^ on a characterizing

sublattice in terms of sets of the form P(f, I).3

(2.8) If L is a characterizing sublattice of C(X, K), and if f, g, le L,
then the following statements hold:

(i) f(Zιg if and only if P(f, I)- e P(g, ΐ)~.
(ii) / < ι f l r if and only if P(f, iy £ P(g, I)-'-'.

Proof. Statement (i) follows from (1.2) and the fact that if /, h e L,
then P(/ , I) n P(h, I) = P ( / Λ fc, Z).

To prove the second statement assume first that f ^ g . From (1.2)
we conclude that P(k, I) = X for some ί e L . Then there exist g',he L
such that g' a^, g' V h ^ k, and f A h <^ I. Now if x e P(g, Z)""'"> then
#'($) ^ Z(^), and hence h(x) ^ yk(α ) > Z(^). Therefore x e P(h, Z), and
since P(h, I) Π P(f, I) = Φ, we have a? 0 P ( / , Z)-.

Conversely, let P(/ , Z)" O P(#, Z)-'-' and let έ e L . By (1.2) there
exist g',heL such that gf > fc on P(/ , Z)", flf' < Z on P(^r, Z)"'", fe < Z on
P ( / , Z)- and h > k on P{g\ k)'. Then gf cztg9 gr V h ^k9 anάfAh^l.
That is, /< zflr.

DEFINITION 2.9. If L is any lattice and if p is a binary relation on
L, then an element e e L is a πmί for /> in case //>e for every f e L.

2 If L has a least element Z, then it can be shown that the relation < ι coincides with
the relation <^ of Shirota [13, Definition 4]. We note, however, that if L is characterizing,
then L has no least element.

3 Cf. [13, Lemma 1].
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If L is a distributive lattice and if I e L, then we denote by Et the set
of all units of L for the binary relation c z .

We note that if L is a characterizing sublattice of C(X, K) and if
I e Ly then by (2.8) and (1.2) it is clear that f e EL if and only if

p(f, ιy - x.

DEFINITION 2.10. Let L be a distributive lattice, let I e L, and let
«< be a transitive binary relation on L. We say that L is an S-lattice
at I (relative to «̂ ) in case the following conditions are satisfied :4

(2.11) // ft < 0, (ΐ = 1, 2), ίfeβn Λ V Λ < Λ V &•
(2.12) If f^Q, then f^h^g for some h e L.
(2.13) L contains a unit for <!.
(2.14) 7/ / < 0, then f A h ^ I and g V h e Et for some h e L.
(2.15) If / < g, if g Λk<^l, and if f V h e El9 then k < h.
The preceding definition is motivated by the following theorem.

THEOREM 2.16. If L is a characterizing sublattice of C(X, K) and
if I e Ly then L is an S-lattice at I relative to the relation <^.

Proof. Suppose first that fi < , gi (i = 1, 2) in L. Let k e L. Then
there exist g'i9 ht e L such that g[ aιgίy g[ V h^ kf and fi A ht ^ I
(i = 1, 2). Set gf = g[V gf

2 and h = fex Λ fe2. Using (2.5) and the dis-
tributive law we have gf aι{g1 V g2)> gf V fe ̂  fc, and (/x V f2) A h ^ I.
Thus (2.11) is satisfied. Conditions (2.12), (2.13), and (2.14) are readily
established by applying (1.2), (2.8), and the fact t h a t P(e, I) = X for
some e e L. Finally, to show t h a t (2.15) holds, let /, g, h,k e L with
f<ι g, 9 A k g I, and / V h e Et. Then

P(f, i)- Q P(g, i)-'-', P(g, I)-"' n P(fc, 1)- = Φ,

and P(/, 0" U P(h, l)~ = X. Therefore P(k,l)- ^ P(g, ί)-'-C?(/, ί)" ;S

P(h, I)-'-'.

3 Some fundamental properties of S-lattices. This section is devoted
to a study of several important properties of S-lattices. In view of the
connection between S-lattices and U-lattices (see footnote 4) many of the
results obtained here provide sharpened versions of certain results of
[13].

Throughout this section we shall assume that L is an S-lattice at some
element I e L.

In Definition 3.7 we introduce the notion of an SΓideal of L. The

4 If L is a lattice that satisfies the dual of (2.11), a stronger version of (2.13), to-
gether with (2.12), (2.14), and (2.15), then it can be verified that L, reduced modulo a con-
gruence (/ congruent g in case fdig and gdif), is an /^-lattice in the sense of Shirota
[13].
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main result of this section, Theorem 3.10, states that the set of all
maximal proper SΓideals of L admits the Stone topology, relative to
which it is a compact Hausdorff space.

(3.1) If f,geL with / < # , then f czg.

Proof. Since / < # , there exists, by (2.14), an h e L such that
f Λh <Zl and g V heEt. Thus / dι(g V h). Since also / c j , we have
by (2.5) that / c j Λ (g V h) = (/ Λ g) V (/ Λ h) ̂  (/ Λ g) V I. But
clearly (/ Λ g) V I czιg; hence, by (2.2) and (2.3), it follows that faιg.

(3.2) If f, g e L with f^g, then there exist hlf h2 e L such that
f A hx ^ ί, g V K e El9 and h2 < hx.

Proof. Since / < ! # , there exist, by (2.12), flyf2eL such that
/ < / i < / 2 < 0 . Thus, by (2.14), there exist Λx, ft2eL such that/Λ fei ̂  ί,
f2Λh2^ I, /x V fei e JE7j, and gVh2e Eτ. Then from f2ί\h2^ I, /x V Λi e ̂ ,
and / i < / 2 , together with (2.15), we have h2^hx.

(3.3) 7/ f, g,h, k e L with h c j , f^g, and g aι k, then h<^k.

Proof. Let / ,̂ έ 2 e L be as in (3.2). Then hΛh^l and k\/h2e Et.
Therefore, by (2.15), fe<fc.

(3.4) // /4, ^ e L witt /, < flr4 (i = 1, 2), tte^ Λ Λ / 2 < gx Λ flf2.

Proo/. By (3.3) and (2.3) it will suffice to prove that if / < & and
/<#2> then f<^g1 A g2- By (3.2) there exist hlfh2klf k2 e L such that
/Λfti g ί j A ϋ i ^ U i V h2eEl9 g2 V k2e El} h2<^hly and fe2<fclβ Then
h2V k2<^hλV kλ by (2.11). Moreover, f A (h± V kx) ̂  ί and

(ft Λ &) V (fea V fc2) e £;, ,

so that, by (2.15), / < & Λ flf2.

(3.5) T%β se£ o/ umίs m L for <^ coincides with the set Eτ of
units in L for ct.

Proof. By (3.1), Eι contains every unit for < .̂ On the other hand,
by (2.13), L contains a unit e for < . Let f e Et. Then e c z / , so that,
from (3.3) and the fact that e<^e, we have β < / . By the transitivity
of <Ξ; we conclude that / is a unit for < .̂

(3.6) For every feL,l < / .

Proof. Let e e E% (clearly, Eτ Φ Φ) and let / e L. Then e A I ̂  I,
e\J f e El9 and by (3.5), e < e . Hence by (2.15), ί < / .

The remainder of this section is devoted to a study of certain ideals
in L. We begin with the following definition.

DEFINITION 3.7. An ideal I of L is an S^ideal in case (i) if / e /,
then / < ; # for some g e I, and (ii) if / e I and g < !/ , then gel. We
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denote by @z the set of all SΓideals of L and by ςSSlι the set of all
maximal proper *SΓideals of L.

We note that for every f e L the set {g e L; g^f} is an SΓideal.
Moreover, there exists a proper SΓideal in L provided that f^l for
some f e L; in fact, by (2.4) and (3.1) this latter condition holds if and
only if the ideal {g e L; g<^l} is proper.

We also observe that if I e @z, if / 6 /, and if g c z / , then gel.
For if /</*> with h e I, then g<^ζh by (3.3). In particular, then, lei
for every I e @j.

As a notational convenience we shall, for the remainder of this sec-
tion, dispense with the subscripts in the symbols al9 El9 Slf @z, and 9J .̂

We now remark that, relative to set inclusion, @ is a complete lat-
tice. In fact, if Ϊ C S , then, as in easily proved by (3.3), (2.11), and
(2.13),

V £ = { / e L ; / < V F for some finite F C (J 2}

and

A 2 - {/eL;/<<? for some 0 6 Γl £} .

It is clear that if (£ CI © is a chain, then V & = U &• Moreover, if
/, J 6 @, then it follows from (3.4) that I A J = I Γ\ J. We therefore
conclude that @ is an F-lattίce of sets [2]. It is easy to see that a prop-
er ideal of L is s-irreducible5 in the lattice of ideals of L if and only
if it is prime. The s-irreducible elements of the lattice @ coincide with
the maximal proper S-ideals of L, but need not, however, be prime
ideals.6 The situation is made precise by the following lemma.

LEMMA 3.8. Let H be a proper S-ideal of L. Then the following
statements are equivalent:

(i) HeW.
(ii) If f A g e H and f $ H, then gxe H for all gx <^ g.
(iii) H is s-irreducible in the lattice @.

Proof. (i)->(ii). Let He 2Jί,/ Λ'ge Hand / $ H. S e t I = { ^ e L ;
for some k e H and some gλ^g,h^k V gY). It is easily verified that
7e@ and H ζZ I; thus, by the maximality of H, either H = / or L — I.
If the latter holds, then / e I, so that there exist ke H and gι<^g such that
/<fc V g19 and thus fa (k V &). But then / c (k V &) Λ / c (k V flf) Λ/ =
(fc Λ /) V (g A / ) . However, fe Λ / and # Λ / are elements of H, so

5 An element x of a lattice L is s-irreducible [2] in case (i) x^ty for some y 6 L,
and (ii) if a, b e L with α A ^ ^ then either a^Lx or 6 ^ £ .

6 Since X is compact Hausdorff, it can be shown that if I 6 C(X, iϋ), then every s-ir-
reducible Sj-ideal of C(X, R) is prime if and only if X is discrete.
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that f e H, contrary to hypothesis. Hence I = H, and since it is evident
by (2.12) that gx e I for all & < # , H satisfies (ii).

(ii) -> (iii). Since H is proper, we need only prove that if I, J e @
and if I A J <Ξ H, then either I c: i ί or J e £Γ. If I g if, then g1 φ H
for some ^ 6 /. Let # 6 I be such that gx<^g and let / be any element
of J. Since / Λ g e I Π J and J Π J = / Λ J, it follows that f Λ geH.
Hence / e iί.

(iii)-> (i). Since E Φ φ, Zorn's lemma will supply an M e 3Jϊ such
that HCZM. lϊ Hφ M, then there exist / < / i < / 2 with / ^ i ί and
/2 6 M. By (3.2) there exist h2 < fex such that fλ A K ^ i and f2\Jh2e E.
Since I e H, we must have /x Λ fei e if. Let /(/0 = {k e L; k <!/i} and
/(^) = {fc e L A; < K]. Then /(/,), /(^) e @, and, by (3.4), /(/J Π /(feO S
iί. Thus, by the s-irreducibility of iϊ, and since / $ H, it is clear that
h2 6 H. Therefore h2 e M, so that f2v h2e M Γ) E, a contradiction.
Hence H — M, as desired.

In view of the preceding lemma and Theorems 1.1 and 1.2 of [2],
the set 2Jί admits the Stone topology relative to which it is Tx. More-
over, since E Φ φ, Theorem 3.4 of [2] implies that 2JΪ is compact in this
topology. Throughout the remainder of this paper whenever 9Jί is con-
sidered as a topological space, its topology will be this " Stone topology " .

LEMMA 3.9. For each f e L, the set g(/) = {MeW ftβ M} is
closed in 2Ji.

Proof. Recall first that if 21 C 2» and if 2t* = Λ {Me 3Jί; Me 21},
then SI- = {M e 9Jί; 2ί* C M}. Now let f e L, M e 3Ji, and g(/)* e M;
we must prove that / 0 M. Suppose on the contrary that f e M. Then
/ < # for some g e M. By (3.2) and (2.12) there exist /^2<A;<^1 such
t h a t f AK^l a n d g V h2e E. l ί N e g ( / ) , t h e n f Ahλe N so t h a t ,
by Lemma 3.8, k e N. This implies that fe2 6 £$(/)*> a n d therefore
g V h2e M Π E, a contradiction. Hence f φ M, and the proof is complete.

We can now prove the main result of this section (cf. [13, Theorem 2]).

THEOREM 3.10. Let L be an S-lattice at the element I e L. Then
the set 9Jlί of all maximal S^ideals admits the Stone topology, and,
relative to this topology, Sΰlτ is a compact Hausdorff space.

Proof. From the preceding remarks it will suffice to prove that SJί̂
is Hausdorff. Let M Φ N in 9Jίz so that there exist / 0 M and g e N
with f<^g. By (3.2) and Lemma 3.8, there exists an element heL such
that h 6 M and h V g e Ex. Thus Mφ %{h), Nφ %(g), and g(Λ) U %{g) = 3^.

4. Maximal Srideals in characterizing sublattices of C(X, K). Let
L be a characterizing sublattice of C(X, K) and let I e L. We first
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obtain a characterization of the maximal SΓideals of L. This charac-
terization is then used to show that L determines the topology of X.

If L is a characterizing sublattice of C(X, K), and if ί e L , then
for each x e X set

Mι(x)= {feL xeP(fJ)-'} .

It is evident that each Mz(x) is an ideal, and in fact, by (2.8) and (1.2),
an SΓideal in L. Since it is clear that if x Φ y in X, then Mt(x) φ
Mz(y), we have proved a portion of the following key result:

THEOREM 4.1. If L is a characterizing sublattice of C(X, K), and
if I e L, then a subset M of L is a maximal proper St-ideal of L if
and only if there exists a (necessarily unique) element x e X such that
M = Mι{x).

Proof. In view of the above remarks it will suffice to prove that
each Mι(x) is maximal in ©̂  and that each M e 3Jίz is contained in some
M^x). Suppose first that f Λ g e Mτ(x),f $ M^x), and g'^g. Then
xeP(f,l)-. Thus if g' $ Mι(x), then x e P(g', ΐ)- e P(g, ΐ)-'~', and
hence it follows that x e [P(g, l)-f~f n P(f, 1)1" = [P(gf I) Π P(f, l)Y =
P(f Λ g,l)", contrary to f Λ g e M^x). Therefore, by Lemma 3.8,
Mι(x) e Tlι.

Conversely, let M e Wlz and suppose that for each x e X there is
an fx G M with x e P(fx, l)~. Then for each x there is an hx e M such
that fx<^ιhx, and hence x e P(hx, l)~'-f. Now since Xis compact, there
is a finite set x19 , xn e X such that

But then

for every g e L, and

contrary to g $ M for some g e L. Thus M c: Mt(x) for some x e X.

DEFINITION 4.2. If L is a characterizing sublattice of C(X, K), if
I e L, and if x e X, then we say that the maximal SΓideal Mz(x) is
associated with x.

The preceding theorem then asserts that each maximal Sj-ideal of L
is associated with a unique point in X.
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THEOREM 4.3. If L is a characterizing sublattice of C(X, K), and
if I e L, then the mapping Mz(x) -> x is a homeomorphism of the space
yjlz onto X. Thus the space X is determined by any characterizing
sublattice of C(X, K).

Proof. By Theorem 4.1 the mapping Mτ(x) —• x is one-to-one from
2Jίj onto X; since 2Jί̂  is compact, it will therefore suffice to prove that
this mapping is continuous. Thus let U be a neighborhood of x e X and
let f e L be such that / < I at x and / > I on IP. By Lemma 3.9,
the set

U= {Me mι;fe M]

is open in Wlf and clearly Mz(x) e U. To complete the proof we show
that y e U for every Mι(y) e U. If Mι(y) e U, then y e P(f, £)"'; hence

But / > U n J7' so that y e U, as desired.

5 C-lattices. Motivated by the notion of a characterizing Q-sub-
lattice of C(X, K) we introduce in this section a class of abstract lat-
tices, called C-lattices, and an important subclass, called Crlattices.
The main result of this section is that every characterizing Q-sublattice
of C(X, K) is a d-lattice.

DEFINITION 5.1. If L is a distributive lattice and if a, β e L, then
we write a -3 β in case a < β and, for every f,geL, the following
conditions hold:

(i) If / V g ^ β, and if g ^ α, then / ^ /3.
(ii) If / Λ g ^ α, and if g ^ β, then / ^ α.

It is readily seen that -3 is a transitive relation on L Moreover,
if 7 ^ α, if a -3 β, and if β £ δ, then γ -3 δ.

(5.2) If L is a distributive lattice, and if a -3 β in L, then β is
a unit for aa in L.

Proof. Let a -3 β in L and let g e L. IffeL with / Λ β ^ a,
then, since β ^ β, we have f ^ a, so t h a t f /\ g ^oc. That is, g c , /?.

(5.3) If L is a distributive lattice, if a -3 β in L, and if / 4 , (̂  6 L

(i = 1, 2), then

(i) / i V & ^ /3, / a V 02 ^ /5, αmZ fλ/\f2<a imply gλW g2^ β;

(ii) /x Λ ffi ^ α, /j Λ 02 ^ α, α^cί / x V / 2 ^ /8 ΐmpίT/ gx/\g2< a.

Proof. If /4 V 0i ^ /3 (ΐ = 1, 2), then using the distributive law we

have (f, A f2) V (g± V 02) ̂  /8. Thus if a -3 /3, and if /i Λ Λ ^ α, we

have 0X V 02 ̂  β, establishing (i). In a similar manner (ii) is proved.
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DEFINITION 5.4. A non-empty subset Q of a distributive lattice L
is a separating chain in L in case, relative to -3, Q is a chain having
neither a first nor a last element.

(5.5) If L is a Q-sublattice of C(X, K), then Q is a separating chain
in L.

Proof. It will suffice to prove that if a, β e Q, and if a < β, then
asβ. Thus suppose that f,geL with g ̂  a and f^β. Then f(x)<β for
some x e X and, since #($) ̂  a, it follows that (/ V g)(x) ^ /(#) V OL < /9.
Similarly, if g ^ /5 and f^La, then / Λ # 2£ OL. Hence a s β.

LEMMA 5.6. Let L be a characterizing Q-sublattice of C(X, K), let
a, β, γ, 8 e Qy and let fe C(X, K). If β < γ, then there exist k,l,rne L
such that S V m ^ δ j Λ i ^ T ^ Λ ί ^ , and f V I ̂  β.

Proof. Since Q is dense-in-itself, there exist p,η e Q such that
β < P < V < 7. Now the closed sets P(/, η)~, P(f, γ)~, and P(/, ρ)~
are disjoint, respectively, from the closed sets P(f, p)', P(f, rj)f, and
P(/, /5)r. Therefore since L is characterizing, there exist, by (1.2),
elements Jc,l,me L such that P(/, η)~ e P(fe, δ), P(/, p)' e P(fc, α)f,
P(/, 7)" £ P(m, 7)', P(/, rj)'^P(m, δ), P(/, ̂ o)- e P(l, a)\ and P(/, /9)'e
P(l, β). Since X = P(/, ̂ ) U P(/, Λ>y)r £ P(fc, δ) U P(m, δ) = P(k V m, δ),
we have k V m ^ δ, and since P(/, 7) £ P(m, 7)', we have / Λ m g 7.
In a similar fashion it follows that k f\l ^a and / V £ ̂  β.

Motivated by the preceding lemma we introduce the following
definition:

DEFINITION 5.7. It L is a distributive lattice and if Q is a separat-
ing chain in L, then the "stretching function " 3γ is the function on
the cartesian product L x Q4 to the subsets of the cartesian product L3

defined as follows: (fc, i, m) e S^L(f, a, β, 7, δ) in case

k /\l <a , fVl^β.

Whenever no confusion is likely, we shall omit the indices L and Q
in the symbol <%L.

We observe that in most cases ^ ( / , α, /9, 7, δ) = φ. However it is
easily seen that if β ^ α , if δ ̂ 7 , or if / ^ 7 , then £S(f, a,β,y,δ) Φ φ.

DEFINITION 5.8. Let L be a distributive lattice, let Q be a non-
empty subset of L, and consider the following conditions:

(CO) Q is a separating chain in L.
(C.I) If /9, 7 e Q with £ < 7, then ^ z ( / , α, β, 7, δ) ̂  φ for all
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a, 8 e Q and all / e L.
(C.2) Q is dense-in-itself.
(C.2') If / e L, if a e Q, and if / ^ β for all β > a in Q, then

(C.3) If /, g e L and if fczag for all α e Q, then / ^ g.
We say that L is a C-lattice relative to Q in case (CO), (C.I), and (C.2)
are satisfied. We say that L is a C-lattice relative to Q in case (CO),
(C.I), (C.2'), and (C.3) are satisfied.

We observe that (CO) and (C.2') together imply (C.2). For if a < β
in Q, then there is a 7 e Q with j > a and /3 5S 7; that is, α < 7 < β.
Thus every (^-lattice is also a C-lattice.

We remark also that the defining conditions for a C-lattice and for
a Cx-lattice are all arithmetical relative to the system <X, V> Λ> ^Q}-
That is, each is formulated solely in terms of (i) elements of L, (ii)
elementary logical constants (connectives, quantifiers, identity symbol),
(iii) the operations V a n ( i Λ> a n ( i (iγ) the predicate C6\ expressing ele-
menthood in Q (cf. [17] and the Introduction).

The following examples show that, in the presence of (CO), condi-
tions (C.I), (C.2'), and (C.3) are independent, and that (C.2') is not
implied by (C.I), (C.2), and (C.3).

EXAMPLE 5.9. Let R(e) be the chain obtained by adjoining to the
real chain R an element e $ R in such a manner that 0 < e < a for
every a > 0 in R. If Q — {a e R; a Φ 0}, then Q is a separating chain
in R(e), and, relative to Q, R(e) satisfies (C.I) and (C.2'). However R(e)
is, not a C-lattice relative to Q since e c Λ 0 for all a e Q.

EXAMPLE 5.10. The chain R is also a separating chain in R(e), but,
relative to R, R(e) is not a CΓlattice since e jg 0 and yet e < a ΐor all
α > 0 in R. We note, however, that, relative to R, R{e) satisfies (C.I),
(C.2), and (C.3).

EXAMPLE 5.11. Let L be the set of all real-valued functions / on
the two element set {x, y] such that \f(x) — f(y)\ <^1. Then L is
a distributive lattice, the set R of constants functions in L is a separat-
ing chain, and, relative to R, L satisfies (C.2) and (C.3). However, L
fails to satisfy (C.I), and hence it is not a C-lattice.

We now prove the main result of this section.

THEOREM 5.12. If L is a characterizing Q-sublattice of C(X, K),
then L is a C-lattice relative to Q.

Proof. By (5.5), Q is a separating chain in L, and, since Q is
order-dense in K, it is clear that (C.2') is satisfied. Moreover, Lemma
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5.6, shows that L satisfies (C.I). Finally, to prove that L satisfies
(C.3), suppose that f^Lg in L. Then for some xeX and some
ae Q,f{x) > oc > g(x). Thus, by the continuity of g, we have P(ft a)" §£
P(g, ay so that, by (2.8), / qL^g.

6Φ Some fundamental properties of C-lattices* Of the two major
results of this section the first, an analogue of Theorem 2.16, states that
if L is a C-lattice relative to the separating chain Q in L, then for each
a 6 Q there is a transitive binary relation < Λ on L relative to which L
is an S-lattice at a. Thus each a e Q determines a lattice &a of Sa-
ideals and its associated compact Hausdorff space 9JΪ*. The second major
result establishes a certain homogeneity in L. Explicity, if L is as
above, then for every pair a, β e Q there is an isomorphism Φ of @*
onto @β, and consequently there is a homeomorphism of SDΐΛ onto 3Jϊβ.
Moreover, Φ has the property that if a ^ β, then ί C Φ ( / ) for all Ze ©*.

Throughout this section we shall assume that L is a C-lattice re-
lative to the separating chain QJ

We shall adopt the convention that all lower case letters, Greek and
Latin, will denote elements of L. In particular, lower case Greek let-
ters will be reserved for elements in the chain Q.

(6.1) // γ < η £ 8, if fVh^η, and if (k, I, m) e &\f, a, β, γ, δ),
then k V h ^η.

Proof. In view of / V ^ ΐ , i V m ^ δ , and / Λ m ^ γ, the desired
inequality follows from (5.3).

DEFINITION 6.2. For each a e Q we define the relations <* and
<̂ > on L as follows:

(i) f <ag in case g V h ^ β and f A h ^ a for some feei and
some /3 > a in Q.

(ii) f ^ g in case f<Λg' for some #' c Λ # . 8

It is clear that if f <ag in L, then f<^ag-
(6.3) If f<«g in L, then f <za g.

Proof. Since by (2.2) the relation aΛ is transitive, it will suffice
to prove that f <ag implies f czag. But if g V h ^ β, f A h g a, and
β > α, then, by (5.3), k A g ^ ex implies k A f ^ a. That is, / c Λ #.

(6.4) Both <Λ and <^Λ are transitive relations on L.

Proof. This follows from (6.3) and the obvious fact that if fλ aΛf
7 Propositions (6.1) and (6.3)-(6.6) actually require only that L be a distributive lattice

and that Q be a separating chain in L.
8 If L is a characterizing Q-sublattice of C(X, K) and if a 6 Q, then it is easily seen

that the definitions of <^Λ in 6.2 and 2.6 coincide.
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and f <«g, then fλ <Λg.
(6.5) If a < β, if Ύ < δ, and if (ft, Z, m) e ^(f a, β, γ, δ), then

f <yk and k <af.

Proof, Since (k, I, m) e <5*(f, a, β, 7, δ), we have / Λ m g γ, and
ft V m ^ δ; hence / -<γ ft. Also, ft Λ Z ̂  α and / V Z Ξ> /9 together
imply that k <Λf.

(6.6) Let a < β and γ < δ. 7/ (ft, Z, m) 6 ^ ( / , α, ft γ, δ), and i/
(ft', Z', m') e t$^(fc, a, β, γ, δ), ίftew ft <yk', kf <ak, mf <ym, and I <aV.

Proof. The first two relations follow from (6.5). From ft V m ^ δ
and ft Λ ra' g γ we have m' <yrn, and from k V V ^ β and ft Λ Z ̂  α,
it follows that Z -<ΛZ'.

(6.7) If L is a C-lattice relative to the separating chain Q, and
if a 6 Q, then L satisfies (2.11), (2.12), (2.13), and (2.14) at a relative
to <Λ.

Proof. For i -- 1, 2, let f <^gt so that for some ht e L and some
ft e β we have & V h% ̂  ft, ft A ht ^ a, and /5 = ft Λ ft > α. Then

(^i!V flra) V (fci Λ fe8) - (g1 V ^2 V fej Λ (g1 V g2V h2)

^ (ffi V K) A (g2 V K)

and similarly,

(/i V /2) Λ (/iχ Ah)^a .

Thus /i V/ 2 -<α»̂ i V g2 and < Λ satisfies (2.11). Now let f <ag and let
h e L, δ e Q be such that / Λ h ^ α and gr V fe ̂  δ > oc. Since Q is
dense-in-itself, there exist ft γ e Q with α < β < γ < δ, and since L
satisfies (C.I) relative to Q, there exists (ft, Z, m) e .5^(0, a, β> γ, δ). By
(6.5) we have ft -<*#, and by (6.1) we have ft V h ^ δ, so that f <ak.
Jlence f<ak<*g, and (2.12) holds. If /S > α, then / - ^ β for all
f e L] hence /5 is a unit for < α and (2.13) is satisfied. Suppose, finally,
that f <Λg so that g V h ^ /5 > a and f A h <, a for some k L and
some /3 e Q. By (5.2), /3 e EΛ\ hence g \J heEΛ and (2.14) is established.

THEOREM 6.8. If L is a C-lattice relative to a separating chain
Q, and if a e Q, then L is an S-lattice at a relative to the relation <^*.

Proof That L satisfies (2.11), (2.12), (2.13), and (2.14) relative to
< * follows readily from (6.7). For example, if / i < * ^ 4 , then there ex-
ist g\ e L such that f <Λg[ and g[ c , ^ (i = 1, 2). Then by (6.7) and
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(2.5) we have fλVf2<Λg[Vg2 and g[\Zg'2c:Λg1Vg2) hence
Finally, to establish (2.15) suppose that f<^»g, g/\ k <^α, and / V h e Ea.
Then for some glf hλe L and some β > a in Q, gx ua,g, hx A f ^ a, and
K V <7i ̂  /9. Since g1aoύg and g A k <^ a, it follows that gλ Ak ^ a.
But this, together with /^ V #i ^ β, implies /c -<«/&!. Thus in order to
prove the desired relation, k^h, it will suffice to show that ^ c Λ i
Therefore let I e L with I A h ^ a. Then (i Λ K) Λ(fVh)^a. How-
ever, since / V h e E , we have (I A K) A β ^ a for every β > a.
Therefore, since Q is a separating chain, I A hλ <^ a. That is, hxc:Λh,
as desired.

From Theorems 3.10 and 6.8 we conclude that if L is a C-lattice
relative to the separating chain Q, then there is associated with each
α e Q a compact Hausdorff space, namely, the space SDΐ̂  of maximal Sx-
ideals of L. We conclude this section by proving that these spaces are
pair wise homeomorphic.

DEFINITION 6.9. If a ^ /3, then we define the mappings Φaβ: @Λ -> @β

and ^ Λ ? : @β -> Θa, as follows: For each I e &a and each J e @β,

ΦaβI= A{He&β

and

Φ * V = V {He&

Since @Λ and @β are complete lattices, it is clear that Φ&β and Φ*β

are single-valued mappings. We intend to prove that Φaβ is, in fact,
an isomorphism of @α onto @β and that Φ*β is its inverse. This is
obviously the case for a = β.

(6.10) If a < β and if I e &a, set

/* = {k e L; k <ag and g <βk for some gel}.

Then

Φ«βl = {f e L\f <βk for some k e I*} ,

Proof. First set JΛ = {/ e L; / < β k for some feel*}. Since fceJ*
implies that fe ^ g for some # e /, it follows that k e I; hence J* c: /.
Next it is easily seen, using (6.7), that I * is closed under joins. Hence,
again from (6.7), ZΛ is an ideal in L; in fact, 7Λ e@β. Now let fe I so
that for some gel both f^g and f<ag. Since L is a C-lattice relative to
Q, it follows from (6.5) that there is a k e L with k <ag and # < β ά .
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Thus k e /*. But / <̂  g then implies f <βk; hence f e I\ Since / is
arbitrary in /, this implies the inclusion / C I / Λ . From this and the fact
that JA 6 ©β we also conclude ΦaβIζΞ: I Λ . On the other hand, let J e &β

with IζZJ; then / * C / , If / e I \ then f <βk for some /be/*; hence
/ e J . That is, JΛ c; /, so that JΛ c; 0α βJ. Thus the proof is complete.

(6.11) If a < β and if f <Λ V?-i0*> ^ ^ ^ e r e e x i s t fc* e L (i =
1, , w) s^c/t ί/̂ αί

(i) h <Λgi (i = 1, •• ,n)
(ii) f<βVUkί;
(iii) i/ \fUK<βk\ then f<Λk'.

Proof. Since / -<* V ?=iff«> there is an fc e L such that f A h <Ξ> a
and Λ V ( V L ^ ) ^ f > α. Let α < α, < α2 < ξ A β ^ ζ" V β < β1 and,
for each i = 1, , w, let(fc4, Zt, m4) e ̂ (flr4, α, a19 a2, β±) so that, by (6.5),
kt <« g%. Set g = V ?-i gι,k=\/ U kiy m = A ?-i m4, and Z = A ?=i ̂  Then,
using the distributive law, it is easily proved that {k, I, m) e S^{g,oί,oίlfa21β^).
Thus from g A m ̂  a2ff A h ̂  a < a2, g V h ̂  ξ > a2, and (5.3) we
conclude that f A m <^ a2 < β. But then since k V m ̂  A > /5, we have
f <βk. Finally, suppose that k <βk

r, so that k A hf ̂  β and kr V h' ̂
η > β ίor some h' e L and some η e Q. Combining these two inequali-
ties with fc V w ^ ft > /3 and using (5.3) we have kf V m Ξ> 97 Λ βx > β.
But kfVm>βyg\/h'^ζfgAm^a2<ζAβy and (5.3) imply that
k'Vh^ζAβyoi. Therefore / <Λ k' as desired.

(6.12) If a < β, and if /, J e @Λ, ί/̂ eπ Iςzj if and only if

Proof. Clearly / C J implies ^ Λ β / c : (̂ α,β J". Thus suppose that
Φaβ IS ^Λβ J and let / e /. For some gel with f <ag, let i e L satis-
fy (i), (ii), and (iii) of (6.11) (for the case n = 1). By (6.10) we have
k e ΦaβJ so that, again by (6.10), k <β k

r for some kr e J * c; J . But
then, by (iii) of (6.11), f <Λk

f so that f e J.
(6.13) If a < β and if J e @β, ίfeβn ΦaβΦ«βJ = J .

Proo/. First let f e Φ"? J so that f<oύ\J^ιgi for some 0X, ••-,
0»e U { J e @Λ; J e J } . By (6.11) there exist fc1,. , ϋ κ 6 U { / e ©*; I C J }
such that / < β V?=i^; hence / e J . Thus Φ«β Jς: J which clearly im-
plies that 0αβ<Tβ J C / .

For the reverse inclusion, let / e J and let f <βg for some # e J .
Then there is an he L such that f Ah tί β and g \/ h ̂ η > β for some
97e Q. Let /3< ft < β2<η< ft in Q and let (fc, ί, m)e 6^{g, a, βly β2, β3)
so that k A I ̂  a and g V i ^ ft > β. Now if fcj. < ^ fc, then ^ Λ i ^ «
so that kλ<βg and hence kxe J. Thus i ϊ = {^ e L; ̂ ^ k} is an

such that HQΦ'tJ. Therefore, by (6.10) and (6.12), Hζ
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ΦaβΦ«PJ. Next, by (6.5) there is a kλ e L such that kx <Λk
and k <βk1. Hence kx e ΦaβΦ

Λβ J. But, by (6.1), kyh^η so that, since
/ Ah ^ β, we have f <βk. Then f <βkL so that / 6 ΦaβΦ«β J. Thus
J c; ΦΛβΦ** J.

THEOREM 6.14. If a <Ξ β, then ΦΛβ is an isomorphism of the lattice
@Λ onto the lattice @β such that Φ'a\ = Φ*β. Moreover, the restriction
of Φaβ to Sΰla is a homeomorphism of 9JiΛ onto StJi/3 with the following
property: For every MΛ e 9JίΛ and every Mβ e 9Jϊβ, ΦaβMΛ = Mβ if and
only if Ma C Mβ.

Proof. The theorem is obvious for a = β. If a < /9, then the first
statement is an immediate consequence of (6.12) and (6.13), and the
second statement follows from the maximality of MΛ and Mβ, the final
statement of (6.10), and the first statement of this theorem.

Now let 3W(L) - U {2R*; aeQ). We define the relation ~ on 9Ji =
9Ji(L) as follows: For each M, Ne SDΐ, we write M^ N in case Mf)N eΊίl.

(6.15) Lei a ^ β, let Me 3JiΛ, α?ιcί Zeί iVe 5ϋίβ. 2%era ίΛe follow-
ing statements are equivalent:

(i) M~N;
(ii) MCJV;
(iii) ΦaβM=N.

Proof. The equivalence of (ii) and (iii) follows from Theorem 6.14.
Moreover, (ii) clearly implies (i). To see that (i) implies (ii) suppose that
M~ N. Then a e M n N while γ $ M Π iV whenever γ > α, so that
M Γ) N e 9JίΛ. Thus by the maximality of M and M Π iV we conclude
that I = l n NeiV.

If α ^ /S ^ γ, and if Ne 9Jiβ, then by Theorem 6.14 there exists
exactly one M e 3Ji* and exactly one P e 3JίY such that M^ N and
N^P. Therefore we conclude from (6.15) that ~ is an equivalence
relation on 3Ji such that the ~ -equivalence class, M", determined by
M e SDΐ̂  is precisely the set of images of M under all mappings Φaβ for
a £ β and Φ«y for α ^ γ.

We now agree that, for each M e 3Jί and each α e β, I , will denote
the unique maximal S^-ideal M^ f] 2JίΛ in M \

THEOREM 6.16. / / for each aeQ and each f e L we set

U(f,a)=

then the family {U(f, cή fe L and aeQ} is an open base for a com-
pact Hausdorff topology on

XL= {M^ M
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Moreover, the mapping Θa: M"Λ —• M^ is a homeomorphism of sMa onto

XL-

Proof. Suppose that ikP e U(f, a) n U(g, β) and, say, a <L β. Then
feMa,geMβ, and MaςzMβ. By (6.10) there is a k e L such that
k e Ma, and #< β fc. Thus #< β ( fcV/) and / ^ (fc V /) so that if
ΛΓ e U(k V /, α), then f e NΛ and # e AΓβ. That is, U(k V /, α) e
£/(/, α) n C%, /S). But AT e Ϊ7(& V/, α); hence the family {[/(/, α)} is
an open base. Since, by Theorem 3.10, 3Jϊ* is a compact Hausdorff space,
the proof will be completed by showing that Θa is a homeomorphism.

Let a e Q; then clearly the mapping ΘΛ is one-to-one and onto XL.
Consider a basic open set U = C/(/, ̂ 8) in Xz. Let Ψ be the homeomor-
phism Φaβ if α ^ / 9 or Φ^ if a > β. Then Θ-\U) = (θβΨ)-\U) =
Ψ'Ψβ^U) is open in 3)ΐ* since, by Lemma 3.9, Θβ\U) is open in 9Jϊβ.
Hence @Λ is continuous. Since 3Jl̂  is compact, it will suffice to show
that XL is Hausdorff. Thus let ΛP, iV" be distinct elements of XL.
Then by Lemma 3.9 and the proof of Theorem 3.10 there exist h, g e L
such that the open sets VL(h) = {Pe Sΰl^ he P] and ll(g) = {Pe 5ϋiα; flf 6 P}
in SEJiΛ separate MΛ and ΛΓrf. Thus it is clear that U(h, a) and U(g, a)
separate M^ and N^ in Xz.

7 Representations of C-lattices as function lattices^ In this section
we prove that if L is a C-lattice relative to the separating chain Q,
then L is lattice-homomorphic [1] to a sublattice of C(XL, Q). In par-
ticular, if L is a Cy lattice relative to Q satisfying a suitable bounded-
ness condition, then L is isomorphic to a characterizing Q-sublattice of
C(XL, Q). The latter result, together with Theorem 5.12, provides a com-
plete characterization of characterizing Q-sublattices.

Let L be a C-lattice relative to the separating chain Q. We shall
continue to use the conventions of § 6 concerning lower case letters and
concerning the labelling of the elements of the ~ -equivalence classes of
9Jί = 3Ji(L) (see the paragraph preceding Theorem 6.16). Now for each
/ e L and each M^ e XL, set

M(/)= {aeQ;feMa} .

T h e n f o r e a c h f e L d e f i n e / * e F(XΣ9 Q) b y

Γ(M^)= AW)

for all M^ e XL. Note that since Q is complete, /* is a well-defined

element in F(XL, Q).

LEMMA 7.1. If L is a C-lattice relative to the separating chain Qy

then the mapping / - > / * is a lattice-homomorphism of L onto a sub-
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lattice of F(XL, Q).

Proof. Clearly if / ^ g in L and if Me 2Ji, then M(g) e M(f)
hence / * <; g*. Thus to complete the proof we need only verify that
for every f,ge Z, / * V g* ̂  (/ V g)* and / * Λ »* ^ (/ Λ βr)*. To prove
the first of these inequalities, note that for every M e 3JΪ, if fyge L,
then I ( / ) n l ( g ) C l ( / V g ) ; hence (/* V βr*)(iin = [A W ) ] V [ Λ W 1 =
A [M(/) Π ΛΓ(flr)] ^ A [M(/ V flf)] = (/ V f7)*(ΛΓ). To prove the second,
let ikP 6 Xz and suppose that a, βeQ are such that α > β> (/ Λ 0)*(ΛP).
Then f A g e Mβ and Mβ e M*. We shall prove that either / e Ma or
g e Ma. By (6.5) there exists fe e L such that k <βg and g <*k. Since
f A g e Mβ, we have by Lemma 3.8 that either / e M* or k e Mβ. If
/ e Mβ, then / e M*. If k e Mβ, then A; e Ma, so that g <Λk implies
g 6 ikfΛ. Thus (/* Λ g*)(M~) ̂  α for every a > (f A g)*(M~); hence
/ * Λ g* ̂  (/ Λ flf)*.

THEOREM 7.2. If L is a C-lattice relative to the separating chain
Q, then the mapping f -> /* is a lattice-homomorphism of L onto a sublat-
tice of C(XLf Q). Moreover, for each aeQ, a*(M^) — a for all ikP e XL.

Proof. If fe L, then / * 6 C(XL,Q) provided that for every ae Q the
sets {ΛT;/*(ikΓ) > a] and {AT;/*(ikΓ) < a} are open. Thus let aeQ
and let /*(ΛT) > α. Then for some γ > α, / $ My. Let α < β < γ < δ
in Q, let (fe, Z, m) e ^ ( / , α, /?, γ, δ), and let (fe', l\ mr) e £f(k, a, β, 7, δ).
Then, by (6.5) and (6.6), f <yk <yk

r so that k! $ My and fe' φ Ma. But
k A I ̂  a, and, by (6.6), fe' <ak so that I 6 M« by Lemma 3.8; hence
AT e C/(Z, α). Suppose that ΛT e Ϊ7(Z, α) and that /*(AΓ) ^ α. If
oc < Ύ] < β, then /, Z 6 Nv. But / 3 ^ / V i , so that /3 6 JV,, contrary to
η < β. Therefore f*(N~) > a for all N~ in the open neighborhood
Uil, a) of M~.

To complete the proof let /*(ΛΓ) < α. Then for some λ < α, fe Mλ.
Let λ < 7] < f < α and let (fe, Z, m) e .5^(/, λ, )7, f, α). Then fe < λ / , so
that k e Mλ or, equivalently, M" e U(k, λ). Suppose that N~ e U(k, λ)
so that keNλ. Then keNζ, and since f <ζk, we have f e Nζ. There-
fore /*(2NΓ) ^ f < a. That is, / * < a on the open neighborhood C/(fe, λ)
of M^.

Since the final statement of the theorem is obvious, the proof is
complete.

DEFINITION 7.3. Let L be a C-lattice relative to the separating
chain Q and let

LB = {feL a^f^β for some tf, /9 e Q} .
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We call the lattice L a bounded C-lattice in case L — LB.
It follows readily that if L is a C-lattice (CΓlattice) relative to Q,

then so is LB.

THEOREM 7.4. If L is a C-lattice relative to the separating chain

Q, then XL is a compact Q-normal space and the mapping / - > / * is

a lattice-homomorphism of LB onto a characterizing Q-sublattice of

C(XΣ, Q).

Proof. That LB is lattice-homomorphic, under / - > / * , to a Q-sub-

lattice of C(XL, Q) follows from Theorem 7.2. To prove that the image

of LB under this homomorphism is a characterizing sublattice of C(XL, Q)

it will suffice to prove that if M~ Φ N^ in XL, and if a, β e Q, then

there exists an / e LB such that f e Ma and f φ Nβ. But MΛ η^ Nβ

implies MΛ §£ Nβ, which in turn implies MΛ Π LB ξ£ Nβ Π LB. To com-

plete the proof, observe that XL is compact by Theorem 6.16 and is

Q-normal since C(XL, Q) contains a characterizing Q-sublattice.
By Theorem 5.12 it is known that the image of LB under / - > / *

is a Ci-lattice relative to Q (identifying Q with its image in C(XL, Q)).
Moreover, it is obviously the case that if the mapping / - > / * is an
isomorphism, then LB is itself a CΊ-lattice relative to Q. Thus the ex-
istence of bounded C-lattices which are not CΊ-lattices (cf. Example 5.9)
implies that, in general, the homomorphism / - • / * is not an isomorphism.
However, if L is a bounded C-lattice, then /—•/* is an isomorphism.
To prove this we require the following lemma.

(7.5) Let L be a distributive lattice, let Q be a separating chain
in L, and let L satisfy (C.I) and (C.2') relative to Q. If a e Q and
if f>gεL with fi^Loc and f A g ^ &, then g e M for some maximal
SΛ-ideal M of L.

Proof. Since L satisfies (C.I) and (C.2'), it is a C-lattice relative
to Q. Since f^a, there is a δ > a such that f% δ. Let a < β < γ < δ
i n Q a n d l e t (k, I, m) e £/>(/, a, β, γ , δ) . S e t I = {he L h < Λ 1} t h e n
/ e &a. Since f A g ^ a and / V ί ^ β > oc, we have that gel. If
β e If then from £ Λ A; ̂  a it follows that β A k ^ a. Then the ine-
qualities β A k ^ a, m V & ^ δ , m Λ / ^ 7 , together with α -3 /5 -5 γ -3 δ,
imply / rgj γ < δ, a contradiction. Therefore β 0 J, so that I is a proper
SL-ideal of L with # e /. A simple application of Zorn's lemma com-
pletes the proof.

THEOREM 7.6. If L is a C-lattice relative to the separating chain

Q, then XL is a compact Q-normal space and the mapping f-+ f* is
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an isomorphism of LB onto a characterizing Q-sublattice of C(XL, Q).

Proof. In view of Theorem 7.4 it will suffice to prove that if / gζ g
in LB, then / * <£ g* in C(XL, Q). But if f^g, then, since LB is a Cx-
lattice, there exists an a e Q and there exists an h e LB such that
h A g ^ a. and h A /5S OL. Obviously we may assume that h ^ /. Let
tf<β<7<δinQ with ft, ̂  7 and let (ft, J, m) e ^(ft, α, /3, 7, δ). Sup-
pose that I e ilίflj for some Ma e 3JiΛ. Then since h V I ^ β > a, we
have that g <Λl, and hence that g e Ma. Also if a<η<β, then
ί e l , so that h <£ Mη and consequently / 0 Λf,. Thus 0*(ΛC) ^ α
and /*(ΛC) ^ /9. Therefore we need only prove the existence of some
M* e 2Jt* with i e MΛ. Since fc Λ Z ^ α, it will suffice, in view of (7.5),
to show that k^a. But if k ^ a, then k V m ^> δ and α -3 δ imply
that m ^ δ; therefore, since m Λ h ^ 7 and 7 -3 δ, we have h ^ j ,
a contradiction. Thus k^af as desired.

Clearly if X is compact, then every characterizing Q-sublattice of
C(X, K) is bounded. Therefore, combining Theorem 4.3, Theorem 5.12,
and Theorem 7.6, we have the following characterization.

THEOREM 7.7. Let K be a conditionally complete and dense-in-it-
self chain with neither a first nor a last element, let K be endowed
with its interval topology, and let Q be an order-dense subchain of K.
If a lattice L is isomorphic to a characterizing Q-sublattice of C(X, K)
for some compact space X, then the inverse image of Q in L is
a separating chain in L relative to which L is a bounded Cλ-lattice.
Conversely, if L is a bounded Cλ-lattice relative to Q, then there
exists an isomorphism of L onto a characterizing Q-sublattice of
C(X, Q) for some topologically unique compact Q-normal space X.
Moreover, X can be chosen as the space XL and the isomorphism can
be chosen to be the mapping / - > / * so that the image of each a e Q is
the constant function a in C(XL, Q).

8 Characterizations of the lattice C(X, K). In this section we turn
to the problem of obtaining necessary and sufficient conditions in order
that a bounded Cx-lattice L be isomorphic to the entire lattice C(X, K)
for some compact i£-normal space X.

We give two solutions to this problem. The first is obtained by
topologizing L and then by employing an appropriate generalization
(Lemma 8.2) of the Stone-Weierstrass theorem [16]. The second is
obtained, without topologizing L, by a method which closely parallels
that introduced by Fan [4] to characterize C(X, R) as a partially or-
dered group.

As usual, let Q be an order-dense subchain of K, and let — oo and
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+ oo be the extreme elements of K. For each finite subchain ax < < an

of Q, let a0 — -co, an+i = +00, and let Γ = Γ(alf , an) be the set
of all intervals

{7 e if; α,_x < 7 < αi+1} (i = 1, - , n) .

We then set

It is readily verified that the family of all such sets U(Γ) forms a base
for a uniformity ^/ on K.9 Note that <2s is independent of the order
dense subchain Q of K.

If L is a subset of F(Xf K), then we let ?/{L) be the uniformity
of uniform convergence induced on L by <?/ [10, p. 226].

DEFINITION 8.1. Let L be a CΓlattice relative to the separating
chain Q, and let ψ~ be a uniformity on L. We shall say that L is
locally complete in the uniformity 5^ in case for each a < /3 in Q the
set

L(a,β)= {feL a^f^β}

is complete in ^".

LEMMA 8.2. Let X be a compact Hausdorff space and let L be
a characterizing Q-sublattice of C(X, K). Then L = C(X, K) if and
only if L is locally complete in the uniformity ^/(L),

Proof. Since each closed and bounded interval in K is complete in
the uniformity <f/, it follows that C(X, K) is locally complete (see e.g.
[10, p. 231]). Conversely, let L be locally complete. Since each
/ e C(X, K) is bounded, it will suffice to prove that for each a < β in Q,

L(a,β)= {feC(X,K);a£f^β} .

The proof of this parallels that of the Stone-Weierstrass approximation
theorem for lattices of real-valued continuous functions [16, Theorem 1].
Since the modifications required are slight, we omit the details.

Now let L be a bounded Ci-lattice relative to the separating chain
Q, and let W{L) be the family of all sets of the form

{(/, g)eLx L; (/*(ikΓ), (?*(ikΓ)) e U for all M e 5W}

as U ranges over <?/. Since /'-> / * is an isomorphism of L onto a sub-
lattice L* of C(XL, K), it is clear that V/(L) is a uniformity on L and

9 In fact, ^/ is the uniformity determined by the finite normal coverings of K [18].
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that L and L* are uniformily equivalent.
Our first characterization of the entire lattice C(X, K) is now an im-

mediate consequence of Theorem 7.7, Lemma 8.2, and the above remarks.

THEOREM 8.3. If L is a bounded C^lattice relative to the separat-
ing chain Q, and if L is locally complete in the uniformity Ψ/(L),
then XL is a compact Q-normal space and L is lattice isomorphic to
C(XL, Q). Conversely, if X is a compact K-normal space, and if Q
is an order-dense subchain of K, then Q is a separating chain in
C(X, K) and, relative to Q, C(X, K) is a bounded Cx-lattice locally
complete in the uniformity <f/(C(X, K)).

A special case of this characterization is the following solution of
Birkhoff's Problem 81.

COROLLARY 8.4. A lattice L is isomorphic to the lattice C(X, R)
for some compact Hausdorff space X if and only if L contains a counta-
ble separating chain Q relative to which L is a bounded C^lattice locally
complete in the uniformity

Proof. The proof is an easy consequence of the fact that every
compact Hausdorff space is i?-normal and the fact that a countable chain
without extreme points is dense-in-itself if and only if it is isomorphic
to the chain of rational numbers [1, p. 31].

The next result is a lattice analogue of Fan's Lemma 8.1 [4].

LEMMA. 8.5. If X is a compact space, if L is a characterizing
Q-sublattice of C(X, K), and if there is an isomorphism Ψ of C(X, K)
onto L mapping Q onto itself, then L — C(X, K).

Proof. Since Q is dense in K and K is conditionally complete, Ψ
maps K onto itself, so that L is, in fact, a characterizing X-sublattice
of C(X, K). Thus, by Theorem 5.12, both L and C(X, K) are ^-lattices
relative to K. For each x e X and each a e K we denote by Ma(x)
(respectively, Ma(x)) the unique maximal S^-ideal of C(X, K) (respec-
tively, L) associated with x. Now let a e K. Then for each x e X,
Theorem 4.1 implies that

ΨMΛ(x) = MΨa(θx)

for some unique element Θx e X, and, by Theorem 4.3,

Θ: x ~v Θx

is a homeomorphism of X. If also β 6 K, then ΨMβ(x) ̂  ΨM^(x), so
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that, by Theorem 4.1 and (6.15), ΨMβ(x) = MΨβ(Θx). Thus ΨMx(x) =
MΨa(Θx) for every x e X and every a e K. It follows that for each
/ e C(X, K) and each x e X,

= A {a 6 if y / 6 MΨα

and hence ^[/(x)] = {Ψf)ψx). Suppose now that / e C(X, K) and define
the function g on X by

g{x) = ϊΓ-ΐ

Then clearly # e C(X, K). But for each x e X,

(Ψg)(x) = 5W" 1 *)] = ^CίP-^/ίββ-^)]] = /(&) .

Thus / € L and we conclude that C(X, K) = L.

DEFINITION 8.6. Let L be a ^-lattice relative to the separating
chain Q. Then a pair (I/, A) is an extension of L in case 1/ is a lattice
and Λ is an isomorphism of L into L' such that 1/ is a CΊ-lattice relative
to ΛQ. The extension (I/, Λ) is said to be

(i) bounded in case, relative to ΛQ, U is bounded;
(ii) direct in case for every pair Af, iV in the set 3Jί(L') of all

maximal S-ideals of £/, if AT g iV, then Λf Π AL g ΛΓ;
(iii) normal in case for every f e U and every α' < /5' < °/' < δ' in

ΛQ, there exist k,l,me AL such that (fc, Z, m) e 6^{f, a\ β\ Y, δ;).
The above notion of direct extension is patterned after Fan's notion

of a direct extension of a partially ordered additive group [4, p. 411].
If L is a Ci-lattice relative to Q and if (Z/, A) is an extension of L,

then we shall henceforth make no notational distinction between the
chain Q in L and the chain AQ in U.

LEMMA 8.7. If U is a characterizing Q-sublattice of C(X, K), if
L is a Q-sublattice of L', and if I is the identity mapping of L into
U, then the following statements are equivalent:

(i) L is a characterizing Q-sublattice of C(X, K).
(ii) (I/, I) is a normal extension of L.
(iii) (L', I) is a direct extension of L.

Proof, (i) -> (ii). By Theorem 5.12, 1/ is a CΓlattice relative to the
separating chain Q. Thus (I/, /) is surely an extension of L. Since L
is characterizing, it is immediate from Lemma 5.6 that (I/, I) is a nor-
mal extension of L.

(ii) -> (iii). Let μ, v e K, let AΓμ be a maximal Sμ-ideal of I/, and
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let Mv be a maximal Sv-ideal of ZΛ By Theorem 4.1, Mμ = Mμ(x) and
My = M^(y) for some # and 7/ in X. Let us suppose that Mμ g M .
If x — y, then v < μ. Choose ye Q such that v <j < μ. Then γ 6 Λfμ Π Z/
but γ 0 Mv so that Λfμ Π L ξ£ Λf . If x φ y, choose α, β, γ, δ 6 Q such
that a<β <μ /\v and μ V v < 7 < δ. Since 1/ is characterizing, there is
an feU such that f(x) < α and f(y) > δ. Moreover, since (Z7, 7) is a nor-
mal extension of L, there exist k,l,meL with (fe,ϊ,m)e £%L'(f,a,β, 7, δ).
Then /(a?) < a and / V I ^ /3 together imply that i(aj) :> /9 and then
l(x) ^ /9 and k /\l < a together imply that k(x) ^ a < μ. In a similar
manner we obtain k(y) ^ δ > v. Thus k e Mμ Π L but k $ Mv so that
again I μ ί l L | Afv. The extension (L', /) is therefore direct.

(iii) -• (i). Let x and y be distinct points of X, let f,geL, and
choose a, β e Q such that α: </(») and /3 > #(#). Let MΛ(£c) be the
maximal S^-ideal of L' associated with x and let Mβ(y) be the maximal
Sβ-ideal of 1/ associated with y. Then Ma(x) g Mβ(τ/) so that, since
(Z/, Z) is direct, Ma(x) Π L ^ Mβ(y). There is therefore a function A e L
such that h(x) fg α and h(y) ^ /9; that is, L is characterizing. The proof
of the lemma is now complete.

LEMMA 8.8. Let L be a bounded C^lattice relative to the separat-

ing chain Q, let (Z/, A) be a bounded extension of L, and denote by A

the isomorphism / - > / * of L' into C(XL,, Q). Then

(i) (C(XL,, Q), A) is a bounded direct extension of L', and

(ii) the following assertions are equivalent: (1) AAL is a charac-

terizing Q-sublattice of C(XL,, Q), (2) (Z/, A) is a normal extension of

L, (3) (Z/, A) is a direct extension of L.

Proof. By Theorem 7.7, XL, is compact and Q-normal, and ALf is

a characterizing Q-sublattive of C(XL>, Q). By Theorem 5.12, C(XL,, Q)

is a CΓlattice relative to Q. Thus (C{XL,, Q), I) is a bounded extension

of AL'; by Lemma 8.7 it is also a direct extension. Then it is im-

mediate that (C(XLfJ Q), A) is a bounded direct extension of U. This

establishes (i).

To prove (ii), observe that AAL is a Q-sublattice of the characteriz-
ing Q-sublattice ALf of C{XL,, Q). Moreover, it is clear that (Z/, A) is
a normal (direct) extension of L if and only if (ALf, I) is a normal (direct)
extension of AAL. The equivalence of (1), (2), and (3) is therefore an
immediate consequence of Lemma 8.7.

We can now state our second characterization of the lattice C(X, K).

THEOREM 8.9. If L is a bounded C^lattice relative to the separat-
ing chain Q, and if, for each bounded direct extension (Z/, A) of L, L
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is isomorphic to U', then XL is a compact Q-normal space and L is
lattice isomorphic to C(XL, Q). Conversely, if X is a compact K-normal
space and if Q is an order-dense subchain of K, then Q is a separat-
ing chain in C(X, K) and, relative to Q, C(X, K) is a bounded C^lat-
tice with the property that if (L', A) is a bounded direct extension of
C(X, K), then A is an isomorphism of C(X, K) onto L\ Moreover, both
of the preceding statements hold if "direct extension" is replaced by
"normal extension".

Proof. Suppose first that L satisfies the conditions of the first
statement of the theorem. If we denote by Δ the isomorphism / - > / *
of L into C(XL, Q), then, by Theorem 7.4 and Lemma 8.8(i), XL is
a compact Q-normal space and (C(XL, Q), Δ) is a bounded direct exten-
sion of L. Therefore, by hypothesis, L is isomorphic to C(XLt Q).

Conversely, suppose that X is a compact iΓ-normal space and that
Q is an order-dense subchain of K. Then, by Theorem 5.12, C(X, K) is
a bounded CΊ-lattice relative to the separating chain Q. Let (I/, A) be
a bounded direct extension of L — C(X, K) and denote by Δ the isomor-
phism / - > / * of U into C(XL,,Q). Then, by Lemma 8.8 (ii), ΔAL is
a characterizing sublattice of C(XL,, Q) so that, by Theorem 4.3, X is
homeomorphic to XL,. Then C(XL,, Q) is isomorphic to C(X, K) and
hence also to ΔAL. But then, by Lemma 8.5, ΔAL — C(XLr, Q). It fol-
lows that A is an isomorphism of C(X, K) onto Lf.

The final statement of the theorem is a consequence of the fact
(Lemma 8.8 (ii)) that a bounded extension is direct if and only if it is
normal. The proof is now complete

The preceding theorem yields a second solution of Birkhoff's Prob-
lem 81 (cf. the proof of Corollary 8.4).

COROLLARY 8.10. A lattice L is isomorphic to the lattice C(X, R)
for some compact Hausdorff space X if and only if (i) L contains
a countable separating chain Q relative to which L is a bounded Cλ-
lattice, and (ii) L is isomorphic to U for every bounded direct (normal)
extension (L', A) of L.

9 Remarks on earlier characterizations of C(X, R). We now turn
our attention to the case in which K is the real chain R. In this final
section we indicate briefly the relation between our results, particularly
Theorem 7.7, and the known representation theorems for partially or-
dered groups ([15], [4], and [5]) and for translation lattices [9]. Since
there clearly exist characterizing Q-sublattices of C(X, R) which are
neither groups nor translation lattices, Theorem 7.7 is not subsumed by
these earlier results.



CHARACTERIZATIONS OF CERTAIN LATTICES OF FUNCTIONS 363

Now let G be a partially ordered commutative group satisfying the
following conditions:

(i) G contains a subgroup Q order-isomorphic to an order-dense sub-
group of the simply ordered group R of real numbers.

(ii) Q contains an archimedean element for G (i.e., there is an e e Q
such that if / 6 G, then ne ^ / for some positive integer n).

(iii) If /, g e G and if nf + g ^ 0 (n = 1, 2, •)> then / ^ 0.
If G is the lattice-ordered group generated by G in the completion

of G (cf. [5]), then it can be proved directly that G is a bounded Cλ-
lattice relative to the separating chain Q in G. Consequently, by
Theorem 7.7, the mapping / - > / * maps G lattice isomorphically onto
a characterizing Q-sublattice G* of C(X-&, R). It is easily seen that G*
is a lattice-ordered subgroup of C(X^, R) and that the mapping / - > / *
preserves the group operations of G. If G is initially a lattice-ordered
group, then G — G; an application of Lemma 8.2 then yields Stone's
characterization [15]. In general, since the image G* of G in G* is
a partially ordered subgroup of C(X-g, R) which separates points in X-Q, we
obtain Fan's characterization [4] by making use of a direct extension
argument for partially ordered groups.

In this connection we observe that Fleischer [5] obtains a represen-
tation of a partially ordered group as a point separating group of con-
tinuous real-valued functions on a compact Hausdorff space from condi-
tions (ii) and (iii) alone. This very general result (cf. Problem II of
the Introduction) apparently cannot be deduced from Theorem 7.7 since,
for such a group, G need not satisfy (C.2) relative to any subchain; for
example, let G be the simply ordered group of integers.

It is easily seen that the real translates of any element in a trans-
lation lattice [9] form a separating chain in the lattice relative to which
(C.2') is satisfied. However, simple examples of translation lattices can
be found that fail to be characterizing sublattices for any compact
space.10 Consequently, translation lattices need not be Crlattices, and
thus our results do not imply Kaplansky's.

Kaplansky points out that in order to obtain C(X, R) from a sub-
translation lattice an appropriate " stretching axiom " is required. Clearly
condition (C.I) relative to some chain of translates provides such an axiom.
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