HIGHER DIMENSIONAL CYCLIC ELEMENTS

JOHN GARY

Introduction. Whyburn, in 1934, introduced the higher dimensional
cyclic elements [5]. He gave an analysis of the structure of the homology
groups of a space in terms of its cyclic elements. His results were for
finite dimensional spaces, and he used the integers modulo two as the
coefficient group. Puckett generalized some of Whyburn’s results to
compact metric spaces [3]. Simon has shown that if £ is a closed sub-
set of a compact space MM, which contains all the ( — 1)-dimensional
cyclic elements of M, then H"(E)~ H"(M)[4]. He also obtained a direct
sum decomposition of H"(M) using the cyclic elements of M. We will
extend some of these results.

The properties of zero-dimensional cyclic elements in locally con-
nected spaces, and the relation of these cyclic elements to monotone
mappings, is basic in the applications of zero-dimensional cyclic element
theory. We shall give some counter-examples concerning the generaliza-
tion of these properties to higher dimensional cyclic elements.

1. Preliminaries. Throughout this paper M will always denote a
compact Hausdorff space. We shall use the augmented Cech homology
and cohomology with a field as coefficient group. Results stated in
terms of cohomology may be given a dual expression in terms of ho-
mology by means of the dot product duality for the Cech theory.

DEFINITION 1.1. A T, set in M is a closed subset T' of M such
that H"(K) = 0, for all closed subsets K of T.

DEFINITION 1.2. An E, set in M is a non-degenerate subset of M
which is maximal with respect to the property that it can not be dis-
connected by a T, set of M.

The proofs of Lemmas 1.3 through 1.9 can be found in the papers
by Whyburn [5] and Simon [4]. The proofs given by Whyburn are for
subsets of Euclidean space, but they can be carried over to our case
without difficulty.

LEMMA 1.3. Let K be a subset of M which can not be disconnected
by a T, set. If M= M,UM,, T,-separated (by this we mean M, and
M, are proper closed subsets and M,NM, is a T, set), then K M, (or,
Kc M,).
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LEMMA 14. If K is an E, set, then K is closed and connected.

LEMMA 1.5. If K, and K, are both E, sets and K, + K,, then
KNK, s a T, set. Any T, set is also a T,., set.

LEMMA 1.6. If K is a non-degenerate subset of M, which can not

be disconnected by a T, set, then K 1is contained in a unique E, sel
wm M.

DEeFINITION 1.7. If v"e H'(M) and D is a minimal, closed subset
of M such that *(y") # 0 (where *: H"(M)— H"(D) is the inclusion
map), then D is called a floor for .

LEMMA 1.8. If v e H'(M) and " + 0, then there exists a floor
Jor o,

LemMmA 1.9. If D isa floor for o7, then D can not be disconnected
by a T,_, set.

LEmMMA 1.10. If {E*, ---, E™} s a finite collection of E,_, sets in
M, with M + UL, E*®, then there exist proper, closed subsets, M, and
M,, of M such that (1) M = M,UM,, (2) M,N M, is the union of a finite
number of T,_, sets (therefore, M,NM, is a T, set), (3) M,DUr, E".

Proof. The proof will be by induction on #n. The case n = 1 fol-
lows from Lemma 1.8.

Assume the lemma is true up to n — 1. Since M is not an E._,
set, we have M= M,UM, T, -separated. Let E=Upr,E'. If
M — E)N(M — (M,;NM,)) = ¢, then the desired T, ,-separation of M
could be obtained by using the boundary of an open set in M,NM,.
Therefore, we can assume (M — E)N(M — M,) + ¢. By Lemma 1.3,
we can assume Ui, E*'c M, and U~,.. E'cM,, where 1 <s<n. We
must have E'c(M — M,), for 1 <47 < s. Otherwise, we could separate
E' by the T,_, set (M — M,)N(M,NM,). Since (M — E)N(M — M,) + ¢,
(M — M) + Ui-. E*. Thus, by the induction assumption, (M — M,) =
M,U M, where U;., E® is contained in M, and M,N M, is the union of
a finite number of 7,., sets. If we let M, = M,UM, and M, = M,
then

(1) M = M1U]TI2’

2) Mlﬂfllz is the union of a finite number of T,_, sets,

3) Uik.E'cM,

4) M, and M, are proper closed subsets of M.
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2. Cyclic elements and the structure of M.

DEFINITION 2.1. A closed subset A of M is called a L, set if every
E,._, set, whose intersection with 4 is not a T, set, is contained in A.
The proofs of the following theorems are given below.

THEOREM 2.2. If A is a L, set, then 1*: H'(M)— H"(A) is onto.
Thus, by duality, 1,: H(A)— H(M) 1is one-to-one.

THEOREM 2.3. Let A be a closed subet with the following property:
if K is an E,_, set and H'(E) =+ 0, then E 1is contained in A. Then
the map i*: H' (M) — H"(A) is one-to-one and, by duality, i,: H(A) —
H, (M) s onto.

THEOREM 2.4. Suppose there are only a finite number, say
{E*, -+, E"}, of K,_, sels such that H"(E')+ 0. Let A= UL E".
Then the mappings i*: H'(M)— H"(A) and 1i,: H(A) — H(A) are iso-
morphisms.

REMARK. Theorem 2.4 can not be generalized to an infinite number
of E._, sets, as the following example shows. In Euclidean space let
M=DU[U: C;, where D= {(x,9,2)|2=0,2>+4*=<1} and C,=
{(x,y,2)|z =1/t,2* + y*=1}. We do not have H,(U:x.C,) ~ H(M),
under the inclusion mapping.

THEOREM 2.5. Let v"e H"'(M) and suppose U 1is an open set, such
that if D is a floor for v, then D 1s contained in U (see Definition
1.7). Then there exists a v,e H'(M, M — U) such that o = j*(vi),
where j*: H' (M, M — U) — H"(M).

THEOREM 2.6. Assume E is an E,_, set in M and N 1is a closed
subset of M, where NN E =¢. Then the composite mapping ji.: H(E)—
H(M,N) is one-to-one. Here, 1,: H(E)— H(M) and j,: H(M)—
H, (M, N) are the natural mappings.

LEMMA 2.7. Let (M, A) be a compact pair with v € H'(A). If
8*(v") # 0, where 8*: H'(A)— H™ (M, A), then there 1is a minimal
closed set B such that BC A, and &5(vy) +# 0. Here, 85: H'(B)—
H™*(M, B) and 7% = *(v"), where i*: H"(A) — H"(B).

LEMMA 2.8. Let B be a minitmal set defined in Lemma 2.7. There
exists a mimmal closed set N such that §*(vy) #+ 0, where 8*: H'(B) —
H"™*Y(N, B).
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Proof. The proof of these lemmas is obtained from the continuity
of the Cech theory and Zorn’s lemma.

LEMMA 2.9. The set N, in Lemma 2.8, can not be disconnected by
a T,_, set.

Proof. Suppose N = N,UN,, where N,NN,is a T, set. We will
show this to be impossible, unless N = N,. Let B be as defined in
Lemma 2.8, and define B, = N,NB (i =1,2). We will show that the
mapping induced by inclusion

K*: H*(N, B) — H™*(N,, B,) ® H"*(N,, B,)

is an isomorphism. We use the relative Mayer-Vietoris sequence given
below; note that T'= N,NN, is a T,_, set [2].

H™(N,, B) ® H™*(N,, B)) —— H*(N, B)

R ;
HY(N, N)— H™*N, N,UB) + H™N, N,UB)—~= H"*(N, BU T)
— H"™Y(N, N) .

The mappings ¥ and iF are isomorphisms by excision, the map K* by
exactness. Using the three exact sequences given below we see that
1* i3 an isomorphism.

HBNT)—-HMBUT)—HB)DH(T)—>HBNT)
HMBUT)— H(B)— H*BUT,B)— H*(BUT)— H**'(B)
HBUT,B)— H*(N,BUT)— H*(N,B)— H*(BUT,B).

The first is a Mayer-Vietoris sequence, the second is a sequence for a

pair, the third is a sequence for a triple. Thus K* is an isomorphism.
In the diagram below, since 83(v;) # 0, we may assume 8y ¢;'(v3) # 0.

K*

H™*(N, B) H™*(N,, B)) ® H™*Y(N,, B,)
Fa 1
. /
o5 H™*(M, B) 5%, 3% .
RO
b3 @ g3 AN
H'(B) : H'(B)® H'(B)

We now have &F¢f(v;) # 0, since 87 ¢pi(v:) = 65,¢(vs) # 0. This im-
plies B, = B, by the definition of B. Therefore, ¢¥(v}) =17, and
8% ¥ (vs) = 8% (v3) # 0. Since N is minimal, we must have N,= N.
Thus, N can not be disconnected by a T,_, set.
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Proof of Theorem 2.2. We will show 6*(v") = 0, for all v"e H"(4),
where 8*: H"(A) — H"(M, A). Suppose not; then choose N and B ac-
cording to Lemma 2.8. Then there exists an FE,_, set containing N, by
Lemma 1.6. Let E denote this E,_, set. Since E contains N, we have
ENnA>B. Since H(B)+ 0, B is not a T, set. Therefore EC A, be-
cause A is an L, set. This implies that N is contained in 4. But this
is impossible, as the diagram below shows. By the definition of the
pair (N, B), 8*i*(v") + 0.

ox
H'(A)—> H"*Y(A, B)

]

H(B)-> H"(N, B) .
Proof of Theorem 2.3. Consider the exact sequence:

HY(M, 4) -5 7o) =5 m7(4)

Suppose j*(7") # 0, where v e H"(M, A). By Lemmas 1.9 and 1.6 there
is an E._, set which contains a floor for 7*(v"). Let E be this E,_, set.
Since E contains a floor for j*(v"), H'(¥) =+ 0. Therefore, £ C A; which
implies i*7*(v*) # 0, since E contains a floor for j*(v"). Therefore j*
is a trivial map and 4* is one-to-one.

Proof of Theorem 2.4. By Theorem 2.3, +*: H/(A) — H(M) is onto.
If ©.(Z,) =0, for some Z, e H,(A); then there is a minimal set K such that

1) KDoA, and

(2) 1%(Z.) =0, where 15 : H(A)— H(K) [2]. If K+ A; then, by
Lemma 1.10, we have K = K,UK,, T,.-separated. The Mayer-Vietoris
sequence below implies 251(Z,) = 0, where 51 : H(A) — H.(K)).

H(K.NK,)— H(K,)® H(K, — H(K) .

Therefore, K = A and Z, = 0, or 1, is one-to-one.

Proof of Theorem 2.5. Consider the exact sequence,
H{(M, M — U)—2 B (M)~ B (M — U) .

We will show %(y") = 0, where 9" is the element of H"(M) given in
the theorem. Suppose i*(y") # 0; then, by Lemma 1.8, there exists a
floor for i*(y") contained in M — U. If D is this floor, then D is a
floor for v", since i =1,,1*. Here, i;: H'(M)—H"(D) and i;,: H'(M —U)—
H"(D) are inclusion mappings. Therefore, by the definition of U, D is
contained in U. This is impossible, hence i*(y") = 0.
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Proof of Theorem 2.6. Let ¢, = j.i,., and suppose ¢.(Z,) =0, for
some Z,.€ H(E). Then there exists a minimal closed set K in M such
that K D F and ¢%(Z,) = 0, where ¢%: H(E)— H(K, KN N) is analo-
gous to ¢, defined above. This follows from Zorn’s lemma and conti-
nuity. We will assume K #+ E. Since E is an E,_, set, we can write
K=K UK, T,_-separated. Also, we can assume F C K,. Consider the
following commutative diagram:

H,(K.NK.NN)  H,_(K.NK)

H(KAN) s H(K) " H(K, K N)
i IR /
L L
Ok ¢ HJ(E)
N
am
H(E,AN) HEK) - B(K, K.0N)
® @ @

7]2
H(K,N\N) ——— H/(K)

T |

H(K.NK,NN)  H(K.NK)

The two vertical sequences are Mayer-Vietoris sequences. Also, the
two horizontal sequences are exact. We have

Hr—-l(KlmK2) = H—l(Kansz) = H/(K.NK,)= H(K,NK,NN) =0,

since K,NK, is a T,_, set. Since ¢%(Z,) = 7515(Z,) = 0, there exists a
Z!e H(K N N) such that 43.(Z}) = 1£(Z,). There exists

(Z, Z)e H(K,NN)®D H(K,NN)
such that (7%, Z2) = Z3. By commutativity,
V(Z)), VL Z,)) (25, Z7) = 13 Z3) = 14, ,
and
Vi(15UZ,), 0) = i%(Z,) .
By exactness, % is an isomorphism, hence \.(Z.) = i51(Z,). Therefore,

JEuS(Z,) = jEul(ZL) = 0. But this is impossible, since K is minimal.
Thus, K = E and ¢* is one-to-one.
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3. Cyclic elements in locally connected spaces. The zero-dimen-
sional cyclic elements in a locally connected continuum have several
useful properties. For example, if the continuum M is locally connected,
then the zero-dimensional cyclic elements of M are also locally connected
and these cyclic elements form a null sequence. Also, the simple
0-links (definition below) are identical with the F, sets in an l¢’ space [6].
The examples below show that these properties do not generalize.

DEFINITION 3.1. A non-degenerate subset K of M is called a simple
r-link of M, if K is maximal with respect to the following property:
if M= M, U M,, T,-separated, then K < M, (or K M,). In other words,
K is a maximal subset which can not be separated by a 7, set that
also separates M.

LEMmA 8.2. All simple r-links in M are closed. If K, and K,
are two distinct simple r-links in M, then K NK, is a T, set. If L
18 a mon-degenerate subset of M that is mot disconnected by any T, set
which also disconnects M, then L 1s contained in a simple r-link of M.

Proof. The proof is similar to those for the corresponding lemmas
for cyclic elements.

ExamMpPLE. We will construct an l¢” space M in which the collection
of E, sets does not form a null sequence. This example will also show
that, in an l¢" space, the simple #-links need not be the same as the
E, sets.

For each positive integer n, let R, be a solid, three dimensional
rod of height one and diameter 1/2". In Euclidean three-space, define
ITby I={xv,2|x=0y=00=<z=x<1}. Imbed R, in three-space so
that R, is tangent to R,., and the sequence of sets R, converges to I
(i.e. R,= {(x,2,2)|2*+ (y — 32" <1/2" 0 <z=1}). Let M be
the set [U;., R, JUI. Then M is a compact lc¢' space, each R, is an K,
set in M, but the collection {R,} is not a null sequence. Also, [ is a
simple 1-link, but is not an E, set.

THEOREM 3.3. If Mis s —lc and E 1is an E, set of M, where
s=r, then E is s — lc.

Proof. Given any xe E, and an open set U° of E containing =,
then there exists an open set U of M such that UN E = U°. Since M
is s — l¢, there exists an open set V, containing x, such that Vc U
and any compact s-cycle in ¥V bounds on a compact subset of U. Let
Z, be a compact cycle on VN E =V’ Then there exists a minimal
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closed set K in M such that V°c K c U, and Z, bounds on K. By using
the Mayer-Vietoris sequence, as it was used in the proof of Theorem
2.4, we can show Kc U°’. Therefore Z, bounds in U°® and E is s — le.

ExamMpLE. We will construct a compact l¢” space which contains
an FE, set which is not le". Consider the following curve in three-space:

r=0,y=t,z=sin(n/t), for 0 <t =1.

Expand this curve slightly so that it becomes a solid, three dimensional
figure, which oscillates as it approaches the origin. Let N be this space,
along with its limiting line segment on the =z-axis. Let P =
{(2,9,2)|[e=0,0=y <1, —1<2<1}; then define M = PUN. Thus
N is an E, set in M and M is l¢' but N is not 0 — lc.

4. Cyclic elements and monotone mappings. A very basic property
of the zero-dimensional cyclic element theory is the following: if f: M —
N is a monotone mapping (¢.e. the inverse image of any point is con-
nected), M and N are Ic¢°, and E, is an E, set in N; then there is an
E, set in M whose image under f contains E,. This result does not
hold in higher dimensions, as the example below demonstrates. The
best result we have obtained in this direction is Theorem 4.2.

DEFINITION 4.1. A mapping f: M— N is r-monotone, if H*(f~'(y))=0,
for all ye N and 0 < s < 7.

THEOREM 4.2. Let f be an (r — 1)-monotone mapping of M onto N,
where M and N are compact Hausdorff spaces. If Dy is a floor for
v € H'(N), then there exists a floor Dy for f*(v%) such that f(Dy)=Dy.

Proof. Since f is (r — 1)-monotone, f*: H"(N)— H"(M) is a one-
to-one mapping [1]. Therefore, f*(v%) #+ 0. Consider the commutative
diagram below. The vertical mappings are inclusion mappings; and D,
is defined below.

M———f———>N

la T
Si

Jf 7 (Dy) —— Dy

IJ'M P TjN

D, — f(Dy) .

The mapping f, is the restriction of f to f-'(Dy). Therefore, f, is
(r — 1)-monotone. Since D, is a floor for o4, i5(vy) # 0. Since
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[ H(Dy) — H'(f~(D)) is one-to-one, i}f*(vy) = fiii(v%) # 0. There-
fore, f~*(Dy) contains a floor for f*(v%). Denote this floor by D, and
let f, be the restriction of f to Dy. By the definition of a floor,
It f*(vy) # 0. Sinece jiidf*(vy) = fiixin(vy), we have j¥ik(vy) # 0.
This implies f(Dy) = Dy, since D, is a floor for +%.

We shall omit the proofs of Lemmas 4.3 and 4.5.

LEmMMA 4.3. Let N, and N, be subsets of M which can not be dis-
connected by a T, set. Suppose that N,UN, is not a T, set. Then
N,UN, can not be disconnected by a T, set.

LEmMMA 4.4. Let f: M— N, and suppose TCN is a T, set such
that £~ (T) is also a T, set. Also, assume f 1is a homeomorphism of
M —f-YT) onto N—T. Then, if TV is a T, set in N, f~Y(T%) is a
T, set in M.

Proof. Let K be a closed subset of f-%(T~). Denote f-Y(T) by
T-'. In the commutative diagram below £} is an isomorphism, by ex-
cision. Therefore, by exactness, H"(K) = 0.

H/(K, KN T — H(K) — HK N T

NG

H'(f(K), f(KNT™) — H'(f(K)) —

LEMMA 4.5. Assume f is a mapping of M onto N such that the
inverse image of any T, set in N is a T, set in M. If KC M can
not be disconnected by a T, set in M, then f(K) can not be disconnected
a T, set in N.

ExampLE. If f is an r-monotone mapping of M onto N, where M
and N are lc” spaces and E¥ is an E, set in N; there may not be an
E, set, E¥, in M such that f(E*)DE”.

We will construct the example in three space. Consider the follow-
ing solid cylinders:

Ml: {(xryrz)lxz“{‘yzél, Oézgl}
M, ={xy2)2+@Wy—-2r<1,0=<z2z<1}.

The cylinders M, and M, are tangent along [ = {(x,y,z2)|x =0,
y=1,0<2=<1}. Let M, be an arec joining the endpoints of I, which does
not meet M,U M, except at these endpoints. Let M = Ui, M,. We
will define a decomposition of M, and will let f: M — N be the decom-
position mapping.
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To form N, identify all the points in M, into a single point. Then
the mapping f: M — N is r-monotone for all » and the restriction of f
to M — M, is a homeomorphism.

We will show that N is an E, set. First, neither M, nor M, can
be disconnected by a 7, set. Lemmas 4.4 and 4.5 imply that neither
f(M,) nor f(M,) can be disconnected by a T, set. By Lemma 4.3, N =
F(M)U f(M,) can not be disconnected by a 7T, set, since f(M,) U f(IM,)
contains an essential l-cycle. If K is a closed subset of M such that
f(K)DN, then Ko M, U M,. Then K can be disconnected by a T, set,
namely M,N M, Therefore, there is no E, set in M whose image is N.

Note that M is obviously l¢” for all . Therefore N is also ¢,
for all », since f is r-monotone, for all ».

REFERENCES

1. E. G. Begle, The Vigctoris mapping theorem for bicompact spaces, Annals of Math.,
(2) 51 (1950), 534-542.

2. Samuel Eilenberg and Norman Steenrod, Foundations of Algebraic Topology, Princeton,
1952.

3. W. J. Puckett, Jr., A theorem concerning homologies in a compact space, Fundamentae
Mathematicae, 31-32 (1938), 32.

4. Arthur Simon, N-Cyclic elemsnts, Duke Math. Journal, 24 (1957), 1-7.

5. G. T. Whyburn, Cyclic elements of higher order, Amer. J. Math., 56 (1934), 133-146.
6. ———— Analytic Topology, Amer. Math. Soc. Coll. Pub., 1942.

7. R. L. Wilder, Topology of Manifolds, Amer. Math. Soc. Coll. Pub. 1949.

CALIFORNIA INSTITUTE OF TECHNOLOGY





