DECOMPOSITION FIELDS OF DIFFERENCE SETS

KoicHI YAMAMOTO

1. DPreliminaries from cyclotomic fields. In this paper we denote
the rational number field by @, and its subring of all rational integers
by Z. All algebraic quantities are to be contained in a “sufficiently
large” cyclotomic field over Q. We also denote by ¢, an unspecified
primitive mth root of unity.

If p is a prime ideal, @ an integer #0 of a cyclotomic field Q(¢,.),
then the p-component of « is, by definition, the power of p which
exactly divides @. If a is an ideal #0 of Q(¢,), then the a-compo-
nent of « is defined as the product of the p-components of & extended
over all prime ideal divisors of a.

Theorem 1 below will be frequently used later, and is essentially
based on the well-known theorem in the theory of cyclotomic fields:
The set of all integers of the cyclotomic field Q(¢,.) is identical with
the ring Z[¢,].

Let C be a number-theoretic function, whose values are contained
in the ring Z[¢,]. We define the difference operator 4(p) by

A)C(1) = C + p) — C() .

Here p is a rational number not necessarily an integer. But we
make the convention that C(0) = 0 if p is not an integer, so — 4(p)
will be an identity operator if p is not an integer. . We say that C
is a periodic function with a period » if 4(»)C(¢) = 0 for all <.

THEOREM 1. Let n = ph ... pls be the prime-power decomposition
of n. Let m be relatively prime to n, C be a periodic mumber-
theoretic function, with period n whose values C(i) are integers of
the cyclotomic field Q(C,), and f(x) = Szt C(R)xi. Moreover let d be
a divisor of n and a be an integer of Q(C,).

Then, in order that f(&r) = 0 (mod «) for all divisors r of d, it
is necessary and sufficient that

P - Ped(npr) -+ A(npstsT)C(E) = 0 (mod @)
for all © and for all t,, ---,t, such that pi--- ps|d.
Proof. (1) We can assume s >0, so we first consider the case

s=1. Put n=7p" d=p* and we proceed by an induction on u.
Now we have
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C(i + P>

=0

SHCG + p) — Cpg= ™,

rey="5"%
=5

by using the fact that &2'™' = ¢, is a primitive pth root of unity, or
that S221¢5 =0. The p*(p— 1) integers &i*»'™ for 0 <1 < P,
1 =<7 < pforma Z|[¢,]-basis of the ring Z[{,.], and we have f£(£,) =0
(mod «) if and only if C(¢ + p*~%) — C(¢) = 0 (mod ) for all choices
of 7,7 above. This condition is equivalent to

Anp™)C() =0 (mod @)

for all 4. This shows the validity of our assertion for u = 0.

(2) Assume therefore s =1, v > 0 and assume the validity of
the assertion for smaller values of u. Now we have

fe) =g e = 5 (506 + 9 o (mod1—w) .

As was proved in (1) above, it follows from f(¢,) =0 (mod @) that
C(i) = C@ + %) (mod @). Thus if we define

pl—1-1

g@) =p 3 C@x™”,

then
f(@?) = g(x) (mode,l— 2").

The condition f(¢2) =0 (moda) for all ¢ such that 0 <t <wu is
equivalent to f(£2) = 0 (mod @) and ¢(£2") = 0 (mod @) for all ¢ such
that 0 < ¢ <u — 1. The last is equivalent to, by the induction hypo-
thesis, that p'4(p'*")C(¢) = 0 (mod &) and p**4(p*~—**)C(¢) = 0 (mod «)
for all 0 <t =<wu — 1, namely to p'4(p'~*")C(z) = 0 (mod ) for all ¢
such that 0 < ¢ <u. This shows the validity of the theorem for
s=1,

(8) Now assume s >1 and assume the validity of the theorem
for smaller values of s. Put n = nmn/, n, = ph, » = ph--. ps, d =
dd, d, = n,d), d = @,d). Any divisor r of d is written uniquely
as r = r,r' where r,|d, 7' |d’. For a given ¢ there are j, k such
that

t=n"7 +nk (modmn),

and 7, k are determined (mod n,) and (mod n’) respectively. Hence

n1—1 p

flx) = 5_‘_, Z Cn'j + mk)xi+m* (mod1 — z"),
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-1 g/ —

1
> 5 O] + mk)ey g

=0

F&)

I

ny—1
= 3, C*&wr, J)
j=0

where
C*w,9) = 3, O + ' .

Now ¢’ = £ is a primitive n,th root of unity and {3 = % s a primi-
tive n'th root of unity. And the condition f(;) =0 (moda) for
some ¢, implies of course the same congruence for all primitive nth
roots of unity. Thus f({}) = 0 (mod ) for some ¢, implies that

by C*(”, & =0 (mod a)

for all primitive n,th roots of unity &€ and for all n’th roots of unity
7. Note that C*(7", j) are integers of Q({.., 1) = Q€ ,.) With (mn', n) =
1. Applying the already established case s =1 of the Theorem to
the polynomial 3\71' C*(%”, 7)a?, we see that f(¢5) = 0 (mod «) for all
r such that r|d if and only if

pidi(npr)C* (7, 7) = 0 (mod @)

for all ¢, such that pi|d, and for all ' such that »'|d’. Here 4;(0)
denotes the difference operator to apply on the argument 7. The
above condition may be stated as

0S4 YO W' + mk)yE = 0 (mod @)
k=0

for all ¢, and 7’ such that pi1|d, and 7' |d’. Now we can apply the
induction hypothesis to the polynomial pit > p 5" 4(n,pr ) C(n'g + n.k)x®,
because the coefficients are integers of Q(¢.), (m,n) =1 and »n' has
s — 1 distinet prime divisors. Thus we see that the last condition is
true if and only if

PUpE -+ - Pdi(mpr )40 ) <o AP TC (T + nik)
= pit -+« ped(nprT) - - - Anpt)C(1) = 0 (mod @)
for all ¢ and for all £, ---, ¢, such that pi ... pls|d.
COROLLARY. Under the same motations as in Theorem 1, let
Surthermore S be a set of divisors of m such tnat reS and r'|r

implies v' € S. Then in order that () =0 (mod @) for all resS,
it 18 mecessary and sufficient that

Pt -+ ped(npr) -+ Anp;)CE) = 0 (mod )
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for all v and for all pir-.- pis =resS.

2. Difference sets. Let D = {a, ---,a,} be a (v, k, \)-difference
set. We denote the quantity k¥ — » by n. We associate with D its
generating polynomial g,(x) = g(x) defined by g(x) = >k, x*, which
is determined (mod 1 — #*). As is well known the condition

*) gr)g@ N =n+Ml+2+ - +2°7) (modl — 2v)

characterizes the difference set property of the set D. The above
implies that

(1) 9@)9E) =mn

for all vth roots of unity ¢ # 1, where v denotes the complex conju-
gation of the field Q(¢,)/Q. As is easily verified, the condition (1)
implies conversely the relation (*). This is the reason why the two
parameters v and » are the most fundamental to a number-theoretic
study of difference sets. If v is even, then n is a square as seen
from (1) for £ = —1. Also k is determined by the quadratic equation

(2) k(v — k) =n(v — 1),
and ) by
(3) My —2n —A)=n(n—1).

From (3) follows that n +(n —1) = v—2n=<n(n — 1)+ 1 or
(4) n—1=v=n"4+n+1.

The two extreme cases v = 4n — 1 and v = »* + n + 1 correspond to
the difference sets of Hadamard type and to the difference sets of
projective planes.

If we fix n then there are t(n)r(n — 1) ways of choosing parame-
ters (v, k, \) satisfying the relations k(k — 1) = (v — I)hand bk — » =
n, where 7(m) denotes the number of divisors of m. Similarly, if
we fix v, then there are 2°®" ways of choosing these parameters,
where w(m) denotes the number of distinet prime divisors of m.

The difference set D will be called nontrivial if » > 1 and » > 1.
We consider nontrivial difference sets exclusively in this paper.

There are several difference sets closely related to a given
difference set D. If D is a (v, k, \)-difference set, v and B are
integers such that (8,v) =1, then D+ u={a;, + 4, --+,a, + u} and
BD = {Ba,, ---, Ba,} are (v, k, \)-difference sets, similar to D. The
difference set (—1)D will be denoted by —D. Furthermore the re-
gidual set D* ={0,1, -, v—1} — D of Dis a (v,v — k, v — 2n — \)-
difference set, which is called the residual difference set of D. Note
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that D* has the parameters v* =v, k* =v —k, \* =v — 2n — ),
n* = n, and that the relations (2) and (3) may be written as kk* =
n(v — 1), M\* = n(n — 1) together with kb + k* = », A + \* = v — 2n.
As for the generating polynomials we note that

Ip+u(®) = 2"gp(2) (mod1 — 2°),
(5) 9ep(®) = g5(2P) (mod 1 — %),
9@+ gp(@) =1+ 2+ -+ + 2 (modl — 2v) .

In particular we see that for any vth root of unity ¢ = 1 that
(6) g9-n(&) = g,(8)", 9(8) = —9,(¢) .

Besides the generating polynomial g,(x) = g(x), it is sometimes
useful to consider the d-generating polynomial g,(x) for a divisor d
of v. This is, by definition, the generating polynomial g(x) reduced
(mod 1 — 2%, or

0.0) = 5, GO’ (mod 1 — o),

where C(7) is the number of elements a; of the set D satisfying
a; =1 (modd). It is to be noted that

(7) 0§C(i)§§

for all 4. The congruences (5) are true when g(x) are replaced by
d-generating polynomials, and the modulus by 1 — 2% Similarly the
equations (6) remain true when g¢g(z) are replaced by d-generating
polynomials, for any dth root of unity ¢ + 1.

3. Decomposition field of a difference set. Let » be a prime, p
be any prime ideal divisor of » in @(¢,)/Q. Then the set of all
automorphisms 4 of Q(¢,)/Q satisfying p® = p constitutes the decom-
position group 3, of p. Because Q(£,)/Q is an abelian extension, the
group 3, is the same for all p, called the decomposition group of p
in Q(¢")/Q, and denoted by 3,. It is generated by the set of all
Frobenius automorphisms F = (¢, — ¢%) where v = pv' (v', p) =1,
the effect of F' on ¢, being arbitrary. The subfield K, corresponding
to 3, is called the decomposition field of p» in Q(,)/Q. If d is a
divisor of v, then it is known that the decomposition field of » in
Q(£,)/Q is equal to the intersection K, N Q(&,).

If Dis a (v, k, M)-difference set, then the intersection B of all
decomposition groups 3, in Q(&,)/Q with »|n will be called the decom-
position group of the difference set D, the subfield of Q(&,)/Q corre-
sponding to it the decomposition field of D, Note that these concepts
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are completely determined by the parameters v and =, so are the
same for all difference sets similar to D, and also for D*.

THEOREM 2. Assume that there exists a (v, k, \)-difference set
D. Let p be a prime divisor of m, d be a divisor of v such that
d+1, (p,d) =1 and that the decomposition field of p wn Q(&)/Q s
real. Then the exponent of the p-component of m is even.

Proof. The complex conjugation 7 of Q(£,)/Q belongs to the
decompostion group 3, of » by assumption. Namely p* = p for all
prime ideal divisors p of p. This means that ¢(&,) and ¢(&;)° have
the same p-component for all these prime ideal divisors p of p, and
so they have the same p-component, say b. Since d # 1 it follows
from (1) that the p-component p° of n is =b'** = b?, Therefore b is
divisible by all the prime ideal divisors p of p with the same exponent.
But because p is unramified in Q(%,)/Q, 0 is a power of (p) and e is
even,

COROLLARY 1. If there exists a (v, k, N)-difference set with real
decomposition field, then n must be a square.

Proof. The decomposition group 3, of » in Q(&,)/Q contains the
complex conjugation 7 for all prime divisors p of n and for all divisors
d of v. Thus if v has a divisor d such that (d, p) =1, d # 1, then
it follows from Theorem 2 that the p-component of 7= is a square.
If on the contrary v is a power of p, say p’, then from (2) or
(p* — 1)n = k(p* — k) follows that k is divisible by ». Therefore if
p™ is the p-component of k, then I > m and both k¥ and p* — k& have
the same p-component p™, so the p-component of » is p™™.

REMARK. The condition in the hypothesis of Theorem 2 is that
p is a prime divisor of n, d a divisor of v such that d #+ 1, and that
there exists an exponent % such that p* = —1 (mod d).

COROLLARY 2. Assume that there exists a (v, k, \)-difference set.
Define for an odd integer q, q* = (—1)V2?q. If p is a prime, p°
the p-component of n, and if q s an odd divisor of v, then

Sfor all rational prime spots r, the symbol being the Hilbert norm
residue symbol. Or, then there exists a monzero solution for the
Diophantine equation
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o 4 (—1) 0V lqy? = 22,

Proof. Because of the relation (q.¢,)* = ¢¥qsF for odd integers
q., 9;, and of the bihomomorphic property of the Hilbert residue
symbol, we can assume that ¢ is an odd prime divisor of ». The
symbol ¥(r) =1 except possibly r = p. (the rational infinite spot),
r=2 r=p and r=¢q. Now x(p.) =1 since p > 0. Moreover
%(@) =1 or =(p/q) with the Legendre symbol according as »p = q or
not. The Legendre symbol represents —1 only for p which is a
quadratic nonresidue of ¢. But in this case p*™? = —1 (mod ¢q) and
e must be even by Theorem 2. We have seen that y(p.) = x(¢q) = 1.
Now if p = 2, then we have ¥(2) = 1 by the product formula of the
Hilbert symbol. If p # 2, then we have ¥(2) = 1 since ¢* = 1 (mod 4).
So we have (in case p # q) that y(p) = 1 by the product formula.

THEOREM 3. (1) Under the same assumptions as Theorem 2,
let furthermore p° and p' be the p-components of n and v. Then
we have p** < (v/d)p.

(2) Assume that there exists a (v, k, \)-difference set. Let p be
a prime divisor of m, p° and ' be the p-components of n and v. If
e 1s even, then we have p°* < vp~.

Proof. Put w =dp' in (1) and put w = p' in (2). Denote the
generating polynomial of D by g(x). Then the decomposition group
of p in Q(¢,)/Q contains the complex conjugation 7 of Q(£.)/Q, be-
cause the restriction of 7 in Q(&,)/Q is a power of the Frobenius
automorphism F of Q(¢,)/Q, as was shown in Proof of Theorem 2.
This means that any prime ideal divisor p of » in Q(£,)/Q is invariant
under 7, and the p-component b of ¢g({,), being invariant under ,
satisfies (p?) = b'** = b? as seen from (1). It follows from Theorem 2
that e is even under assumption of 1), and e is assumed even for (2).
This implies in particular that g(¢,) = 0 (mod p°*). The same is true
for all divisors » =1 of w, because the decomposition group of p in
Q(¢,)/Q contains the complex conjugation. We have seen that g(¢) =
0 (mod p*?*) for all wth roots of unity & = 1.

On the other hand g(1) = k& is not necessarily divisible by p*2
But we see from (2) that k(v — k) = 0 (mod %), or at least one of
the two numbers ¢g,(1) = k and ¢g,(1) = v — k is =0 (mod p*?). Thus,
by replacing D by D* if necessary, we can assume that g(¢) =0
(mod p°/?) for all wth roots of unity ¢&.

Consider the w-generating polynomial g,(x) = >°= C(9)x* of D.
Since ¢,(8) = 9(¢) = 0 (mod p°’?) for all wth roots of unity £, we can
apply Theorem 1. Thus we conclude, if d = ¢it--. ¢ir is the prime-
power decomposition of d in (1) that
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g - e qirA(wgrtTY) <o A(wqr ) Awp)C(E) = 0 (mod pl?) .

Because (d,p) =1 and because 4(wq;'~') for j=1,.--,r are all
identity operators, we have A(wp~)C(7) = 0 (mod p*?) for all 2. In
the case (2) the last congruence follows immediately from Theorem 1.

Now 1 assert that there is an ¢ such that 4(wp™)C(7) # 0.
Indeed, if 4(wp~)C () = 0 for all 4, then we would have

Awai™) + -+ dwg:)A(wp™)C(3) = 0

for all ¢, which implies, again by Theorem 1 (by taking a = 0), that
9u(Cw) = 9(&,) = 0, and » = 0 by (1), a contradiction. This applies to
the case (1), and the same argument is applies to the case (2).

We have seen that C(7 + wp™) — C(¢) = 0 (mod p°*’%), but #0 for
some ¢. Then it follows from (7) that

P <|C(i +wp™) — CH)| = = == p”

A
d
for the case (1), and we have only to take d =1 in the above for
the case (2).

COROLLARY. The decomposition field of a montrivial difference
set cannot be real.

Proof. This follows immediately from Corollary 1 to Theorem 2
and the assertion (2) of Theorem 3.

Similarly it is proved that if there exists a (v, k, \)-difference
set, d is a divisor #1 of v, p, ---, p, are distinet prime divisors of
n such that p; /' d and that the decomposition fields of p; in Q(£,)/Q
are real, then pi*... pis/* < v/d, where p}i are the p,-components of n.

ExaMPLE. There does not exist a difference set for, which both
v and n are powers of the same prime. For instance (16, 6, 2)-,
(64, 28, 12)- and (256, 120, 56)-difference sets.

ReEMARK. If a and m are relatively prime integers #0, then the
order of a (mod m) is the smallest positive integer z such that a* =1
(mod m), and is denoted by z = ord,, a. Theorem 2 implies in particular
that if there exists a (v, k, A\)-difference set, and if ¢ is an odd prime
divisor of v, p is a prime such that ord, p is even, then p is contained
in » with an even exponent. The same is true if 4|v and if ord,p =
2 or p= —1 (mod4). The criterion is useful for smaller +’s since
we can use the tables in [4] for ord, p, ¢ < 1000. The assertion (1)
of Theorem 3 may be stated as: If there exists a (v, k, \)-difference
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set, d #1 a divisor of v, and if p is a prime such that p" = —1
(mod d) for some h, then p°* < (v/d)p~!, where p»* and p' are the
p-components of n and wv.

Hall [2] listed 12 choices of (v, k, \) such that 3 < k < 50, k < v/2,
for which the existence of corresponding difference sets had not been
decided by the method of multipliers. For all of these Theorem 3
establishes the non-existence very simply.

4. Difference sets with imaginary quadratic decomposition fields.
In view of Theorem 3 and its Corollary, it would be a natural step
to consider next those difference sets whose decomposition fields may
be imaginary quadratic.

THEOREM 4. Let q be a prime divisor of v such that ¢ = —1
(mod 4), ¢* be the g-component of v. Assume that any prime divisor
p of n satisfies

(i) ord,» =0 (mod 2),

(ii) ordyp=144¢"(¢—1), or

(i) p=gq.

If there exists a (v, k, \)-difference set D, then the Diophantine
equation

in=2+qy*, 02, O

IA
A
IA

Y y v+ Y

v 2v
7 ra
has a solution.

Proof. Denote by ¢ a generator of the Galois group of Q(&,)/@Q,
and by g¢g(x) the generating polynomial of D. Denote the p-component
of g(&,;) by b,. If p satisfies (i), then it follows from Theorem 2 and
Remark to it that b, is rational, b, = (p)° for some positive integer
e. If p satisfies (ii), then p is decomposed into a product of two
different prime ideal divisors p, p* in Q(£,)/Q, and the decomposition
group of p in Q(£,)/Q is equal to {6?. Thus o? leaves p and p° fixed,
and so b, fixed. The last statement is true for the case (iii), too.

Summarizing we have that b3* = b, for all prime divisors p of n.
This means that if we put v = g({,) then (7)) = (7), or ¥ =17 is
a unit of Q(&,1). We have 7t7 = y1-o0040) — yUt0 0% — pi-o? — 1 or
7] =1. Because Q(&,)/Q is totally imaginary and abelian, this im-
plies that 7 is a root of unity in Q(&:), or 7 = e, for some j, where
e=1or =—1.

Now I assert that e = 1. Indeed if we put N = ¢*~%(q — 1) then

21 eeetgN—2 N~2 ¢j 24 eeetaN—2
1 — 7]1+o‘ | +o — ¢ é‘gl(l+c + +o )

shows firstly that ¢"/? = ¢ since 4 N is odd, and secondly that ¢ is a
¢'th root of unity, therefore ¢ = 1. Moreover if ¢ = & for an
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integer s, then the above shows also that (1 — s?),/(1 — s%j = 0 (mod ¢%).
This implies that there is an integer u such that —j = (1 — s’u
(mod ¢*). In fact 1 — s*= 0 (modq) if ¢ # 3, and if ¢ = 8 then the
3-component of 1 — s* and 1 — s¥ are 3 and 3 respectively, so 7 =0
(mod 3) and there is an integer # such that —j = (1 — s*)u (mod 3%).

Replace the difference set D by D + u. Then 7 = (g9(&,)) " is
replaced by (£ng(€n)) " = £u~p = ¢4+ = 1. Namely we can
assume that g({:)”" = g(¢q), by replacing D by D + u if necessary.
Then g(¢:) = 7 is an integer of the quadratic subfield Q(V'—q) of
Q(¢,:) and » = ¥** is the norm of an integer v of Q(1—9q).

More precisely there exist integers a,b such that v = a + bw,
where @ = (—1 +1V'—q)/2, so we have 4n = (2a — b)* + ¢b’. Note
that gD*(gql) = =0 — bwy g—D(z:ql) =a¢+bo=0a—b— bw: g—D*(qu) =
—a + b+ bw, as seen from (6). Thus we can assume a = 0 and
b= 0, by replacing D by D*, —D, or —D* if necessary. We know
that w is a Gauss’s sum

@ = qé (@) = = 2 P(B)Ce T,

where +(7) = 1 or 0 according as 7 is a quadratic residue or nonresidue
of ¢, &, is a suitably chosen primitive qth root of unity, and the sign
+ is that of (j/g) for the j such that &' =&, If g.(x) = 3¢5 C (@)
is the g'-generating polynomial of D, then g, (x) — (a £ b S0=t yr(2)x? ™)
has a zero point & = ¢, so applying Theorem 1 (by taking « = 0),
we obtain

C(0) — a = C(¢") F by(3) (t=1--+,9-1).
In particular C(0) —a = C(¢"™") F b = C(—¢*"). Comparing this with
(7) we find @ <wvg7!, b <wvg~'. Note that a similar treatment on

g_p(&p) = —a + b+ bw yields |a — b| < vg”'. The Theorem is now
proved by taking ¢ = |2a¢ — b]|, ¥y = b.

REMARK. The condition (ii) in Theorem 4 is the same as ord, p =
3(g— 1) if p** # 1 (mod ¢°).

COROLLARY. If v =¢%, q being a prime with q = —1 (mod 4),
and if any prime divisor p of m has an even order or the order
3(q — 1) (mod q), p** = 1 (mod ¢%), then a nontrivial (v, k, N)-difference
set exists only if l =1, ¢ > 8, t.e., v=9 >3. In this case there
are exactly two difference sets with the parameters v =q, n = (q + 1),
namely the set of all quadratic residues of q, and its residual set,
in the sense of similarity.

Proof. The Diophantine equation 4n = a* + ¢y, 0 < 2, 0 < y < 1,
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2 + y =< 2 has only one solution x =y =1, and n = (¢ + 1). Then
g >3 from n > 1. From (4) follows that ¢ =v = »*+n + 1 =1/16
(*+6qg +23) < q* or I =1. Also if 9(¢&,) = a + bw as in Proof of
Theorem 4, then there are four possibilities for a, b, of which we
have only to consider the case a = 0, b = +1 such that we would
have ¢(&) = +w = St y(0)¢l. Then C(0) = C(®) — y(¢) for @ =
1,.---,g—1or C0) =0, C(t) = (), since C(7) and +(¢) are non-
negative. Thus D is the set of all quadratic residues of ¢, and any
difference set with the parameters v =¢q, n = $(q + 1) is similar
either to D or to D*,
In the following two Theorems, % is necessarily a square.

THEOREM 5. Let q and r be distinct prime divisors of v, ¢* and

r™ be the q-components and r-components of v respectively, and let
= —1 (mod 4), (p(¢"), p(r™)) = 2. Assume that any prime divisor

p of n satisfies one of the conditions:

(i) ord,» =0 (mod?2) and ord,p = 0 (mod 2), =0 (mod 4),

(ii) ord:p = 3 9(¢") and ord,» p = p(r™),

(iii) p =q and ord,»p = @(r™).

If there exists a (v, k, \)-difference set D, then there is a solution
for the Diophantine equation

2v , T+ Y= v .
ql/rm ql,rm

dn=2"+qy*, 0=z, 0=y

A

Proof. (1) Denote the generating polynonial of D by g(x) and
put w = ¢'r™. Then Q(¢,)/Q is the direct composite of Q(&;) and
Q(&.m) over @, and the Galois group of Q(,)/@ is generated by two
automorphisms ¢ and o such that o is a generator of the Galois group
of Q(,)/Q acting as an identity on Q(¢,»), and p is a generator of
the Galois group of Q(¢,=)/Q acting as an identity on Q(¢,:). Now if
p satisfies (i), then p* = —1 (mod w) for some z, and the p-component
b, of g(¢,) is rational by Theorem 2. If p satisfies (ii), then ord, p
is the LCM of ord, p and ord,» p, which is =2 @(w) by assumption.
The decomposition field of p in Q(£,)/Q is the quadratic field Q(V —gq).
This means that any prime ideal divisor p of » in Q(¢,) is originated
in Q' —q). Finally if p satisfies (iii), then » = q¢ = q*“" in Q(£.,)/Q
for the prime ideal divisor q of ¢ in Q(&,)/Q. The g-component b, of
9(¢,) is rational, since it is a power of q and the g-component of n
is a square by Theorem 2.

(2) Summarizing we see that for any prime divisor p of =, b, is
an ideal originated in Q(1V—gq), and so is the ideal (¢9(¢,)). If we put
v = 9(¢,) then v~ = pand v'~* = ¢ are units of Q(¢,). Then 7" =
¢*** =1, or 7 and 6 are roots of unity in Q(¢,), just as in Proof of
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Theorem 4. Hence 7'? is a ¢’th root of unity and 6" is an r™th
root of unity. But both are =v%""9"_ and we see that 7' =
6" =1, or that 7 is a root of unity in Q({,:) and 6 is a root of
unity in the subfield K fixed by ¢2. K is the composite of Q(¢,») and
Q(1V—q), of absolute degree 2¢(r™), and 6 is a root of unity in Q(&,m)
except for the case ¢ = 3; 0 if ¢ = 8, may be a 67r™th root of unity.
We have seen that v = efi, 6 = &'fim (for ¢q #+ 3) or 0 = &'tint? (for
q = 3), where 4, 7, a are integers and ¢, ¢’ are either 1 or —1. Just
as in Proof of Theorem 4, we verify that ¢ = 1, and that by replacing
D by D + ur™ for some u if necessary, we can assume 7 = 1. This
process does not affect 4, and again by replacing D by D + u'q* for
some %’ if necessary, we can assume also that 6 = ¢’ (for q # 3) or
0 = &'ty (for q = 3).

(8) First consider ¢ =3. I assert that ¢ =1. Indeed from
vt =1, v* = ¢ = +1 follows that ¥ belongs to Q' —q). If we
put O = Z[¢,], 0= Z[w], ® =(—1+1V"—¢)/2, then vO = O for
some ideal ¢ of o, since ¥O was originated in Q(1”—¢). On the other
hand € o0 and so ¢ = ¥ is a principal ideal of o, which implies that
¢ itself is principal, because the class number of Q(V'—¢q), an imaginary
quadratic field of a prime diseriminant, is odd. Thus if ¢ = v,0, v, €0,
then 7¥* = 7%, for a unit 7, of Q(1—¢). Such a unit must be =+1.
But 7, = —1 is screened out, since otherwise vv;* = 1V —1 belongs to
Q(&,), which is impossible. So 7, = 1 and v = =+, belongs to Q(1/—q).

(4) Next let ¢ =38. Then 7 satisfies ¥*%~" =1, ¥4 = g, |
assert first that @ = 0 (mod 8). Indeed otherwise ¥* determines a
subfield K over Q(1/—¢q) of degree 3. Note that this is possible only
for » = 1 (mod 3). Moreover K is uniquely determined as the subfield
of Q(¢,)/Q(L,) of relative degree 3. A relative basis of integers of
K with respect to Z[¢&,] is furnished by the three integers &, &, &”
where & = SWoer-v-1¢%  The condition (v} = {;* implies that ~*
has the form 7 = a (& + {17 + £¥E°") = aud, a,€ Z[{;], where A=
g+ &ig7 + og® is the Lagrange resolvent of Q(&,,)/Q(E,). It is known
that A*** = ». Thus we would have %n* = ¥**+° = a;**r, which is im-
possible because (n, r) = 1 was assumed in (i), (ii), (iii).

We have seen that 7* belongs to Q(—3). But in fact v itself
belongs to Q(1V—38). Indeed if we put o= Z[{], © = Z[&,], then
we know in (2) that v© =c¢O for some ideal ¢ of o. But cis a
principal ideal because the class number of Q(1/—38) is 1. Thus we
have YO = 7,0 for v,€0. On the other hand Y€ o, and v = vy, for
some unit 7, of 0. %, is a 6th root of unity, and 7* = vv;* is a root
of unity in Q(¢,). This is possible only when 7, is a third root of
unity. This means that v = 7{*v,e Qv —3).
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(5) We have seen that v = g(&,) is an integer of Q(V'—¢). If
¥ =a + bw, where ® = (—1+ V' —q)/2 is the Gauss’s sum, and if
gu(®) = 3*5 C (i)’ then the polynomial g, () — (@ + b =t 4r(d)a? ™)
where +(¢) = 4 ((¢/q9) + 1) has a zero point x = ¢, and it follows from
Theorem 1 that

C0) — a — C(g"'r™i) F byr(d) = C(g'r" ) — C(g'r™75 + ¢"7'r™)

fore=1,---,9—1;7=1,-.--,» — 1. By comparing with (7) we see
that |a| < 2v/w, |b| < 2v/w, and also |a@ — b| = 2v/w by a similar
congideration on —D. Thus we have 4n = 47" =2’ 4+ qy* 0 = z,
0=y =20w, ©+y =4v/w for x =|2a — b|, y =|b]|.

COROLLARY. If wm particular v = ¢'r™ in Theorem 5, then we
have only one possibility v = 21, n = 4. D 1s similar to {1, 2, 4, 7, 14}
or its residual set.

Proof. If we consider that n is a square =4, the Diophantine
equation in Theorem 5 implies =3, y=1, n =4, ¢q =17, v =21,
We may assume a = —1, b = 1 in Proof of Theorem 5 above. Thus
9&) =7v=—-1+w= -1+ + & + ¢, from which it follows that
D=11,2,4,17,14}.

THEOREM 6. Let q and r be prime divisors of v such that q =
—1 (mod 4), r =1 (mod 4), (¢/r) = —1 and that (p(¢*), (r™)) = 2 for
the q-component q' and the r-component r™ of v. Assume that any
prime divisor p of n satisfies either (i) ord, p = 0 (mod 2) and ord, p =
0 (mod2), #0 (mod4), or (ii) ordyp = @(¢*) and ord,» »p = (r™).
Then, if there exists a (v, k, N)-difference set D, there is a solution
to the Diophantine equation
2v 4v

1pem ' x+y§lm~2
qar qr

in=24qry*, 0=x, O

IIA
A

Y

Proof. (1) Let g(x) be the generating polynomial of D and put
w = ¢'r™. Then the p-component b, of g(£,) is rational for p satisfying
(1), by Theorem 2. If p satisfies (ii) then the decomposition field of
p in Q(&,)/Q is Q(V'—qr) by the assumption. The Galois group of
Q(£,)/Q is generated by o and p such that o generates the Galois
group of Q(£,s)/Q acting as an identity on Q({,»), and 0 generates
the Galois group of Q(¢,)/Q acting as an identity on Q(¢,;). Thus if
we put v = g(§,), then 7 = v~ satisfies 7'** = 1 and hence is a root
of unity in Q(¢,). Moreover we can assume 7 = +1 by replacing D
by D + uq® + w'r™ if necessary. By the same argument as in Proofs
of Theorems 4 and 5, it is easy to verify that v~ = ¥*** =1, This
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means that ¥* belongs to the subfield of Q(&,)/@ fixed by {¢? 0% gp},
ie. to QO —gqr).

(2) I assert that v itself belongs to Q(1”—gqr). Indeed otherwise
7 = —1, and v = 4 (cV'—q + dV'r) for some rational integers ¢, d
such that ¢ =d (mod2). Then 4n = 4v*** = ¢¢* + rd? which is im-
possible since % is a square and (¢/r) = —1 by assumption. Now <
belongs to @(V'—qr) and v =a + bw for some a, b where w =
1(—1+4 V' —qr). Note that w is the Gauss’s sum 377" 4(4)&:, for
¥(t) = 3 ((¢/qr) + 1) where (i/qr) is the Jacobi symbol, and ¢, is a
suitably chosen primitive grth root of unity. If we denote the w-gener-
ating polynomial of D by g,(x), then g,(x) — (& £ b 77 (¢)as ™)
has a zero point © = £,. We can apply Theorm 1 by taking a = 0.
Note that the coefficients of the last polynomial are not necessarily
integers, and we must apply Theorem 1 to the twice of this polynomial,
but the conclusion is of course the same because @ = 0. We have

C0) — a — (C(g"'r™) — )
= C(gr™j) — 3 — (C(@*'r™ + ¢'r™j) F by (ri + q7))

or
C0)—a+1— C(g"'r™)
= C(g'r™j) — C(¢'r™ + ¢'r™'5) F by (1 + qJ)
forte=1,---,9q—1;7=1,---,r — 1. Comparing with (7) we see

that |a — 1| = 2v/w, |b] = 2v/w, By considering D* we have also
|—a — 1| = 20/w, or |a| = 20w — 1. Similarly |[a —b| =< Qvfw) — 1
by considering —D. Thus 4n =4y =2* + qy%, 2 = |22 — b|, y =
|b], for which 0 =%, 0 =y < 2v/w, v + ¥y < dvjJw — 2.

COROLLARY. If in particular v = ¢'r™ in Theorem 6, then ¢
and r are twin primes, | = m = 1, and the difference set D is similar
to the Stamson-Sprott difference set [5], consisting of all © such that
0<% <qr, (1/gr) =1 and of all multiples lying between 0 and qr — 1
of the larger of the twin primes q,r, or to its residual set.

Proof. (1) The only solution of the Diophantine equation in
Theorem 6, for which n > 1 and (n,qr) =1, is given by 2 =y =1,
4n =qr + 1. In view of the fact that =» is a square, say »? the
above is pssible only when ¢ and r are twin primes ¢, = 2v — 1,
r, = 2v + 1 in some order.

Now I assert that gr is the only value of v, which is a multiple
of gr and for which (8) has integral solutions. Indeed v =
2n + N + n(n — V' =0 (mod ¢,r,) implies that A =n (modg,) or
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A =n—1 (mod q;), and similarly » = n (mod 7,) or A = # — 1 (mod 7).
Then we must have M =n (modg») or »=n — 1 (mod ¢,7), i.e.,
Mr=morrx=n—1 For x=u%n (modg¢,) and x =n — 1 (mod r,) im-
plies that » =n + 1 (r, + 1)¢, (mod ¢,;) hence N > n, and similarly
A* > m, which is impossible since M\* = n(n — 1). We have seen that
MHAN=2n—1, v=4n—1=qr, ie.,, l =m =1,

(2) Besides * =y = 1, we can even assume that a =0, b = *1
in Proof of Theorem 6 in such a way that ¢(¢,) = @ = >\t ()¢,
or that

(8) C@O)+ 1+ Cra+ q.9) — ¥(re + ¢,5) = C(ra) + C(q.9)

fori=1,---,¢,—1;5=1, -+, r,— 1. Define C*(3) = S75,' C(® + ¢.9),
C.(5) = % C(j + ri). These are the coefficients of the ¢,- and 7-
generating polynomials of D. Applying Theorem 2 we find that
(9.,(,)) is rational and hence (g,(,)) = (v) or ¢,(5,) =0 (modv).
By Theorem 1 it follows that C*(7) = C*(0) (mod v) for all 7. Similarly
C.(3) = C,(0) (mody) for all 5. By making summations of (8) over
t=1,+-.,¢,—1 or over =1, ---, 7, — 1 respectively we find that

(ro — DC0) + 1) + (C*(ryg) — C(ra)) — 4 (r— 1)

= (r, — 1)C(ry3) + C*(0) — C(0) ,
(@ = DCO) + 1) + (Cula:d) — C(0d)) — 3 (0. — 1)

= (@ — DC(qJ) + C(0) — C(0) .

Recalling », —1 =0, ¢, — 1 = —2 (mod v), and C*(z) = C*(0), C,(j) =
C,(0) (modv), we have that

 C(r) = C(0) (mody),  C(q5) = C(0) + 1 (mod ),

from which it follows immediately that C(0) =0, C(g,5) =1, C(ry) =
0, C(ryv + q.J) = y(rt + q.g) for v =1, -+, ¢, — 1; j=1 -, r—1L
This means that the set D consists of all ¢ such that (¢/¢,7;)) = 1 and
of all nonzero multiple of ¢,, the smaller of the twin primes. The
Stanson-Sprott difference set is precisely —D*.

NUMERICAL DATA. There are 373 choices of v, n such that 2 <
n < 50, and that (2) has a solution. In 273 of these, Theorems 2 to
6 establish the nonexistence of the corresponding difference sets, and
in 58 of these examples of the corresponding difference sets are
known. The remaining 42 case are not convered by our Theorems,
and in fact have decomposition fields of higher degrees than 2,
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