
ASYMPTOTIC ESTIMATES FOR LIMIT POINT PROBLEMS

C. A. SWANSON

Introduction. The variation of characteristic values and functions
of the differential operator L defined by

k(s) I as

will be studied when the domain of L varies because of a change of
boundary conditions. The basic interval is an open interval ω_ < s < ω+

on which k is positive and piecewise continuous, p is positive and
differentiate, and q is real-valued and piecewise continuous. For a
closed subinterval [α, b] of the basic interval, our purpose is to obtain
estimates for the characteristic values μab and characteristic functions
yab of regular Sturm-Liouville problems on [α, b] when α, b are near
α>_, ω+. Such results have been obtained by the author [6] in the case
that both ω_ and co+ are limit circle singularities in H. WeyΓs classi-
fication [2, p. 225]. Here the analogous results will be derived in the
limit point case and the mixed case (one singularity of each type).
To avoid repetition of the preliminary material in [6], we shall usually
adhere to the notation and numbering system of [6] without further
comment.

6. Basic problems in the limit point and mixed cases# As in § 2,
the limits of μab as a —> α>_, b —> ω+ are supposed to exist, and ac-
cordingly we shall assume that characteristic values λ of suitable
singular Sturm-Liouville problems for L on (α>_, ω+) exist. These
singular problems are described as follows when both ω_, ω+ are limit
point singularities [4].

Let Lo be the differential operator L — l0, Im lQ Φ 0. According
to a theorem of Weyl [4, p. 45] there exist linearly independent so-
lutions <p_, φ+ of Loφ = 0 such that

(6-1) <P+e Sωω+ , ψ- e $ ω _ ω , [φ+Φ-](s) — 1

for any ω satisfying ω_ < ω < ω+. These solutions are uniquely
determined from the normalization condition [φ+φ+](s0) = i at some
point s0, to remain fixed in the sequel. (Compare (6.1) with the choice
(2.1) of <£>_, φ+ in the limit circle case.) Let ®° be the set of all x
in the basic Hubert space ξ> (described in § 1) which have the follow-
ing properties: (a) x is differentiate on (ω_, co+) and xf is absolutely
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continuous on every closed subinterval of this interval; and (b) Lx e ξ>.
The basic characteristic value problem in the limit point case is then

(6.2) Lx = Xx , x e ®°.

In this case, x is not restricted by any boundary conditions at ω
and ω+.

Our main assumption is that there exists at least one character-
istic value λ of this problem. It will be supposed that a correspond-
ing characteristic function x has been selected with \\x\\ = 1.

In the limit circle case, no special assumptions on L at ω_ and
ω+ had to be imposed, but the generality of the boundary operators
Ua and Ub [See (1.5), (2.4)] had to be sacrificed in order to ensure
that βah —> λ as [α, b] —> (&>_, ω+). In the limit point case herein under
consideration, the situation is quite different. Some additional restric-
tions o n i a s s - > f t ) ± are clearly needed to get a point spectrum at
all, but then very general boundary operators Z7α, Ub will permit con-
vergence of μab to λ. The following notation will be used:1

(6.3) σa = ?>_(α)/9>+(α) σh = <p+(b)l<p-(b)

(6 4) ξa = [x(a)/φ+(a)] \\ φ+ \\a ξb = [x(b)l<p-(b)\ \\ Ψ - 1 | *

(6.5) !α* = * β | | 9 > + | | β ; I f - *» II <P- IΓ 5

(6.6) % = UaφJUaφ+ % = Ubφ+IUbφ_

(6.7) ^α = (Uax/Uaφ+) || ^ + ||β

(6.8) <?ί = %ll9>+ll . ;

o>- < α ^ ^o i b0^ b < ω+ .

The assumptions below turn out to be sufficient for μab — λ and
II Vab - % llα to be o(l) as [α, δ] -* (ω_, α>+).

ASSUMPTIONS. (α>_ and ω+ limit point singularities)
( i ) The singularities α>_ and ω+ are not accumulation points

of the zeros of φ± and

(6.9) ta = o(l) and ξ* = o(l) as a -^ ω_

(6.10) l6 = o(l) and If = o(l) a s δ - > ω + .

(ii) T/̂ e boundary operators Ua, Ub are restricted only by the
boundedness of the quantities

i T h e abbreviations | | φ | | α , | | y> | | δ are used for | | ψ | | ; + , | | y>||*_, following the con-

vention of § 1.
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, 9+(α) Uaφ-lφ-{a) Uaφ+ φ+(a) Uax/x(a) Uaφ+

<P-(b)Ubφ+lφ+(b)Ubφ- φ-{b)Uhφ{b)Uhφ-

in some neighborhoods o)_ < a g α0, b0 ^ b < co+ of ω_, ω+ respectively.

According to (6.3)-(6.8), these assumptions imply

(6.12) σs = o(l), rjs = o(l), θs = o(l), θf = o(l) a s s - ω ± ,

The weaker assumptions θs = o(l), θ* = o(l) in (6.12) are actually suf-
ficient for Theorem 4, while the stronger assumptions (6.9)-(6.11) are
needed for the uniform estimate of Theorem 5.

It follows from (6.3), (6.6), (6.11), and (6.12) that there exist
constants α0, b0, and C such that

(6.13) {σa\^l,\σh\^l,\ηa\^C\σa\,\yh\^C\σb\

provided ω_ < a g α0, b0 ^ b < ω+, and

^ I σ. I if ω_ < α ^ s g α0

g ] crs I if δ0 g s g 5 < ft)+ .

Condition (ii) above (6.11) is only a slight restriction on the boundary
operators Ua, Ub. Compare (2.4) and (5.2) for limit circle problems of
class 1 and 2 respectively. Sufficient conditions for the validity of
(ii) when α>_ is a regular singularity or an irregular singularity of
finite rank are stated in [5, p. 840, p. 844]. In particular when
&>_ = 0 is a regular singularity of LQ with real, distinct exponents,
then a sufficient condition for (ii) is that l i m [ — α α ^ / α ^ α ) ] (a—> 0)
exist (finite or oo) and be different from the smaller exponent.

We shall now describe a basic problem of the mixed type. It is
enough to consider the case that α>_ is a limit circle singularity and
ω+ is a limit point singularity. Then there exist solutions φ± of Loφ — 0
which satisfy

(6.15) φ+ e$,φ^e gω_ω, [<P-<P-](-) - 0, [φ+ψ-](s) = 1 ,

where o)_ < ω < ω+, and these solutions will be determined once and
for all by the fixed (but arbitrary) normalization [φ+φ+](s0) = i
(α>_ < s0 < ω+). Thus φ+ is described by (6.1) and <£>_ is described by
(2.1) in the mixed case.

Let ®° be the basic domain described above (6.2) and let 5D1 be
the set of all #e®° which satisfy the end condition [xφJ\(—) = 0.
The basic characteristic value problem in the mixed case is then

(6.16) Lx = Xx , xe®1.

In the mixed case, assumptions (6.10) and the second of (6.11) are in
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effect at ω+ together with the first assumption (2.4) at ω_.
Asymptotic estimates for the difference μab — λ between character-

istic values of (2.5) and (6.16) when α, b are near ω_, ω+ will be
obtained in § 9. The limit circle case has already been treated in §§ 3, 4
and the limit point case, when (6.2) replaces (6.16), will be treated
in § 7. Also uniform estimates for the difference yab(s) — x(s) on a <Ξ
s ^ b will be obtained under slightly stronger assumptions in §§ 8 and
10. From these results, asymptotic variational formulae for character-
istic values will be derived in § 11.

7 Asymptotic estimates in the limit point case at both endpoints,.
When both ω_ and ω+ are limit point singularities, the basic problem
is (6.2) and (2.5) is regarded as a perturbation of (6.2) arising from
adjoining the boundary conditions Uay — Uby = 0 at s — a and s = 6.
The assumptions (6.9)-(6.11) are used in this section.

Let Gab(s, t) denote the Green's function for the differential
operator kL0 associated with the boundary conditions Uay = Uby — 0,
and let Gab denote the linear integral operator on gα& defined by the
equation

(7.1) Gabv(s) = \bGab(s, f)v(t)k(t)dt, v e % a b .

It is well-known [4, p. 20] that for any piecewise continuous function
v on a ^ s g 6, the function w = Gabv is the unique solution in S)o&

[see (2.5)] of the differential equation Low = v.
Let λ be a characteristic value of the basic problem (6.2) and let

x be a corresponding normalized characteristic function satisfying (6.9)-
(6.11). Define a function / o n [α, b] by the equation2

(7.2) / = x — jGabx , where 7 = λ — l0 .

Then / is the unique solution of the boundary value problem LJ — 0,
Uaf — Uax, Ubf — Ubx, which has the following representation in terms
of the functions <£>_, <p+ described by (6.1):

(7*3) , (
\UbφJ

It follows from (6.7), (6.8) that

l l / l l ϊ ^ 1 1 - V a V > I " 1 (I u a χ i u a φ + \\ΘΪ\ + \ΘΛ\ + \ υbχ\υbφ-11^:1 + 1 ^ ι >

2 The function on [α, b] which coincides with x on this interval will also be denoted
by x.
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According to (6.12), ηa = o(l), θa = o(l), θΐ = o(l) as α—>α>_ and ^6 =
o(l), θb — o(l), #* == o(l) as 6 —• ω+. Hence there exists a rectangle Ro

and a constant3 C on iu0 such that | rjaηb | <Ξ £ for [α, 6] e i?0, and

(7.4) W f \ \ b a S C ( \ θ a \ + \θb\) f o r [ α , b] e R o .

I t follows from (7.2) and (7.4) that for any characteristic function x
associated with the characteristic value λ,

(7.5) \\x-jGahx\\l^C(\θa\ + \ θ b \ ) \ \ x \ \ .

Let P(δ) (δ > 0) be the projection from gα6 onto the subspace
Sαδ(^) spanned by all characteristic functions yι of (2.5) whose cor-
responding μi lie in the interval | μi — λ | ^ δ. Then according to the
fundamental lemma of § 2,

|| x - P(δ)x \\l<z (1 + 17 \/δ) || x - yGabx | | ί .

The proof appears in [1]. With the aid of (7.5), we see that there
exists a constant C on RQ such that

\\x - P(d)x\\l ^ (C/2δ)(\θa\ + \θb\)\\x\\b

a

provided [α, b] e RQ. With the choice δ = C(\θa\ + \θb |) we conclude
that P(C I 0α I + C\ θb \)x = 0 implies that x = 0 on [α, 6]. Hence there
exists at least one characteristic value μ = μα6 of (2.5) such that
I μab - λ I ^ C(\ θa I + I θb I) if [α, 6] e RQ. The proof that there is ex-
actly one follows that in the limit circle case and will be omitted.
[6, § 3] The following analogue of Theorem 3 is therefore valid:

THEOREM 4. If both singularities ω_ and ω+ of the differential
operator L are of the limit point type, under the assumptions (6.9)-
(6.11), (or even under the weaker assumptions θs = o(l), 0* = o(l) as
s —> ω±) then for every basic characteristic value λ of (6.2) there
exists a rectangle RQ and a constant C on Ro such that a unique μab

satisfies \ μab — λ | ^ C(\ θa \ + \ θb \) whenever [α, b] e RQ. There are
normalized characteristic functions x} yab associated with λ, μab re-
spectively such that || yab — x \\l ^ C(\ θa \ + | θb |).

8 Uniform estimates in the limit point case* In order to obtain
uniform estimates for yab(s) — x(s) on a ^ s ^ &, following the method
of § 4, we need stronger assumptions than (6.9)-(6.11). It will be
supposed in addition that the following are bounded on ω_ < s < ω+;

(8.1)

C will be used throughout as a generic notation for a constant on Ro
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Let α0, 60 be the fixed numbers in (6.11)-(6.14) and let φ±(s) be
defined by

(8 2) ^ ± ^ = ' Ψ±^ ' ί f ω~ < S < a°' b° K S < ω+

= 1 if a0 ^ s ^ b0 .

We assert that there exists a constant C, independent of α, 6 as well
as s, such that

(8.3)

(8.4) 1 ηtφ4a) | ^ CΨ

L(s) on

>+(s) on

α

α

S s

^ s

^b, α ^ α0

These inequalities are obvious on the fixed intervals α0 ^ s ^ 60. To
complete the proof of (8.4), we deduce from (6.3), (6.13), and (6.14)
that

I η b φ . { s ) \£C\ σ b φ 4 s ) \^C\ σ s φ , { s ) \ = C\ φ + ( s ) I

on b0 ^ s ^ b < ω+ . Since | σs \ = \ φ_(s)lφ+(s) \ ^ 1 on α>_ < s ^ α0, by
(6.13), it follows that | yb<P-(s) \ ^ C\ φ+(s) I on α>_ < α ^ s ^ α0 as welL
Thus (8.4) is valid on the whole interval a ^ s ^ 6. The proof of (8.3)
is similar and will be omitted.

The Green's function Gab(s, t) for L on ®α6 (associated with the
boundary conditions Uay = Uby — 0) is given by

= Ω-ιψa(s)Ψb(t) i

where

α/rα(s) = φ_(s)Uaφ+ -

(8.6) ψb(s) = φ4s)Ubφ+ -

Ω = Uaφ-Ubφ+ -

Let Gab denote the Green's operator (7.1). It will first be shown that
7Gα6#(s) is uniformly close to y(s) on a ^ s ^ δ when α, 6 are near
ω_, ω + . The following lemma will be needed in the proof.

LEMMA 2. The positive function gab defined by

gUs)= [\Gab(8,t)\*k(t)dt

is uniformly bounded on a ^ s ^b provided a ^ ao,bo^b.

Proof. According to (6.6), (8.5), and (8.6), gab(s) has the following

explicit representation
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ύU(β) = 11 - v.Vt I"2 [(I %?>-(«) - ΨM \ \ \ Ψ - - Vaψ+ \\ιy
+ (I φ-(8) - vaφ+(s) 111 v&- - φ+1ID2].

It then follows from (8.3), (8.4) that there exists a constant C such
that

gUs) £ 11 - VJlr, I"1 C[(£+(«) II £ - ll«)2 + (£-(«) II £ + II,6)2]

Since | rjjjh | ^ \ on α>_ < a =g α0, 60 ^ b < α>+, the conclusion of Lemma
2 is therefore a consequence of the hypothesis (8.1).

The Schwarz inequality for gα δ yields

I VaM - (λ - lo)Gabχ(s) I = I Gβ6[(/«β6 - io)yab(s) - (λ - g«(8)] |

^ ^&(S)(| J«α6 ~ iθ I || 1/.6 ~ X I |α + I /*α& ^ λ | 11 X ||) .

Hence Lemma 2 and Theorem 4 show that there exists C such that

(8.8) (yah(s) - (λ - J0)Gβbα?(8) | ^ C(| <?β | + | ^ |) ,

a ^ s ^ b whenever a ^ α0, 60 ^ 6.

The solution f(s) of the boundary value problem Lof = 0, Ϊ7α/ =
, ? Λ / = Σ76a5 is given by (7.2) or (7.3). The function .F defined by

F(s) - (λ - lo)Gabx(s) - »(«) + /(«)

satisfies L 0 F = 0, C/α-F7 = C/i-P = 0, and hence F is the zero function on
a ^ s ^ 6. The following uniform estimate is then an immediate
consequence of (8.8):

(8 9) Vab(s) Φ ) f(S)

a S s ^ b, a)- < a ^ a0, b0 ^ b < ω+ .

THEOREM 5. / / both singularities ω_ and ω+ of L are of the
limit point type, under the assumptions (6.9)-(6.11), (8.1), the perturbed
characteristic function yab associated with the characteristic value μab

of Theorem 4t has the uniform representation (8.9).

9 Asymptotic estimates in the mixed case. In this section, CO-
is supposed to be a limit circle singularity and ω+ a limit point
singularity. The basic problem is (6.16) and the assumptions are (6.10),
the second of (6.11), and the first of (2.4).

Proceeding as in § 7, we obtain the representation (7.3) and the
inequality below (7.3) where φ± are described by (6.15) in the mixed
case. According to (6.12), the following relations hold in connection
with the limit point singularity ω+: ηb — o(l), θf — o(l), and TJhx\Uhψ- —
O(θb) = o(l) as b —> ω+. Since ftλ_ is a limit circle singularity, it is a
consequence of (3.6) that
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(9.1) θi = (Uaφ-I Uaφ+) \\φ+\\a = o(l); ηa = o(l) as a -> ω. .

In addition to (6.3)-(6.8) we shall use the notation

(9.2) pa = Uax .

It follows from the postulated end condition [#9?_](—) = 0 that for
x e ®\ ρa = [xφJ\(a)[l + o(l)] = o(l) as a -> ω_, and from (3.6),

θa = (UaxlUaφ+) || φ+ ||β - O(pa), ω_ < α ^ α .

The analogue of (7.4) in the mixed case is therefore

The proof of the following theorem is then identical with that of
Theorem 4.

THEOREM 6. If ω_ is a limit circle singularity and ω+ is a
limit point singularity of L, then under the assumptions (6.10), (6.11),
and the first of (2.4), for every λ of the mixed problem (6.16) there
exists Ro and a constant C on Ro such that a unique μah of (2.5) lies
in the interval \ μab — λ | ^ C(\ ρa \ + | θh\) whenever [a, b] e Ro. There
are normalized characteristic functions xy yab associated with λ, μab

respectively such that

\\yab-χ\\^C(\pa\ + \θb\).

10. Uniform, estimates in the mixed case. To obtain uniform
estimates for characteristic functions on a rg s ^ b in the mixed case,
we assume instead of (8.1) that the following are bounded

(10.1) φ±(s) on α>_ < a S a0 φ+(s) \\ φ_ \\8 on ω_ < s < ω+ .

Equation (8.7) holds also in the mixed case, and rja = o(l) as α—>ω_
by (9.1) as well as ηb = o(l) as b—*ω+. Since ||?>+|| exists by (6.15),
there exists a constant C such that

and θ% = o(l) as b —• ω+. Since φ±(s) are bounded on ω_ < s ^ b0 by
(10.1), gab(s) is bounded on a ^ s ^ b0. To show that gab(s) is bounded
also on b0 < s ^ b < ω+, we obtain as in the proof of (8.3), (8.4) that

\£C\ φ-(8) I , I ηbφ-{s) \^C\ φ+(s) \

and hence by (8.7), (10.2),
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g\h(s) S \ l - VΆ I"2 CJ(| φ+(έ) I I! φ- \\J + (| rjhφ_{s) I II φ- \m

for some constants Cl9 C2. Then gab(s) is bounded by the hypothesis
(10.1). The following analogue of Theorem 5 is then valid.

THEOREM 7. If ω_ is a limit circle singularity and ω+ is a
limit point singularity of L, then under the assumptions (6.10), the
second of (6.11), the first of (2.4), and (10.1), the characteristic
function yab associated with the characteristic value μab of Theorem
6 has the following uniform asymptotic representation:

\lΌ.o)

where f is given by (7.2).

l l Asymptotic variational formulae for characteristic values*
The purpose here is to derive formulae for the change μab — λ of
characteristic values under the perturbation ®°—> 3)α6, valid for a, b
in neighborhoods of ω_, ω + respectively.

Let x, y denote the normalized characteristic functions associated
with λ, μ as described in Theorems 4 and 5. Let / be the solution
(7.3) of the boundary value problem

I Ό / = 0 , UJ=Uax, Ubf=Ubx.

We conclude from the boundary conditions Uay — Uby = 0 that [xy](a) =
(α) and [xy](b) = [fy](b). Then application of Green's formula

(Lx, y)l - (x, Ly)l - [a?y](6) - [xy](a)

to the differential equations Lx = Xx, Ly = /£y, and L / — lof on [α, δ]
leads to

(11.1) (λ - μ)(x, y)l - (l0

(11.2) [/a?](6) - [fx](a) - (Zo - λ)(/, x)\ .

We obtain as a consequence of Theorem 4 that μ = λ + o(l) and

. κ » , » ) ί - ( ί » , » ) i i ^ ι ι » ι ι ι ι » - » ι i ϊ = o(i)

as α, 5 -> ω_, α>+. Hence

(a?, 2/)ϊ = 1 + o(l) , α, 6 -* ft>_, ω+

and (11.1) yields
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(11.8) λ - μ = (lQ -

We now appeal to the uniform estimate (8.9) to obtain

(/, v)ϊ = (/, *)l - (/

The following asymptotic variational formula is then a consequence
of (11.2) and (11.3):

λ - μab = [fx](b) - [fx](a) + (Zo - λ)(/,/)ϊ + (θ. + θh)(f, l)ΪO(l) .

In various problems of practical interest (see [5], [6] for detailed
references) the first two terms on the right dominate the other terms,
and the asymptotic relation

(11.4) λ - μab ~ [fx](b) - [fx](a)

is valid for α, b —> α>_, α>+. In some cases, λ = 0 is not a character-
istic value and it is permissible to replace l0 by 0. Then / can be
taken as a real valued solution of Lf = 0.

EXAMPLE 1. The Hermite operator L given by Lx = — x" + s2#
will be considered on the interval — oo < s < co. In this example,
k(s) — p(s) = 1, q(s) — s2, ω_ = — oo, and ω+ = oo. Both singularities
are limit point, and the basic problem (6.1) has characteristic values
χ/w) = 2n + 1 and normalized characteristic functions

xn(s) = π-i/42-(-+i)/^ϊ)-i exp (s2l2)Hn(s), w = 0, 1,

where ^ ( s ) denotes an Hermite polynomial. The well-known [3]
asymptotic behavior of xn(s) as s —• oo is

(11.5) xn(s) - π-1/42(w+1)/2(^!)~1/V exp (~s2/2) .

The perturbed problem to be considered is Ly = μy, ?/(α) = /̂(δ) = 0.
In this case l0 can be replaced by 0, and the solutions φ+ and <p_ of
Lφ = 0 have the asymptotic behavior

log^±(s) ~ ± — s 2 as s—* — oo
Δ

We then obtain from the representation (7.3) of f(s) that f\a) ~ ax(a)
as a —+ — oo. Since x'(a) ~ —x(a), [xf](a) ~ 2ax2(a). Similarly [xf](b) ~
2bx\b). Then (11.4), (11.5) give the asymptotic variational formula

μ{

aV - 2n + 1 + π-1/22w+2(w!)-1[&2Λ+1 exp (-62) - α2ί l+1 exp (-α 2)]

α, b —> — oo, oo n = 0, 1, 2, .

EXAMPLE 2. Consider the confluent hypergeometric operator L
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given by

Ϊ*** M±Λ] 0 < 8 < oo

in which j is a nonnegative integer. This is related to the Laguerre
differential equation, which arises in .he quantum mechanical theory
of the Hydrogen atom [3]. In this example, k(s) = 1/s, p(s) = 1, and
Q(s) = j(j + l)s~2 + 1/4. The singularity ω+ = oo is in the limit point
case, and ω_ = 0 is in the limit point or limit circle case according
as j Ξ> 1 or j = 0. If j = 0, the singularity is a class 1 limit circle
singularity (§ 5) and it can be verified that the variational formula
(11.4) is still valid. The basic problem (6.2) has characteristic values
λ(%) = n(n ^ j + 1 = 1, 2, •) and normalized characteristic functions
[3]

M e ) = -[(n ~ 3 ~ l)\Y'\(n + j)l]-^s^e's'2Llj

+

+}(s) ,

where L[ι(s) denotes the associated Laguerre polynomial, with the
asymptotic behaviour

(11.6) xn,{8) ~ ( - l ) - ' - 1 ^ + j)lVll2[(n - j - l)!]-1/a8 β-/a , s - oo

(11.7) xnj(s) ~ [(n + j)l]ll2[(n - j - l)!]-1/2[(2i + l ) ! ] " 1 ^ - 1 , s -+ 0 .

The normal solutions of Lφ = 0 have the asymptotic behaviour

log φ±(s) ~ T — 8 ± n log s (s —* oo) .

For a perturbed problem with boundary operators Uax = α?(α),
?7δ̂  = #(6), the representation (7.3) gives f'(b) — x(b)φ[_(b)lφ-(b), or

/'(&) ^ i^(δ) as 6—> oo. Similarly f'(a) ~ —jx{a)ja as α—*0. Hence

x\b) ,

and (11.4), (11.6), (11.7) yield the asymptotic formula

(n - j - 1)! [(2.7 + I)!]2 (n + i) ! (n - j - 1)1

α - > 0 , 6 - ^ o o , i + 1 ^ w = 1, 2, ••• .

To solve the perturbed problem

we transform the differential equation into the form Ly — μy of ex-
ample 2 by the change of variables
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S = μs/2, A = μα/2, B =

and obtain the result
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