REMARKS ON CERTAIN ALMOST PRODUCT SPACES

CHEN-JUNG Hsu

An almost product space is a differentiable manifold of class C=
which has a nontrivial tensor field F7 (also of class C<=) satisfying
the conditions

(0’1) FljFszafy i’jykzlyzr"';n-

It is known that one can find a positive definite riemannian metric
such that

(0.2) 9 FiFi = gy «

In the following we denote by M™ an almost product metric space
which satisfies (0.1) and (0.2). The covariant derivative with respect
to the riemannian connection of g¢;; is denoted as /.

If condition (0.1) is replaced by F/F! = —06f, the space is known
as an almost Hermitian space. In this case many subclasses are
considered and their properties are studied by several authors. We
examine in §1 and §2 conditions which correspond to ones which
.define the subclasses of almost Hermitian space and will study in
particular the following two conditions:

0.3) V.Fi=0,
;and
(0.4) V(.F;) =0,

where F;, = Fig;, which is symmetric in j and 2 by (0.2).

In addition to these, there are also some special classes of M™"
.already known. We studied the relations between all these special
.cases and the result can be described in the following diagram:

Most general almost — [0.1] —— [0.2]
product metric space V.Fi=0 V(;,F;;) =0

l l l

[1.0] — 1] — [L.2]
NEF NEFE =0

l l

[2.0] — [21] — [2.2]
NiL=0 =
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In the diagram the conditions given are the ones defining the special
subclasses denoted as [0.1], [1.0] and so on. The arrows are to be
rend “properly contains.” N/ denotes the Nijenhuis tensor of the
tensor F7. The conditions in the left hand column are independent
of the choice of almost product metric, while going across the top
row relates the metric to the almost product structure more and more
strongly'. Foliated manifold with bundle-like metric studied by Rein-
hart [6]* is contained in [1.0], and the case [2.2] is the loccally pro-
duct riemannian space studied by Tachibana [9] and others. It is.
shown that [2.0] is a riemannian space having complementary sub-
spaces and such spaces were studied by Wong [12]. Conformally
separable riemannian space studied by Yano [13] is contained in this
case. In §2 conditions for some classes are also given by the use of
a same tensor M} for the purpose of comparing them. In §3 and
§ 4 examples for the situations [1.1], [1.2] and [2.1] are given by almost
contact manifolds and tangent bundle of riemannian space to illustrate:
the above diagram. Finally, we prove in §5 some properties for
classes [0.1] and [0.2] which are analoguous to those for the corre-
sponding cases of an almost complex manifold.

We want to thank Professor S. S. Chern for his kind advices and.
suggestions during the preparation of this note.

1. We begin with following:

PropPOSITION 1.1. In M™ the following conditions are equivalent:
(i) ViF# =0,

(ii) Vﬂ'Fih + ViFJ'h =0,

(iii) (7o — FrFHY . F} =0,

@iv) (o™i + FrFH, F} =0,

(V) VrFil_l_VjFlr_VlFrj:O'

REMARK 1.1. An almost Hermitian space satisfying (ii) is called’
K-space [10] and the one satisfying (iv) is called 0*-space [5]. They
are wider classes than the one defined by (i) which is a Kaehlerian
space. It is also known that in an almost Hermitian space (iii) is.
equivalent to the vanishing of N [5].

Proof. It is evident that (i) — (ii), (iii), (iv), (v). Here arrows
are to be read “implies.”

(ii) — (i): Let Uj; = V;Fy, then Uy, = Uy, From (ii) we have:
alSO Uiih = - l]ijh' ThuS we haVe Uf'ih - 0.

1 The author thanks the referee for his comments to improve the presentation in a.

few place.
2 Number in bracket refers the reference at the end of the paper.
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(iii) — (1): Let Vj, = FW,F;,, then V;, = V;;. On the other
hand from (iii) we have V,;, = FW;F,, = —FW;F,, = — V. Thus
we have Vj;; = 0 which implies (i).

@(iv) — (i): Put W, = F!y4F;, then W;,, = W;,;,. We have also
Wiw = —FiW;F,, = FW,;F,; = — Wj,.. Thus W, = 0 implies (i).

(v) — (i): Permute the indices of (v) cyclically and then add the
so obtained, then we have V,.F;, + V;F,, + V,F,; = 0 from which and
(v) it follows (i).

ProprosITION 1.2. For a riemannian space to have complementary
subspaces in the sense of Wong [12] it is necessary and sufficient that
it is a M™ with vanishing Nijenhuis tensor N/::

(L1 Ni; = Fi.F} — V;F}) — Fi(0,.F! —V.F}) .

Proof. A riemannian space has complementary subspaces z* =
constant and «® = constant in the sense of Wong if and only if its
line element can be written in a suitable coordinate system as

ds’ = g (2, x)dxrdx + g.,(x”, x°)dx*dx’ ,

(1.2)
)h,ﬂ,!):l,"‘,p; a,b,c:p—l—l,---,’n.

In this case the tangent (n — p)-spaces and tangent p-spaces of these
two families of surfaces give rise to two distributions. In the above
coordinate neighborhood the almost product structure tensor F'/ corre-
sponding to these distributions has the components:

o% 0)

(1.3) (FY) = <0 L

It is easily seen that the tensors (1.2) and (1.8) satisfy (0.1) and (0.2).
By some easy computation we have N/ = 0 and

ViFfZO, ViFfZZ{S;:},
(1.4)

ViFQ:—Z{;“i}, vEY =0 .

Conversely, if M" has vanishing Nijenhuis tensor, then we can find a
neighborhood at each point such that the tangent spaces of «* =
constant and 2% = constant constitute the distributions defined by FY.
In such coordinate system F/ has components given in (1.8) and we
have g,, = 0 from (0.2).

ProposITION 1.3. M" is a locally product riemannian space if and
only if V;F? = 0 (Tachibana [9]).
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Proof. A riemannian space is called locally product if at each
point we can find a coordinate neighborhood such that the line element
can be witten as

(1.5) ds® = g, (@)darda* + g.,(x°)dxdx |

So it is a special case of the space in Proposition 1.2. If we note the
fact that /7, F} = 0 implies N/, = 0 and that

{ a } — —igababg)\# , {)3)} — _;__gacaxgbc ,

then Proposition 1.8 follows from Proposition 1.2 immediately.

REMARK 1.2. From Proposition 1.2 and Proposition 1.3 we see
that N}, = 0 does not imply /,F! =0.

ProrosITION 1.4. If M" satisfies N/ = 0 and (0.4) that is
(1.7) ViFs +ViFy + V. Fi; =0,
then VtFJh = 0.

Proof. Since FV,F; + FW,F,; =0 follows from F}!F; = g,
we have

Niji = Niigu
= Fil(Vlek—VjFlk _Vijl)_F}(VlFik_ViFlk—!_VkFli)'

Thus, if (1.7) holds we have N,;, = 2{FFV,F;, + FW¥,F,}. From N,; =
0 it follows that (opél + FrFYHY,F,, = 0. Then by Proposition 1.1
we get V'mFlk = 0.

REMARK 1.8. Proposition 1.4 is an analogue of a theorem of
Kaehlerian space.

REMARK 1.4. From Remark 1.2 and Proposition 1.4 we see that
N} = 0 does not imply (1.7). An example in § 4 shows that (1.7) does
not imply N/ = 0.

If a differentiable manifold has a system of completely integrable
distribution, it is called foliated manifold. It is well known that one
can introduce a positive definite riemannian metric g;;, another system
of distribution and consequently an almost product structure tensor
Fj such that (0.1) and (0.2) hold. We call a space obtained in this.
way as a foliated metric space for convenience. Yano [14] has proved
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the following:

ProposiTION 1.5. For a M™ to be a foliated metric space it is
necessary and sufficient that
(1.8) Nf; — NGFF=0  or  Nfj+ NjF! =0
holds.
REMARK 1.5. If we put
(1.9) Ml =V.Fr 4+ FiFM F}: + FXV,F} —V;F}),
then N} — N, F} =0 if and only if M} = M}.

2. Put T, =V,F,, + F'F¥,F,. Then we have

ProOPOSITION 2.1. In M™ the condition (1.7) is equivalent to the
following:

(2.1) Tjih = _Tijh .

Proof. Substitute (1.7) in the expression of T,;,, we have

Tiin= —WFy; + ViFy) — FrFXV Fhy + ViFu)
- (ViFh:i + F,‘F{"Vth,) = — Lijn

because of
(2.2) V,F;, + FrFV,F,, =0,

which follows form F!F} = 6! by covariant differentiation 7; and
then contracting with F7.
Conversely,

Tiw="V;Fy — FrFW, Fy =2V ;Fy — Ty,
that is
(2.3) 2 iFy = Ty + Tini
From which we have
(2.4) 200 ;Fyi + VoFi; + ViFi)
= Tjin + Tini + Thsi + Tnis + Tins + Tisn
Substitute (2.1) in (2.4) we have (1.7).

REMARK 2.1. An almost Hermitian space satisfying a condition
corresponding to (1.7) is an almost Kaehlerian space.
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PropoSITION 2.2. In M" (1.7) implies (0.3), that is
(2.5) V,F}=0.
Proof. 9T, = 9°V ;Fy, + 97" FrF}Fy,
= ZjSVth = 27_1F;f .
Thus from (2.1) we get V;F{ = —V,;Fj{, that is V;Fi = 0.
REMARK 2.2. An almost Hermitian space satisfying a condition

corresponding to (2.5) was first considered by Apte and is called A-
space [1].

ProposiTION 2.3. In M™ (2.5) is equivalent to M = 0.

Proof. From V (F!F})=0 we have FV ,F! = 0. On the other
hand, as F} = constant, we have V;Fi{ =0. Thus M}, = —FW,Fr.
Then, Proposition 2.3 follows from the fact that F} is non-singular.

ProOPOSITION 2.4. In M*, (1.7) is equivalent to F!M} + F!M}; = 0.

Proof. We first note that from F}F);, = g;; we have
(2.6) FW,F;+ FV,F;; =0.
Now, from (1.9) we have
2.7 g FIM} + FiIM)) = F}(V Fy, + V.Fy,) + FYVF, + V).
If FiIM/; + FIM}; = 0, we have from (2.6) and (2.7) the following
(2.8) Fiv . Fy, +VFy + V,F) = —F\V;F, +V.F; +V.Fy).

Denote the left hand side of (2.8) as P;;;, then we have P;;, = — P;j.
But it is evident that P,;, = P;,;. Thus we have P;;, = 0 from which
(1.7) follows as F7 is nonsingular. The converse is evident.

3. Now we give some examples from contact manifolds. Consider
a (2m + 1)-dimensional (n = 2m + 1) differentiable manifold M™ with
contact structure 7, that is a structure defined by a 1-form 7 satisfy-
ing » A (dn)” + 0, then it is known [7] that there exists a (¢, &, %, 9)-
structure with

N = ndat, dn=¢ = —;—qﬁi,-dx" A dxi

(¢’u‘ = 0%; — 0,7;, 0); = Z_Z;J> )

7
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Stating more precisely, there exist a vector field &, a tensor field ¢!
and a positive definite metric tensor g;; such that

rank [¢/| =2m, ¢ =0, ¢ =0,
Eim =1, ¢’3¢fc = —‘5}; + Siﬂk ’
9::6 =1;, 9:5939% = Gur — Tk »
bi; = gudt =V0; — Vs,

where V denotes the covariant derivative with respect to the rieman-
nian connection of g;;. It is evident that

3.1 mE* =0,

and it is also known that

(3-2) Vg =
and
(3.3) et = 0.

In such space we can define the following almost product struc-
ture [3]:

(3~4) Fij - (2§j7]i - 53)

It is easily seen that the pair F7/ and g,; defined in this way satisfy
(0.1) and (0.2). Thus we have an almost product metric space M"
from the given contact manifold M. In this section we restrict our
consideration to the M" thus obtained.

PropPOSITION 3.1. An almost product metric space M™ obtained
from a contact manifold (as above) satisfies (2.5).

Proof. From (3.4) we have
ViF{ = 27,89 + 285(F ;)
So, by (8.3) and (3.2) we have
VFi =20 ;£ + 28 ;) = 0 .
ProrosITION 8.2. For an almost product metric space M™" obtained

from a contact manifold (as above) to satisfy (1.7), it is necessary
and sufficient that & is a Killing vector field.

Proof. As F;;=297; — g;;, we have (1/2)V,F;; = (V. 0:)0; + 0V 7;),
from which it follows
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(3.5) %(V,,Fﬁ + 7.y + 7,F,)

= 0P +V ) + 007305 + V) + 0,70 + Vi) «

Thus, if (1.7) holds, we have the following by contracting &* with
the right hand side of (8.5):

(3.6) Vs + Vil + NEW 05 + V1) + NAEW  + EWa) = 0.

Taking account of (3.1) and (8.8) we have from the above relation the
following:

(3.7) Vi’?j + Vﬁ?i =0 ’

that is, &' is a Killing vector field. The converse is evident from (3.5).

REMARK 3.1. From Proposition 8.2 we see that (2.5) does not
imply (1.7).

Let &7 denotes the Lie derivative with respect to an infinitesimal
transformation &'. S. Sasaki and Y. Hatakeyama have proved that
N} = &7¢% = 0 is equivalent to the condition that & is a Killing vector
field, and also proved that the so-called normal contact metric mani-
fold [7] satisfies N; = 0. Thus we have:

PROPOSITION 3.3. If M®*™*' is a normal contact metric manifold,

then the almost product metric space M* obtained from M*"*' satis-
fies (1.7).

PROPOSITION 3.4. If M is an almost product metric space ob-
tained from a normal contact metric manifold, then F; does not
satisfy V7, F{ = 0.

Proof. Suppose V,Fi = 2{(V,&)n; + £F 1)} = 0, we have by con-
tracting with & the following:
Vi + &8 W, = 0,

from which we have by (8.1), /,& = 0 which contradict with the
fact that 7,87 = (1/2)¢].

REMARK 8.2. From Proposition 8.3 and Proposition 3.4, we see
that (1.7) does not imply V. F! = 0.

REMARK 3.3. All examples in § 8 satisfy also (1.8). Proposition

3.1. gives examples of [1.1], and Proposition 3.3 gives examples of
[1.2].
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REMARK 3.4. The almost product metric space M" obtained from
a normal contact metric space evidently does not satisfy N/} = 0.
But if &, 7, be any vector fields satisfying &7, =1, 9,6 = 7;, then
in the almost product metric space M" defined by ¢;; and F{ of (3.4)
with such &, 7;, it is easily seen that N = 0 if and only if F;y; =
Vm; and that V., F} = 0 if and only if 77;5° = 0. Such M" gives example
of [2.1].

4, We give in this section another example from tangent bundle
of a riemannian space. Let R™ be an m-dimensional riemannian space
and M" = T(R™), n» =2m be the tangent bundle of R™, then the
local coordinates of an element (a pair consisting a point % in R™
and a vector v* at x%) are x° = (x%, °*) = (x%, v*). We assume in this
section that a* =m + a ete. «,B,v=1,:++,m; a*,*,v*=m+1,.--,
2m; 4,5,k =1, +++,2m = n. Local coordinate transformation of M"
is given by

ox'®

0

4.1) oa
(4. ow'e ., 0w
0xPoxY 0xf

From this transformation law it is easily seen that if &* is a con-
travariant vector of R™ then (£%, (05%/0xF)vP) is a contravariant vector
of M™ = T(R™) which is called the extended vector of &=,

The riemannian connection { g“/} of the metric tensor g,; of R™
gives rise a horizontal distribution in M" = T(R™). It is known that

if €% is a contravariant vector field, then (0, £*) and <§‘”, —{ %}5%’)

are respectively a fundamental vector field and a horizontal vector
field in M* = T(R™) [2]. The fibres and horizontal distributions give
rise to an almost product structure in M = T(R™). Its corresponding
structure tensor F'/ is given as follows [4]:

Fy = —3, Fs=0,
4.2
(4.2) Fy = 2{ gp}vp . Fu=0%.

Let G,; be the riemann metric introduced by S. Sasaki [8] in
T (R™), that is

Gap = 9op + gpw{ fa}{v‘g}v“ﬂ” ,

\Gw'ﬁ" = ng ’
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then it is easily shown that F7 of (4.2) and G,; satisfy (0.1) and (0.2),

thus M* = T(R™) is an almost product metric space. In this section,

let 7 denote the covariant derivative with respect to the riemannian
)

connection { jk} of Gi;:

{fm}
w  |EH- {5} Al mflee.
{ g*v} - %(R;‘;B + Ry, + 26A{ gx})”k

. %{%KR"WW{)CB} + RJ#B{{L;})?J"U“@V ,

where RJ%, is the curvature tensor of g., in R™. Then by straight-
forward computation we have the following:

v Fg = R{‘,y{ ,6? o}v”’v" ) V,F& = Rz,

JVVF;* = (Rps — RV — R;’,y{&}{gp}v*v“vp ,

v FE = — i;sy{;;)}v*v" , VF.Fg=0,
‘V—y*Fg*:O, EV*FM*:O, 7th;r*=0.

(4.5)

We have also

‘7'YFMB = ngRﬁw{Bvs}vxve + 989(R~$/\3 - Rgm){ei}'vxve )
V'yFw*,S = gwp(R;‘XB — Rﬁa)\y)v)\ y E'YF“*B* = O »
V_'Y*FW*B:O’ ‘ Vy*FarB:O! EY*F,,.B*=O.

(4.6)

As F,g is symmetric in «, 8 it is the same for /,F,, so we have

= Y2} ) o

o é—gsp[(Rfm - RS'W){E(;} + (fha RL@M){E%}]UWE .

Using (4.6), the expression (4.7) and then making use of R, =
— R,y We have finally:

V_iij—i—ﬁiji—".V—kFij:O.
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Thus we have

ProposiTioN 4.1. If M is an almost product metric space obtained

from the tangent bundle of a riemannian space, then M" satisfies
1.7).

REMARK 4.1. As the fibres of T(R™) evidently constitute a sys-

tem of completely integrable distribution, so M* = T(R™) is a foliated
metric manifold.

REMARK 4.2. It is known [8] that the horizontal distribution is
also completely integrable if and only if R™ is flat. In this case
N} = 0. Therefore we see that (1.7) does not imply N = 0.

By the way, we give here one more proposition for M" obtained
from the tangent bundle of a riemannian space:

ProposITION 4.2. Let V¢ = (u® v9,u”) be the extended vector
field of u®. Then &5 F7 = 0 if and only if «® is an affine transforma-
tion in R™.

Proof. By making use of the formula

tgw = 173170,,%77 + u" pﬂﬁw

(4.8) = D" + w, B’é} +{ é’p}ﬁ‘mup " { Jp}asup ~{ Bpa}apu,,
we have
(4.9) { jj;: - 3 | j;lf;’ - zv,vt;s ,

from which the proposition follows.

REMARK 4.3. Proposition 4.2. is an analogue of a theorem of
Tachibana and Okumura [11].

5. In this section we assume that M" satisfies (2.5). Let .&5
denote as above the Lie derivative with respect to an infinitesimal
transformation v. It is well known that

(GRY Bt — 77 = R - ]l

Contract with 7, ~ and then make use of (2.5) we have

5.2) —r.zF = prafl - Pl
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ProposITION 5.1. In a compact orientable almost product metric
space satisfying (2.5), if an infinitesimal projective transformation at
the same time leaves F/ invariant, then it is an isometry.

Proof. If an infinitesimal projective transformation v* at the
same time leaves FY{ invariant, then we have

(5.3) 1) = s + o,
and

(5.4) LFl=0.
Substitute these two relations in (5.2) we have
(5.5) (nFr — 0rF))¥, =0.

But we have
(5.6) (mFP — 0P FH)(nF,, + 6, F}) = 04n* — (F})} + 0

as (F})*=(n — 2p)* < n’. Thus nF™ — 67F} is nonsingular and we
have 4, = 0, from which and (5.3) we have

(5.7) = i 7= 0.

Thus 7 ,v' = constant and ..%{Jh;} = 0. Now if the space is compact

and orientable, then by use of Green’s theorem we have /v = 0 from
which and _%{ﬁ} = 0 follows the proposition.

PROPOSITION 5.2. In an compact orientable almost product metric
space M satisfying (2.5), if an infinitesimal conformal transformation
leaves at the same time F{ invariant, then it is an isometry.

Proof. It is known that

68 A} = Lo+ g - s

Substitute (5.8) and (5.4) in (5.2) we have
(5°9) Fzmgzan-gv gln - Fani% gl'n = 0 .

From &~ 9i, =V, + V,v, = 2¢9,,, we have V. g,, = 24,9;,. Sub-
stitute this formula into (5.9) we have

(56.10) Frr v, vt —¢Fl=0.
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But as ¢ = (1/n)/v* and ¢, = (1/n)V 7, v*, the above equation is written
as

(.11) (an — la;w;)ymv,vl ~0.

n
From (5.11) we can get the proof of proposition 5.2 just as in the
proof of Proposition 5.1.

ProroSITION 5.3. In an almost product metric space M" satisfying
(2.5) we have

(5.12) V., FiV;Fl)=H—- R,
where R; = R};,, R = ¢g“R;,, H;; = R,;u, F** and H = F7H;,.
Proof. Contract with A, &k in the following well-known formula
(5.13) Vwi;Ft — vV, Fl = Rt F! — R F!,
and then make use of (2.5) we have
(5.14) VWV,F} = R,F! — Hj .
Differentiate FY'F;, = 6] with I";, then we have
(5.15) Fip,Fy, =0
by (2.5). From (5.15) we have

VW F#YW i FE) = —F3W,7FY)
= —F¥%R;F| — ﬁji) by (5.14)
=H—-R
ag FlFi = gV,

ProposITION 5.4. In an almost product metric space M" satisfying
(1.7) the relation H < R holds. The equality holds if and only if the
space satisfies V,F} = 0.

Proof. By (1.7) we have
(5.16) (PrFHYPFy) = —(PPFPEYW Fyy + VL Fy)
From which we have
20 FH)W i Fy) = —(T"FH)(Fy) =0 .
Then Proposition 5.4 follows.

REMARK 5.1. Propositions in this section are analogues of some
theorems of Koto [5].



176 CHEN-JUNG HSU

REFERENCE

1. M. Apte, Sur certains varietes hermitiques, C. R. Acad. Sci. Paris, 241 (1954),
1091-1093.

2. S. S. Chern, Differentiable maniford, Chicago lecture notes (1952).

3. C. ]J. Hsu, Note on (¢, &, n)-structure, Tohoku Math. Jour., 13 (1961), 434-442.

4. ———, On some structures which are similar to the quaternion structure, Tohoku
Math. Jour., 12 (1960), 403-428.

5. S. Kotd, Some theorems on almost Kaehlerian space, Jour. of Math. Soc. Japan, 12
(1960), 422-433.

6. B. Reinhart, Foliated manifold with bundle-like metrics, Ann. of Math., 69 (1959),
119-131.

7. S. Sasaki and Y. Hatakeyama, On differentiable manifolds with contact metric struc-
tures, Jour. of Math. Soc. Japan, 14 (1962), 249-271.

8. S. Sasaki, On differential geometry of tangent bundles of Riemannian manifold,
Tohoku Math. Jour., 10 (1958), 338-354.

9. S. Tachibana, Some theorems on locally product Riemannian spaces, Tohoku Math.
Jour., 12 (1960), 281-293.

10. ———, On almost-analytic vectors in certain almost Hermitian manifords, Tohoku
Math. Jour., 11 (1959), 351-363.

11. S. Tachibana and M. Okumura, On the almost-complex structure of tangent bundles
of Riemannian spaces, Tohoku Math. Jour., 14 (1962), 156-161.

12. Y. C. Wong, A note on complementary subspaces in a riemannian space, Bull. Amer.
Math. Soc., 49 (1943), 120-125.

13. K. Yano, Comformally separable quadratic differential forms, Proc. Imp. Acad.
Tokyo, 16 (1940), 83-86.

14, ———, Affine connections in an almost product space, Kédai Math. Sem. Rep., 11
(1959), 1-24.

UNIVERSITY OF CALIFORNIA, BERKELEY
AND NATIONAL TAIWAN UNIVERSITY





