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FIRST AND SECOND CATEGORY ABELIAN
GROUPS WITH THE n-ADIC TOPOLOGY

EDGAR J. HOWARD

Throughout this paper the word group shall mean Abelian
group. The w-adic topology of a group G is formed by taking
the subgroups k ! G as a base for the neighborhood system
of the identity where & is a nonnegative integer. In this
paper we list some properties of first and second category
groups with the w-adic topology (a group is of first category
if it is a countable union of nowhere dense sets).

We characterize first and second category groups and
prove the following:

THEOREM: A torsion group is of second category if and only
if G = H®D where H is bounded and D is divisible.

THEOREM: Every torsion homomorphic image of a second
category (e.g. complete) group is the direct sum of a bounded
group and a divisible group.

THEOREM: If G is reduced and of second category and
G — Σ Ga9 then there exists an integer n such that nGa — 0
for all but finitely many a.

THEOREM: If T is torsion, T is isomorphic to the torsion
subgroup of a second category group.

The notation and terminology will be essentially that of L. Fuchs
in [1]. The topological notations will be those of [6]. We note the
following.

1. If A is a subset (subgroup) of B we write Aξ^B (A g B).
2. ζxy denotes the cyclic group generated by x.
3. + means sum not necessarily direct, and 0 means direct sum.
4. By a first (second) category group G we shall mean that G is

of first (second) category with the %-adic topology.
5. The term " closed " will be used in the topological sense.

2* On first and second category groups* In this section we
shall use the facts that homomorphisms are continuous maps in the
w-adic topology, and " o n t o " homomorphisms are open maps in this
topology. The proof of the following is routine.

LEMMA 2.1. If f is a homomorphism from G onto H, then
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(i) f-1 maps first category sets into first category sets and
(ii) if A is of second category in G, then f(A) = H is of second

category.

THEOREM 2.2. Let G be an Abelian group with its n-adic
topology. Then G is of first category if and only if G can be mapped
homomorphically onto a group of first category in its n-adic topology.

Proof. If G is of first category it can be mapped by the identity
mapping onto itself. Conversely, if G can be mapped homomorphically
onto a first category group, say H, f~\H) — G is of first category by
Lemma C.I.

REMARK. Since a group is of second category if and only if it
is not of first category, Theorem 2.2 also characterizes second category
groups.

We will now show that all unbounded reduced torsion groups are
of first category. We note that bounded groups are of second category
since they are discrete in the w-adic topolopy, and divisible groups are
of second category since they are indiscrete in the w-adic topology.

LEMMA 2.3. If G is an unbounded torsion group with (Ί k! G —
0; then G is of first category.

Proof. Let G[n] = {x: nx = 0}, then we have G = \JnG[n\ and
G[n] is nowhere dense.

Lemma 2.1 yields:

PROPOSITION 2.4. If G is of second category and K is any sub-
group of G, then G/K is of second category.

The following corollaries are easily proved.

COROLLARY 2.5. If G is of second category and H is a direct
summand of G, then H is of second category.

COROLLARY 2.6. // G = H®K and H is of first category in
itself, then G is of first category.

If G1 = Π k! G, by the next theorem we see that to classify G a&
a second category group we only need to consider G/G1.
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THEOREM 2.7. A group G is of second category if and only if
G/G1 is of second category.

Proof. If G is of second category, then Proposition 2.4 implies
that G/G1 — G is of second category. It is routine to show that the
natural homomorphism from G to G/G1 is a closed mapping. To prove
that G is of second category it then suffices to show that if F is a
closed subset of G and if F is the image of F in G/G\ then the in-
terior of F nonempty implies the interior of F is nonempty. To prove
the latter, suppose F and F are as above and the interior of F is
nonempty, then there exists an integer k such that x+klGξΞ^F. From
this we obtain that x + klG g F + G where x + G1 — x. Since F is
closed, F+G1 gΞ F. Hence x +klGQF and thus the interior of F is
nonempty.

COROLLARY 2.8. If H is of second category and D is divisible,
then if φ D is of second category.

Proof. Let G = H®D, then G1 = H1 © D and

G/G1 = (H © D)/(H1 0 ΰ ) = H/H1 .

THEOREM 2.9. A torsion group G is of second category if and
only if G = H Q) D where H is bounded and D is divisible.

Proof. If G is of second category, then G/G1 is of second cate-
gory and by Lemma 2.3, G/G1 is bounded and hence G1 is divisible.
For the converse use Corollary 2.8.

Theorem 2.9 yields the following:

THEOREM 2.10. A torsion group is of first category if and only
if its reduced part is unbounded.

We now list some corollaries of the preceding results.

COROLLARY 2.11. Every torsion homomorphic image of a second
category group is the direct sum of a divisible group and a bounded
group.

Proof. Lemma 2.1 and Theorem 2.9.

REMARK. In Problem 12 of [1], Fuchs asks: When has a torsion
free group an unbounded torsion complete p-group as a homomorphic
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image? Lemmas 2.1 and 2.3 yield that torsion free second category
groups do not have this property.

Corollary 2.11. with the Baire Category theorem gives:

COROLLARY 2.12. Every torsion homomorphic image of a complete
group is the direct sum of a divisible group and a bounded group.

COROLLARY. 2.13. If G is of second category, then G splits if
and only if the maximal torsion subgroup of G is the direct sum of
a divisible group and a bounded group.

At this point we mention some further results. It can be easily
shown that if G is a countable unbounded group with n&!G = 0,
then G is of first category. In particular, the infinite cyclic group is
of first category. Since every free group can be mapped onto the
infinite cyclic group, we have that all free groups are of first category*

3* A structure theorem for second category groups*

THEOREM 3.1. Suppose G is reduced and is of second category
in its n-adic topology. If G = ΣGai then there exists an integer n
such that nGa = 0 for all but finitely many a.

Proof. Let B — {a: Ga is a torsion group}. Then Σ«ei? Ga is a
direct summand of G, hence a reduced torsion group of second category,
hence it is bounded. If the complement of B is finite the theorem is
proved. Otherwise let a(l), a(2), be an infinite sequence of indices
not in B. Since each Ga is reduced there is, for each n, an integer
kn>l such that knGa{n)φGa{n). Let bn=kt^ kn. Then 0ΦbnGa{n)ΦGa{n)

and ΣGa{n)/bnGa{n) is a reduced torsion homomorphic image of G having
unbounded order.

4* Some existence theorems for second category groups. Up
to this point the only examples of groups of second category (with no
elements of infinite height) with which we have dealt have been com-
plete groups. In this section we prove some theorems which give the
existence of non-complete mixed and torsion free second category
groups with no elements of infinite height.

The following is a special case of some results of Pettis in [7]
We will use the fact that a subgroup H of G is dense in G if and
only if G/H is divisible.

THEOREM 4.1. (Pettis [7]) Let G be a second category group in
its n-adic topology and let H be a proper subgroup of G. If
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Me {K: H S K SG and Kf]P — φ} and M is maximal with respect
to MΠ P — φ where P g G\H and P is countable, then M is of
second category in G.

The next lemma is a slight modification of Lemma 2 of [3] The
proof is essentially the same.

LEMMA 4.2. If H is a proper pure dense subgroup of a group
G and H S M with M maximal with respect to MΓ) P — φ where
p = <»\{0} S G\H for x$H, then M is pure in G.

THEOREM 4.3. // G is of second category and H is a proper
pure dense subgroup of G, then there exists a proper pure subgroup
M of G which is of second category in G such that H <̂  M.

Proof. By Lemma 2 of [5] there exist x ί H such that <#> Π H = 0.
Let P = <»\{0}. Then P g G\H and is countable. By Theorem 5.1
there exists a second category group M such that MΠ P = φ with
H S M <G. Now, with Lemma 4.2, we have that M is pure.

PROPOSITION 4.4. If G is of second category in its w-adic topology
and H is a pure subgroup of second category in G, then H is of
second category in the w-adic topology of H.

Proof. Clearly, H is of second category in its relative topology.
Since H is pure in G, the relative topology and the w-adic topology
are the same. Thus H is of second category in itself.

PROPOSITION 4.5. There exists noncomplete mixed groups which
are of second category in their w-adic topology.

Proof. Let H be an unbounded torsion p-group with Π k! H = 0.
Let G be the completion of H, then H is a pure proper dense subgroup
of G. By Theorem 4.3 there exists a pure proper second category
subgroup M of G containing H. By Proposition 4.4 M is of second
category in its own %-adic topology. Since M contains H and is pro-
perly contained in the completion of H, M is not complete.

For the next proposition we will use the fact that the p-adic inte-
gers, P, are complete in the p-adic topology to give an example of a
torsion free second cotegory group which is not complete. Recall that
if x e P, x can be represented uniquely as x = x0 + xλp + x2p

2 + •
where 0 ̂  xn ^ p — 1. Let H be the subgroup of P consisting of the
elements h — x0 + xxp + + xnp

n with xk = 0 for all k greater than
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some n(h). By the uniqueness of representation of the elements in P
we have that H is pure in P. It is easily shown that P/H is divisi-
ble. We now have that H is a pure proper dense subgroup of a tor-
sion free complete group. From Theorem 4.3 we know that there
exists a proper pure subgroup M of P which is of second category
such that H < M. By Proposition 4.4 M is of second category in its
2>-adic topology. We have thus proved the following.

PROPOSITION 4.6. There exist noncomplete second category groups
in their %-adic topology which are torsion free.

5* Embedding torsion groups in second category groups* In
this section we consider the following question: If T is any torsion
group, does there exist a second category group with the w-adic topology
such that T is the maximal torsion subgroup of this group? The
answer is in the affirmative.

If T is divisible, T is of second category. For the reduced case
we use the following proved by Harrison in [2]. If A is torsion, then
Horn (A, B) is complete for all groups B. Since Horn (A, B) is com-
plete it is of second category.

PROPOSITION 5.1. If G is either torsion or torsion free, then
Ext (G, X) is of second category for all groups X.

Proof. If G is torsion free, then Ext (G, X) is divisible and is of
second category. Suppose G is torsion and let X be any group. Let
D be a divisible group containing X. This yields the following exact
sequences:

and

0 -> Horn (G, X) — Horn (G, D) — Horn (G, D/X)
— Ext (G, X) — Ext (G, D) = 0 .

Thus, Horn (G,ZyX)-> Ext (G, X ) ^ 0 is exact and Horn (G, D/X) is
of second category. Hence by Lemma 2.1 Ext (G, X) is of second
category.

THEOREM 5.2. If T is a reduced torsion group, then T is iso-
morphic to the maximal torsion subgroup of a second category group.

Proof. In [2] Harrison shows that for a reduced torsion group T
the following is exact:
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0 — T — Ext (Q/Z, T) -> Ext (Q, T) — 0 .

This implies that Ext (Q/Z, T)/T = Ext (Q, Γ). Again by [2], Ext (Q, Γ)
is torsion free divisible. Thus T is isomorphic to the torsion subgroup
of Ext (Q/Z, T). By Proposition 5.1 Ext (Q/Z, T) is of second category.
Thus for any reduced torsion group T, T is the maximal torsion sub-
group of the second category group Ext (Q/Z, T).

REMARK. Corollaries to Theorem 6.3 are solutions to Problems
32(a) and 33(a) of [1]. Problem 32(a) was solved by E. A. Walker
and A. L. S. Corner (independently) and Problem 33(a) was solved by
E. A. Walker and A. L. S. Corner. See [4].

PROPOSITION 5.3. A torsion group T = D®R, where D is divisible
and R is reduced, is isomorphic to the maximal torsion subgroup of a
second category group.

Proof. Clearly T = D 0 R is the torsion subgroup of G —
D 0 Ext (Q/Z, R). G is of second category by Corollary 2.8.

REMARK. Since G/T = Ext (Q/Z, R)/R = Ext (Q, R) is divisible, T
is also dense in G.
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