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TWO NOTES ON REGRESSIVE ISOLS

JOSEPH BARBACK

This paper deals with regressive functions and regressive
isols, It was proven by J. C. E. Dekker in [2] that the collection
Ag of all regressive isols is not closed under addition. In the
first note of this paper we shall given another proof of this
fact by considering a new relation, denoted by %, between
infinite regressive isols. Let A and B denote infinite regressive
isols. The main results established in the first note are:

(1) A=<*B== A ¥ B, yet not conversely.

(2) A+ Bedr=—= A X B, yet not conversely.

(3) There exist infinite regressive isols which are not * related.
(4) Az is not-closed under addition.

In addition, the following result is stated.

(5) A+ Bedg=—=min(4,B)< A + B, yet not conversely.

In the second note we consider the <* relation between
regressive isols., A natural question concerning this relation
is whether A <* B, where A and B are regressive isols, is a
necessary or a sufficient condition for the sum A + B to be
regressive, In the second note we show that this condition is
neither necessary nor sufficient.

We shall assume that the reader is familiar with the
notations, terminology and main results of [1] and [2].

Preliminaries. Let ¢ =1{0,1,2,3, ---} be the set of nonnegative
integers (numbers). A one-to-one function ¢, from ¢ into ¢ is regressive
if there is a partial recursive function p(x) such that ot & dp and
p(ty) = &, (VR)[0(¢,+) = ¢,]. The function p is a regressing function
of t, if p has the following additional properties: op S dp and
(vo)[x e dp — @n)[p*'(x) = p*(x)]]. It is known (cf. [1]) that every
regressive funection has a regressing function. A set is regressive if
it is finite or the range of a regressive function. A set is retraceable
if it is finite or the range of a strictly increasing regressive function.
Let p be a regressing function of ¢,, then the function p* is defined
by: dp* = op and p*(x) = (un)[p"*(x) = p™(x)]. It follows that p* is
a partial recursive function and (vn)[p*(t,) = n].

Let s, and ¢, be two one-to-one functions from e into &, Then
8, <*t,, if there is a partial recursive function f such that

(1) ps S of and (va)[f(s.) =¢.].

Also, s, and t, are said to be recursively equivalent (denoted s, ~ t,)
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if there is a one-to-one partial recursive function f such that (1) holds,
Let ¢ and 7 be two sets. Then o <* 7, if either ¢ is finite and card.
o < card. 7, or ¢ is infinite and there is a partial recursive function
f such that ¢ < df, f is one-to-one on ¢ and f(o0) =7. Let S and T
be two isols. Then S <* T, if there are sets 0 € S and z € T such that
o0 <*7. The following propositions will be useful:

(a) Retraceable sets are either recursive or immune.

(b) Every function recursively equivalent to a regressive funection
is regressive.

(c¢) Every set recursively equivalent to a regressive set is re-
gressive.

(d) Let o = ps, and 7 = pt, where s, and ¢, are one-to-one re-
gressive functions. Then ¢ <*7 if and only if s, <*¢,, and 0 = 7 if
and only if s, ~ ¢,.

(e) Let s, and ¢, be one-to-one functions from ¢ into e. Then
s, ~t, if and only if s, <*t, and ¢, <*s,.

Proposition (a) is proven in [3]. Propositions (b) and (c), and the
second part of (d) are proven [1]. Both (e) and the first part of (d)
are given in [2]. :

Two sets a and B are said to be separated (denoted a | B) if there
are disjoint r.e, sets a* and £* such that a £ a* and < B*. Two
functions a, and b, are said to be separated (denoted a,|bd,) if their
ranges are separated sets. We will use the familiar primitive recursive
functions j, &k and ! defined by

iy =2+ @+y+y+1)2,
3(k(n), Un)) = n .

The function 7 maps & one-to-one onto &.

Note 1. The & relation.

DEFINITION 1, Let a, and b, be any two one-to-one functions from
¢ into &, Then a, ¥ b, if there is a partial recursive function p(x)
such that

(vn)[a, € dp and p(a,) =b,) V (b.€dp and p(b,) = a,)] .

The following proposition can be readily proven using the definitions
of the concepts involved. Its proof will be omitted.

ProrosiTION 1.1. Let a, and b, be any two one-to-one functions
from ¢ into . Then

(a) @, &b, —0,%a,,

(b) a,=*b,—a,&0,,
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NG
(e¢) a,=a,, b,=0b,,r =—a,Fb,.
@, | by an|bn,

DEFINITION 2. Let A and B be any two infinite regressive isols.
Then A X B if there are regressive functions a, and b, such that

oa,c A, p0b,ep, a,|lb, and a,F0b,.

RERARK. In view of Proposition (d) and part (¢) of Proposition
1.1, we see that if A and B are infinite regressive isols, then A * B
means that a, % b, for every pair a, and b, of separated, regressive
functions ranging over sets in A and B respectively.

THEOREM 1.1. Let A and B be infinite regressive isols. Then

A<*B— A¥B.

Proof. Let a, and b, be any two (one-to-one) regressive functions
ranging over sets in A and B respectively and such that a, <*b,. Set
a, = 2a, and b, =2b, + 1. Then a, = a,, b, = b, and a,|b,. Taking
into account Propositions (b), (¢) and (d) it follows that a, and b are
separated, regressive functions which range over sets in A and B re-
spectively. In addition, a, =* b, implies a, <*b,. By Proposition 1.1

(b) this means a, ¥ b;, and therefore A% B.

THEOREM 1.2. For all infinite regressive isols A and B,

A+ Bed,— A% B.

Proof. Let A and B denote two infinite regressive isols whose
sum is also regressive. Let a, and b, be regressive functions with
a=pa,cA B=pb,cB and «|B. Then a+ B8cA+ B and a+ B
is a regressive set. Let ¢, be a regressive function ranging over the
set & + B and let p(x) be a regressing function of ¢,. Set

0 = {z|(x = a, and p*(b,) < p*(a,)) V (x = b, and p*(a,) < p*(b,))} -

We note that 6 £ o + 8 and that for each number 7, exactly one of
the numbers a, and b, belongs to 6. Let the function f with domain
0 be defined by

if z=ua,,

b
fl@)=1"

a, if x=29b,.

It is easily seen that if f has a partial recursive extension then a, * b,.
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Since a, and b, are separated functions this fact would also imply that
A ¥ B. Hence to complete the proof it suffices to show that f has a
partial recursive extension. For this purpose, assume that xe€d. Since
a and B are separated sets we can determine whether xea@ or zcp.
First suppose that x € @. Taking into account that a, and ¢, are re-
gressive functions, we can find the numbers w and v such that z =
a, = ¢,. The number a, belongs to 6 and therefore

bue(cﬂy Ciy **°, cv_'l) = {pr(x) | 1 =r= 'U} .

The members of the set on the right side can be effectively obtained
from z, since p is a partial recursive function. In addition, using once
again the separability of the sets a and B, and the regressiveness of
the function b,, it follows that we can find the number b,. This gives
the value of f(x). In a similar fashion one can determine the value of
Sf(x) in the event x € 8. From these remarks we can conclude that f
will have a partial recursive extension. This completes the proof.

REMARK. We shall state without proof, two additional facts
which can be established in the proof of Theorem 1.2. These are

(a) oemin(4, B),
(b) la+B —95.
Since @ + Be€ A + B, these facts imply that

In the proof of Theorem 1.2, A and B were assumed to be infinite re-
gressive isols. However, it is easily seen that the relation denoted by
() is also true in the event either A or B is finite, for in this case
min (A, B) assumes one of the values (4, B). From these remarks one
has the following

THEOREM. For all regressive isols A and B,
A+ Bed,=—min(4,B) <A+ B.

The statement obtained by reversing the implication in the above
theorem is false, for in the second note it is shown that there are
two infinite regressive isols which are comparable relative to the <*
relation, hence their minimum assumes one of these two values, and
yet whose sum is not regressive. According to Theorem 1.1, this also
means that reversing the implication in Theorem 1.2 yields a false
statement as well.

THEOREM 1.8. There exist infinite regressive 1sols A and B which
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are not & related.

Proof. Let {p,} be an enumeration of partial recursive functions
of one variable such that:

(a) every partial recursive function of one variable occurs at
least once in {p;},

(b) »(1)*3 and p,3)#1.
We shall define two functions a, and b, such that the recursive

equivalence types, A = Req oa, and B = Req 0b, satisfy the conditions
of the Theorem.

Put ¢, =1 and b, = 3. We note that (b) implies
(1) Do(@) # b, and py(b,) # a, .

Let t = 1 and suppose that a,, -+, a,_, and b,, -- -., b,_; have already
been defined. We define a, and b, by setting

a, = J(@_y, ;) ,
bt = j(bt-ly 'vt) ’

where the numbers #, and v, will be defined in such a manner that
(2) p(a,) # b, and p,(,) * a,.
The definition of w, and v,. Set

7 = {u|j(@,.,, w) €op},
C={v|J(bi1, v) €0Ds} .

We consider three cases:

Case I. 7" # ¢. Let w be the smallest number belonging to 7',
Then p,j(a,_,, ) is undefined,

Subcase I.1. There exists a number v such that
D3 (e, V) # §(@es, W)
Set
Uy = U,
v, = (L0)[P.5 (b1, V) # §(@syy W] .
Subcase I1.2. For all numbers v,

D3 (bsyy ¥) = J(A_y, %) .

Consider the number j(a,_,, « + 1). Since j maps & one-to-one onto &,
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it follows that j(a,_,, » + 1) # j(a,_,, ). Hence for all numbers v,
DeJ(beyy ¥) # J(@yy w + 1) .
Clearly there exist numbers v’ such that 7(b,_,, v') # p.(a,_,, v + 1).

Set
U =u+1,
vy = (L) 3(be—yy V) # DJ(Qyy w + 1)] .

Case II. '+ ¢. Here we proceed in a fashion similar to Case I.
The details are omitted.
Case III, n'=1(" = ¢, i.e.,, P = =g, i.e.,
(vw)[5(@,_, w)€d] and (VV)[5(b;—y, v) €3],

where 6 = 6p,. The numbers in the following four lists:

L1. j(a't-u 0), j(a:—n 1), ---
L2, D:J(be1, 0), DeJ(bryy 1), + 2+
L3. j(bt—u 0), j(bt—u 1), -
L4. D5 (@, 0), D:J(Besyy 1), ==

are therefore all defined. Since the function j(x, ) is one-to-one, all
numbers in L1 are distinet and all numbers in L3 are distinet.

Subcase III1.L1. L1 contains a number which does not occur in L2,
Set

Uy = (#u)(v'v)[j(at—n u) # p,5(b_y, V)] .
Since all of the numbers in L3 are distinct, it follows that
@AV[F(bi—sy v) # 2.T( @iy, U] .

Set
(P (#'U)[j(b:—n V) # D:J(A—yy Ur)] «

Subcase II1,2. Every number of L1 occurs at least once in L2.
Since L1 contains infinitely many numbers this implies that L2 contains
infinitely many numbers. Hence, not only

(Vu)(gv)[j(at-n u) # 0,5(biyy )],
but also
(V%)@ infinitely many )[5(a;—;, %) # .5(bes, V)] .

This must be true in particular for v = 0. Thus there exists an infinite
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sequence v, v,, ¥, +++ of distinct numbers such that

(vm)[j(a,—s, 0) # 0,5(b,—s, v.)] «

Let
n* = (/"n)[j(bt—n v'n) +* ptj(at—ly O)] .
Define
u, =0,
,vt = vn‘ .

This completes the definition of the numbers %, and v,, and hence also
of the functions a, and b,. It is readily verified that the numbers a,
and b, have been so defined as to satisfy (2), that is

p(a,) # b, and p,b,) # a,.
Combining this fact with (1) gives
(3) (vm)lp.(a,) = b, and p.(b.) *= a,].
Let
a = pa, and B =pb,.

We claim:

(a) a, and b, are strictly increasing regressive functions and «
and B are retraceable sets,

(b) alp,

(¢) a, and b, are not ¥ related,

(d) «a and B are immune sets.

Re (a): It follows from the definition of the function j(x, y) that
z < j(x,y) for x > 0. Moreover, we have

@ >0 and (Yn)@W[A.+ = J(@, W],
bo >0 and (Vn)(av) [bn+l = j(bna ’U)] .

Hence
< a, < a< -+ and b <b <b < *er,

and therefore a, and b, are strictly increasing functions. Set

@) {ao, if z=a,,
X)) =
? k), if z+#a,.

Clearly q(x) is a recursive function and it can be readily shown that
q(x) is a regressing function of a,. By replacing a, by b, in the de-
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finition of ¢(x) yields a regressing function of b,. Hence, @, and b,
are each strictly increasing regressive functions and therefore & and £
are retraceable sets.

Re (b): As a consequence of the definition of the functions a, and
b,, we have

ac{zlz=1V @)k @) =11},
Bc{z]z =238V @[k = 3]}.

The sets appearing on the right sides are clearly r.e. Also, since
k(B) =0, k(1) = 0 and k(0) = 0, they are disjoint. Hence a| 5.

Re (¢): Suppose that statement (c¢) were false; this would then
mean a,-* b,. Hence there would be a partial recursive function p(x)
such that

(4) (vn)[p(a,) = b,) V () = a,)] .

Assume that the index of p in our enumeration is ¢, i.e., p(x) = ().
In view of (4), we would have

pi(a;) = b;- or p;(b;) = a; .

However, according to (38) this statement must be false, This con-
tradiction establishes the desired conclusion that a, and b, are not &
related.

Re (d): By part (a), each of the sets a and A is retraceable and
hence is either recursive or immune. If one of these sets is recursive
then the strietly increasing function ranging over the set would be a
recursive function. Thus, if a@ were a recursive set then a, would be
a recursive function. In this event, we would have that

b, =* m, since b, is a regressive function,
n =<*a,, since a, is a regressive function,

and, by the transitivity of the <* relation, also that b, <*a,. By

Proposition 1.1 (b), this means that a, X b,, which is not possible

according to part (¢). Therefore @ must be an immune set. In a similar

way it can be shown that B is also an immune set. This verifies (d).
To complete the proof, let

A=Reqa and B =ReqpB.

By statements (a) and (d) it follows that A and B are infinite regressive
isols. In addition, combining statements (a) and (c¢) with the Remark
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following Definition 2 implies that A and B are not % related. Hence
A and B satisfy the requirements of the Theorem.

REMARK A. In [2, Theorem T2] it is shown that both the collection
A, of all regressive isols and the collection ./, of all cosimple regres-
sive isols are not closed under addition. We note that the first of
these results can be obtained by combining Theorems 1.2 and 1.3.

REMARK B. It is readily seen from Definitions 1 and 2, that the
Z, relation for infinite regressive isols is both reflexive and symmetric.
The following Corollary to Theorem 1.3 shows that * is a not a transi-
tive relation.

COROLLARY. There exist infinite regressive isols A, B and W
with A W, BE W, while A and B are not & related.

Proof. Let A and B be any two infinite regressive isols which
are not ¥ related. Set W = min (A4, B). Then W is an infinite regressive
isol with

W<*A and W=*B.

Hence, by Theorem 1.1
W&A and W& B,

According to our choice of A and B, the proof is complete.

Note 2. The main results of this note will establish the fact that
A =* B (where A, Be /) represents neither a necessary condition nor
a sufficient condition for the sum A 4+ B to belong to 4, In the
following discussion we will use the notion of the degree of unsolvability
of a regressitve isol. This concept is studied in [2]. If A is a regres-
sive isol, then 4, will denote its degree of unsolvability.

THEOREM 2.1. There exist regressive isols A and B with A <* B,
yet whose sum A + B 1is mot regressive.

Proof. Let P and @ denote two (infinite) regressive isols with
different degrees of unsolvability, i.e., 4, # 4,. Set

A =min(P,Q) .
Then A is an infinite regressive isol such that
A<*P and A<*Q.

To complete the proof we need only show that at least one of the two
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isols A + P and 4 + @ is not regressive., To prove this fact, let us
suppose otherwise, namely that both A + P and A4 + @ are regressive
isols. Then according to [2, Proposition 17(d)], it follows that

d,=4p and 4,= 4, ,

and therefore 4, = 4,. This last equality contradicts our choice of P
and Q. Hence, either A + P or A + Q is not regressive. If we define
B tobe Pif A+ Pe A, and to be @ otherwise, then A and B will
satisfy the requirements of the Theorem.

REMARK. It is proven in [2] that there are cosimple regressive
isols with different degrees of unsolvability. Moreover, the minimum
of two cosimple regressive isols is again a cosimple regressive isol.
Thus, as a consequence of the previous proof, we see that the following
result is also true.

THEOREM. There exist cosimple regressive isols A and B with
A =<* B yet whose sum A + B is mot regressive.

THEOREM 2.2. There exist regressive isols S and T which are
incomparable relative to the =* relation and whose sum 18 regressive.

Proof. This shall be a constructive type of proof and we shall
use a technique introduced in the proof of [4, Theorem 95]. The proof
will progress in four steps.

Step I. In this step we shall define a particular function a, from
¢ into &, and show that it is strictly increasing and regressive.

Let p;(x) denote a function of the two variables ¢ and « such that
every one-to-one partial recursive function and no other function appears
in the sequence {p,}. For any numbers ¢, «--,¢,, 7; max* {p;(), ---,
2:(t,)} is defined to be O if none of the m + 1 numbers p.(t), * -, p:(t.)
is defined; and is defined to be the maximum of those numbers
Di(ty), + -+, pi(t,) which are defined; if at least one of them is defined.

The function a, is defined by,

a =1,
Qrsr = J(@y, Upr)) , Where
U =0, if either k=4n + 1 or k=4n + 3,
Uiy = (2Y)[5(ar, y) >max* {p,(a,), - * -, .(a,)}], if either k=4n or k=4n+2,
It is readily seen that a, is an everywhere defined function from ¢ into

¢. Moreover, just as the function @, in the proof of Theorem 1.3 was
shown to be strictly increasing and regressive, it can be shown that
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a, is also strictly increasing and regressive.

Step II. Let the four sets 0,0, 0, and 0, denote the ranges of
the functions a,,, @41, @2 and a,,., respectively. Since each of the
functions 4n, 4n + 1, 4n + 2 and 4n + 3 is strictly increasing and
recursive, it follows that each of the functions a,,, a,,.,, @,., and a,,.,
is regressive. Hence the four sets d,, d,, ., and o, are each regressive.
We shall now prove:

(a) not [4, = 4],

(b) not [d, = 0],

(e) a, ranges over an immune set.

Re (a): To prove statement (a), let us suppose that it is false.
Then, by the enumeration in Step I, there would be a number ¢ such

that
d,Cop; and py(d,) =4, .
One consequence of this faet is

(1) (Di(@y), D@y, -+, pi(ay) 0, .

By the definition of the funection a,, it follows that a,,, would exceed
each of the numbers p,(a,), pi(a), + -+, pi(a,). Since @, is strictly in-
creasing, the same would be true for a,;., with 7 = 1. Hence from
(1) we can conclude that

(0:(@0), Pi(@y), +++, D) T (Qy, sy ==+ Byii_yyry)

However, the set on the left side has exactly 4+ + 1 members while the
set on the right side has only ¢ members. This contradicts the fact
that p; is a one-to-one function. This means that statement (a) must
be true.

Re (b): We can prove statement (b) in a way similar to the one
used to prove (a). Assuming that statement (b) is false implies that
there is a number 7 such that

Bzc 5pi9 and pt(az) = 63 ’
and
(2) (pi(az)y pi(ae)a cc pi(a4i+2)) c 63 .

The definition of the function a, implies that a,;., will exceed each of
the numbers p;(a.), pi(@s), * -+, D:(@4+.), and since a, is strictly increasing,
the same will be true for a,;., with j = ¢. Hence from (2) we can
conclude that
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(P:i(@2), D), **+, Pi(@uirs)) T (A, Gy ===, Cys_yyrs) -

Yet the set on the left side has exactly 7 + 1 members while the set
on the right side has exactly ¢+ members. This contradicts the fact that
p; is a one-to-one function, Therefore (b) must be a true statement.

Re (¢): Since a, is a strictly increasing regressive function it
ranges over an infinite retraceable set. We know that this set will
be either recursive or immune. But it is easily seen that if a, ranges
over an infinite recursive set then each of the sets 6, and 6, will also
be infinite and recursive. According to statement (a), this is not

possible. Hence a, ranges over an immune set. This verifies (¢) and
also completes Step II.

Step III. Let
0=0,+06, and 7 =20,+ 0,.

We shall now prove:
(d) o and t are infinite regressive sets,
(e) oz,
(f) not [0 =* 7],
(g) not [t =*a].
For this purpose, let

(4n if z=2n,
g(x) = 1 .
4dn +3 if x=2n+1,
hz) = {4%-{—1 if x=2n,
mn+2, if z=2n+1.
Then
(3) P&y =0 and PCu,, =T7T.

We also note that the functions g and h are each recursive and strictly

increasing. In addition, their ranges are disjoint and the union of their
ranges is e.

Re (d): Since both g and h are strictly increasing, recursive
functions and a, is a regressive function it readily follows that both
@, and a,, are regressive function. By (3), this means that ¢ and
T are infinite regressive sets.

Re (¢): From the two facts, a, is a regressive function, and the
ranges of the recursive functions g and & are disjoint, one can easily
show that the two functions a,.,, and a,, are separated. This means
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that ¢ and - are separated sets.

Re (f): Suppose that statement (f) were false, namely assume
that ¢ <* . According to Proposition (d), this implies that @, =* Gpn.

Comparing the definitions of g(x) and h(x), we can conclude from this
fact that

Clearly,

and hence by Proposition (e),
a4n = a4n+1 °
According to Proposition (d), this implies that o, ~ o0, which is not

possible in view of part (a). Therefore statement (f) is true.

Re (g): To verify (g) we can proceed as in the previous case.
Suppose that statement (g) is false. This will imply that a,,,) =* a4,
and this fact gives

gpig S Qypis o
Clearly,
a’47z+3 —g* a4n+2 ’

and hence
Aypro = Qyp3 o

This means that ¢, = 0, which is not possible in view of part (b). This
contradiction establishes (g) and also completes Step III.

Step IV. Let
S=Reqo and T = Req=z.

Both ¢ and ¢ are infinite subsets of the immune set oa,, and therefore
are themselves immune sets. Also, by part (d), 0 and 7 are regressive.
Hence

(i) S and T are infinite regressive isols.

Combining [2, Proposition P 10] and statement (f) and (g), implies
that

(ii) S and T are incomparable relative to the <* relation.

In view of (i) and (ii), in order to complete the proof it remains
only to show that
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(i) S+ Tedg.

Since ¢ and 7 are separated sets, it follows that ¢ + e S + T.
Moreover, o + 7 is a regressive set since 0 + 7 = pa,. Hence S+ T
is a regressive isol. This verifies (iii) and completes the proof.
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