PACIFIC JOURNAL OF MATHEMATICS
Vol. 24, No. 2, 1968

THE APPROXIMATE SOLUTION OF y' = F(x, y)

R. G. HUFFSTUTLER AND F. MAX STEIN

In general the exact solution of the differential system
v =F(,y, y0)=0,

is either unattainable or is impractical to handle, even though
a solution is known to exist and may even be obtained in
certain cases, Thus some method of approximation is often
employed. After the choice of approximating functions has
been made, there still remains the questions of goodness of
approximation and, if infinite processes are employed, the
question of convergence,

The system described above is restricted in this paper to
those cases in which F'(z,y) is an analytic function of x and
y for —1 <2 =1 and all y. Then F(x,y) can be written as
a convergent power series

F(x,y) = ~,2‘o T

By considering a sequence of n-th degree polynomials {Pf(x)}
which are c-approximate solutions of the truncated system

Liyy=y' — > awy’=F(,0, y0)=0,

1=0,j=1

the solution of the original system can be uniformly approxi-
mated by polynomials which satisfy P;(0)=0 and which
minimize

[|F(z,0) — Ll Px(x)] || = Sup | F(2, 0) — Li[Pi(2)] | .

1. Introduction. The differential equation to be considered is the
equation

(1) y’:F(xyy)’
where F(z, y) is an analytic function of # and y for —1 <2z <1 and
all y; that is, F'(x, y) has the power series expansion
F,y) = > awy’

%,5=0
which is valid for —1 <2 <1 and all y. Along with (1) we apply
the initial condition
(2) y(0) =0 .

It is known that (1) possesses a unique solution satisfying the initial
condition [1].
We wish to consider the equation (1) in the form
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oo

(3) Ly)=v - 3 ey =F,0),

1=0,7=1

where F'(z,0) = >2a;@'. Let R, (x,y) = F(x,y) — F.(x,y), where
F.(x, y) is defined by the equation

k
Fi(z, y) = 'Z'o a2y’ .
3=

Associated with (3) we consider the truncated system in either the
form

k

(3°k1) Lk(y) = y, - Z aijwi?/j = F(x’ O) ’ y(O) =0 ’

1=0,7=1
or
(3.k,) Y — Fiu(x,y) = Ri(x,0), y(0)=0,

where R, (x,0) = >2,..a;x°. Note that R,(z, 0) is not the same as
F(x,0). However, since (3.k,) and (3.k, are the same equations, a
solution of one is a solution of the other. Observe also that the
conditions assumed for (1) are sufficient to insure solutions for (3.%))
or (3.k,).

We wish to consider the best approximate solution of (1) by the
use of polynomials PX(x) as approximating functions in the sense that

(4)  1F@ 0 — LIP}@)] | = sup | F(, 0) — L{Pi@)]|

is a minimum for each fixed » and k. Here the superscript %k in
P[r(x) represents the & of (3.k), and » is the degree of Pf(x). That
is, we consider the conditions under which a sequence of minimizing
polynomials of (4) will converge uniformly to the unique solution y
of (1).

2. Preliminary results. In a paper to appear in the Proceedings
[3], the authors consider the problem of best approximation of the
solution of the equation

(5) Ny =y — ,;:f:fk(w)yk = R), =e€[0,1],
satisfying y(0) = 0, by the use of polynomials P,(x) as approximating

functions. The approximation there is a best approximation in the
sense that the approximating polynomial is required to minimize

(6) | R@) — N[P,@]|| = sup | R@@) — NIP,@)]|.

From [3] we have the following theorem:
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THEOREM 1. If y(x) is the unique solution of (5) which satisfies
the initial condition y(0) =0 and which has a continuous first
derivative, and if P,(x) ts a polynomial which minimizes (6) and is
such that P,(0) = 0, ther P,(x) arnd P,(x) converge uniformly throughout
[0, 1] to y(x) and y'(x) respectively as n increases without bound.

If we return now to equation (3.k,), we see that the conditions of
Theorem 1 are satisfied, and we know that for each fixed % there
exists a sequence of polynomials P}(x) which satisfy Pf(0) = 0, which
minimize (4) for that fixed %, and which uniformly approximate the
solution of (3.k,).

The following definition will be useful in our work to follow [1].
Let f(x, ¥) be a real-valued continuous function on a domain D in the
(x, ¥)-plane, and consider the equation

(7) ¥ = f, ).

An c-approximate solution of (7) on an « interval I is a function
@ e(C on I such that

(i) (x, @) eD, xel,

(ii) @®eC*' on I, except possibly for a finite set of points S on
I, where @ may have simple discontinuities, and

(iil) |@'(x) — flz, O(x)| <6 Xel—S.

Denote the set of all ¢-approximate solutions of (3.k.) by S*. We
know that given any ¢ > 0, there exists a K(¢) such that

(8) S agmy| <e

T.J=k+1

if k = K(e), since the series is convergent, an observation we shall
need in the following sequence of lemmas which lead to the proof of
the principal result of this paper.

LemmA 1. If y(x) is any solution of (1), then y(x) is in S* for
all k& sufficiently large, say k = K(¢).

Proof. If y(x) is a solution of (1), then
Y = F(z,y) = Fiu(z, y) + B, v) .

Given any ¢ > 0, then for sufficiently large k, say k = K(¢), we have
that | R.(z, y)| < ¢/2 (and hence |R,(x, 0)| < ¢/2) by (8). Therefore

|y — Fi(@,y) — Ry, 0)| = | F(x,y) — Fi(z, y) — Ry(x, 0) |
S R, y)| + Bz, 0)| =¢/2+¢2=c¢.

But this is precisely the statement of the fact that y(x) is in S* for
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k =z K(e).

LEMMA 2. If PFf is a minimizing polynomial of (4), and if the
conditions of Theorem 1 are satisfied, then for m sufficiently large,
Pl(x) ts an e-approvimate solution of (3.k,).

Proof. Since Fi(z, y) = >.f;_,a;;x'y’, then F,(x, y) is a continuous
function of y. Thus, given any ¢ > 0, there exists a ¢ > 0 such that
| (@, yi) — Fi(z, Pi)| < ¢€/2,

provided that |y, — PF| < 6, where y, is the solution of the k-th
truncated equation (3.%k,). Since the conditions of Theorem 1 are
satisfied,

|y, — PF| <4, for xz€0,1],

for » sufficiently large, say » > N,(¢, k). Likewise, by Theorem 1, for
n > N,(¢, k) we have that

[y — (PH) | <¢/2, for xe[0,1].
If we choose N = max (N,, N,), then
| Fu@, yi) — Fi(e, PY)| = ¢/2 and |y, — (PX)'| = ¢/2
for all x€{0,1] and for » = N. Thus

[(Py) — Fu(x, Pr) — Ry(=, 0)]
= [(PY) — Fux, yi) — Ru(x, 0) | + | Fi(x, yi) — Filw, Py) |
SR — vl + | Fu@, y) — Fi(x, PY) [ = €/2 +¢/2=¢.

Thus PX(x) is an c-approximate solution of (3.k,) for = sufficiently
large.

LEMMA 3. If Pk(x) 1s an /3 approximate solution of (3.k,), then
Pi(x) is an e-approximate solution of (1), provided that k = K(e).

Proof. Since P)(x) is an ¢/3 approximate solution of (3.k;), we
have that

[(Pr) — F(z, Py)|
< |(PY) — Fu(®, Pi) — Rz, 0)| + | Fu(w, PF) — Flx, Py)|
+ | Bu(®, 0) |
= |(P}) — Fu(, Py) — Ry(x, 0)| + | Bu(x, P2)| + | Ru(x, 0) |
<eB3+¢83+¢B83=c¢,
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since for %k sufficiently large, say k = K(e),

l i a; 4 (Pr)’

[4,5=k+1

< ¢/3 and

i a;xt| < €/3.
i=k+1

LEMMA 4. If Pl(x) is an €/5 approximate solution of (3.k,) where
k = K(e), then for any j such that k=37 = K(e), Pk(x) 1s in the
class S:.

Proof. Since PX(x) is an ¢/5 approximate solution of (3.k,) we
have that

| (PFy — Fy(x, P¥) — Ry(x, 0)| < ¢/5.

Also |R.(x, PH)| < ¢/5 and |R;(z, PF)| < ¢/5 by hypothesis, Thus by
adding and subtracting F.(x, Pf) and R,(x, 0) we can write

| () — Fyz, Py) — Rz, 0) |
= [(PR) — Fu(x, Pr) — Ry, 0) |
+ | Fi(x, Py) — Fj(z, P;) — By(w, 0) + Ry(z, 0)]
= [(PX) — Fi(x, PY) — By(, 0)| + | RBu(z, PY)| + | Ri(x, Pr) |
+ [Ri(z, 0)| + | Ry(w, 0) |
<e¢5b+¢/5+eb+¢e/5+eb=c¢,

where use has been made of the fact that
| Fi(w, Py) — Fy(=, Pf)| = | R, P¥) — Ry(x, Py)| .

Hence, Pf is an e-approximate solution of (3.k,) when k, = 7 and thus
belongs to the class S:.

It is useful to note that any solution of a given differential equation
is an e-approximate solution of that equation for all positive ¢, and
also if y(x) is an e-approximate solution of a given differential equation
for all ¢ > 0, then y(x) is a solution of that given differential equation.

3. The approximate solution of the differential equation.
We now consider the approximate solution of (1) by a sequence of
polynomials Pk(x) which minimize (4). Let {¢,} be a monotone null
sequence of positive numbers with ¢, < 1. For each ¢, there exists a
a K,(¢,) such that whenever 7 = K,,

S, gyl < 63
i,d=h+1
From Lemma 3 an ¢/3 approximate solution P}(z) of (3.k;) is an e-
approximate solution of (1) provided that 4 > K,. Then for ¢, there
exists a K, such that
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K K1+1 Ki+j
P”11’ _Pnzl , ""Pﬂjlﬂ’ oo

are ¢-approximate solutions of (1). Here we are denoting by Pl
any ¢,/3 approximate solution of (3.k,) when k, = K, +j. We also
note that P,{j.flf(O) = 0; i.e., the polynomials satisfy the boundary con-
dition for all j = 0,1, ---.

For ¢, there exists a K} such that

K, DK+l .. KI+3
n12yPn22 y * rPnjz_Hy"'

are ¢,-approximate solutions of (1). Choosing K, = max (K,, KJ) leads
to the sequence P2, P,2*, - .., P,{?fj , *++, Where P,{jg;“l" is an ¢,/3 approxi-
mate solution of (3.k,) when k, = K, + j, and for 5 =0,1, ---, and
Pri0) = 0. It should be noted that Pfetiis an e and ¢;-approximate
solution of (1).

Define inductively the sequence of solutions

K Kjp+1 Kp+3J
Pnlky Pnzk ’ "'yPnj}:_-;Jv )

where Pk, is an ¢,/3 approximate solution of (3.k;,) for k, = K, + 7

having the property that Pfx*/(0) = 0,5 =0,1,---. Again Pfti7 is
an ¢,-approximate solution of (1).

Consider the sequence
Pfll’ P7{<;2+1’ P;§3+2’ cee, P£j+(j~1)’ .

Denote this sequence by {Y,}. We observe that each Y, is at least
an ¢;-approximate solution of (1), ¢ =1,2, -.-..
At this point we need a theorem given by Coddington and Levinson [1].

THEOREM 2. Suppose that f(x,y) is continuous in some domain
D of the (x, y)-plane and further that f(x,y) satisfies a Lipschitz
condition with respect to y in D with Lipschitz constant K. Let @,
and @, be e~ and eapproximate solutions of (7) of class C*, at least
precewise on [a, b, satisfying

[@1(%) - @z(xo)[ § 5
for some x, such that a < x, < b, where 6 is a nonnegative constant.

If ¢ = ¢ + &, then for all xea,d]

|0,(3) = @) | < deF0! + —(Fm — 1) .

By a theorem given by Coppel [2] and stated in [3], we know
that the solutions y, of (3.k,) are uniformly bounded on [0, 1]. Hence
the polynomials of the set {Y;} are uniformly bounded, and there exists
a uniform Lipschitz constant K for (1) for « in [0, 1].
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Hence if ¢* and j* are chosen so large that ¢, and ¢;. are both
less than ¢/2C for arbitrary small ¢ > 0, where C = (]¢* — 1|)/K, then

| Yol@) = Yiw) | = 0-11 4 S b lin i — 1)

<t () =e,  wep .
Thus, the sequence {Y;(x)} is a Cauchy sequence and hence converges
uniformly on [0, 1]. Therefore there exists a continuous limit function
Y(x) on this interval such that Y,(x) — Y(x) as 7 — oo uniformly on
[0,1]. Recalling the fact that each member of {Y,} is at least an
¢;~approximate solution of (1), it is clear that Y(x) is a solution of
(1) satisfying Y(0) = 0, since it is an e-approximate solution of (1) for
all e > 0. Applying the uniqueness of solutions of (1), it is necessary
that Y(z) = y(x).

Thus we have shown the existence of a sequence of polynomials,
{Y,(z)}, such that Y;(0) = 0 and each Y,(x) is a minimizing polynomial
of (4). Furthermore, this sequence converges uniformly to the solution
of (1) as ¢ increases without bound. We state these results in the
following theorem.

THEOREM 3. If y(x) ts the wunique solution of (1) having the
value y(0) =0, then y(x) may be uniformly approximated on [0, 1] by
a sequence of polynomials {P}(x)} which are e-approximate solutions
of (3.k;) which satisfy PX0) = 0 and which minimize condition (4).
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