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BEST CONSTANTS IN A CLASS OF
INTEGRAL INEQUALITIES

Davip W. Boyp

In this paper a method is developed for determining best
constants in inequalities of the following form:

§" Ly 17 |y (@) < K{S" Ly vm(x)dx}“’””' :

where y(a) = y'(a) = -+ = y»V(a) =0 and y™ 7 is absolutely
continuous,

It is first shown that for a certain class of m and w,
equality can be attained in the inequality. Applying variational
techniques reduces the determination of the best constant to
a nonlinear eigenvalue problem for an integral operator., If
m and w are sufficiently smooth this reduces further to a
boundary value problem for a differential equation. The method
is illustrated by determining the best constants in case (a, b)
is a finite interval, m(x) = w(z) =1, and » = 1.

A number of special cases of the inequality have been studied but
usually without obtaining best constants. An exception to this is the
case n =1,q = 0, p = » which was studied very thoroughly by Beesack
[1], who gave a direct method for determining best constants. The
method of [1] was modified by Boyd and Wong [5] to apply to the
case n=1,¢g =1, = p + 1. Recently Beesack and Das [2] obtained
constants for the case n =1,r = p + q but these were not in general
best possible.

We shall state our result only for » = 1 although it will be clear
that the analogous result for n > 1 is valid. In our closing remarks
we indicate a number of other inequalities to which the method of
this paper applies.

1. Preliminaries. Throughout we assume that p,q,r,a,b are
real numbers satisfying p >0,» >1,0<¢g<r and — o <a < b < oo,
The functions m and w are measurable and positive almost everywhere,
We write du(x) = m(z)de and

b 1/s
1= {{ 1 rrdu) " for 0<s<

The space L, is the set of functions with || ||, < co, with the usual
identification. We shall use the notation f, — fif || f, — f||,— 0, and if

s=1 so L:, is a Banach space, we write f, 2, f for weak convergence
in Li. We denote the dual of L: by L: so for s >1,s = s/(s — 1).
We shall consider integral operators of the type
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(1) Tfw) = | (e, DAOIC) ,

where k(x,t) = 0 a.e. A function f is in the domain of T if
T f(x) < = a.e.

For Theorem 1, the operator T becomes
(2) T f(z) = W(x)””ﬂ’L(W)“"pSIf(t)dt ,

so that k(x, t) = w(@)"*m(x)"*m(t)""Ya,.,(t). A necessary and sufficient
condition for the domain of T, to contain L7, is that

Sx m() VAt < o for aZx<b.

This follows from Holder’s inequality and its converse.
If T maps L}, — Li,, where s = pr/(r — q), with norm || T'|| < <o,
then we can define the functional J on L, by

(3) I = 11rpisran.

It then follows from Holder’s inequality that

(4) JO) =TI LIz
2. Main results.

THEOREM 1. Suppose that w, m e C'(a,b), that w(x) >0 a.e. and
m(x) >0 for a<<x<b, that p>0,r>1,0=<q <r, and that the
operator T, defined by (2) is compact from L, — Li(s = pr/(r — q)).
Then the following eigenvalue problem (P) has solutions (y, \) with
yeC¥a, b) and y(x) > 0,y'(x) > 0 in (a,bd).

(1) -—dd (r\y"Tm — qyy T w) + py* Ty w = 0
x
(P) (ii) limy(x) = 0 and lim (rAy""'m — qy*y'*"'w) = 0
T—a z—b

(i) vl =1.

There is a largest value N such that (P) has a solution and if \*
denotes this value, then for any fe L,

I [ N

Equality holds in (5) if and only if f = cy’ a.e. where y is a solution
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of (P) corresponding to » = \*, and ¢ s any constant.

The proof will require two lemmas which we state in reasonable
generality.

LEMMA 1. Suppose that p > 0,r >1,0< g < r, and that T, as
defined by (1) is a compact operator from Li, — L3, (s = pr/(r — q)).
Let J be defined by (3), and

(6) K* = sup {J(f): || fll. =1} .
Then, there is an element f,e L, with || f,||, = 1 such that J(f,) = K*.

Proof. Since J(f) < J(|f|) unless f is of constant sign a.e., we
can restrict consideration in (6) to f=0. Let {f,} € L’ be a sequence
with 7, = 0,||f.|| £ 1 such that J(f,)— K*. We begin by assuming
q>0 so that 1 < /g < «. By the weak sequential compactness of
the unit balls of L7, and L:/* ([7], p.68), and by the compactness of
T, we may assume that there are functions

feLy,he Ly, ge Ls,

such that f, 2, 1 fe 2, h, Tf,— g in the appropriate spaces; clearly
Tf = g. Furthermore, by the uniform convexity of L and LI/ we
may assume that f, and f? are strongly (C, 1)-summable to their weak
limits ([7], p. 462), so that

Fo=nt S fi——f and b, =0t X fi——h .

k=1 k=1
Now, we have

b b b

(1) 0= ehdn = (@ - o+ o -m
Now, since fg—w—>h in L7/ and since g¢?e L:* = L{'?', the second
integral in the right member of (7) tends to zero as n—oo. To show
that the first integral tends to zero we consider separately 0 < p <1
and 1 <p< . If 0<p<1, we use the inequality | 4> — B?| <
|A— B|” for A= 0,B =0 to obtain

ISZ(Tfn)”fi - S:g”fz = Sbl Tf, — g 1'f3
SUTf =gl fallt = I TAH — gl

The second step follows from Holder’s inequality with exponents s/p =
r/(r — q) and r/q. The final term in (8) tends to zero since Tf,—g¢g
in L,

In case 1 < p < o, we consider instead

(8)
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@) [y’ - {len}”

by Minkowski’s mequahty As in (8), the rlght member of (9) tends
to zero. Thus, if 4, = S (Tf,)*fe and B, = S ?f7, we have that

a

={[ 17— gpr}”

| Ay — BY?|— 0.

But {4,} and {B,} are bounded sequences (4, = J(f.) < || T||* by (4),

<|lglle=|IT|” by Holder’s inequality and Tf,—g), and thus
|A, — B,| < p| A" — B/”|-|| T||”~* shows that A, — B, — 0 as required.
Hence, we have

(10) K* = Sb gPhdp .
In case ¢ = 0, (10) also holds with 2 = 1, by a similar argument.
Now we show the existence of f, for which J(f,) = K*. The cases

0<g<1 and 1< q<7r are considered separately. If 0<q¢ <1,
define f, = f. Since @(t) = t* is concave, we have

a RN WALES D S By

Now, since f, — f, in L., we have

b ~
égg"lfé’—f:i[

b [ N
S 9718 — S 9°fi

12 : . .
<[ o1 =R gl -7l —0.

Similarly, Sb g”ﬁnﬂsb g*h. Thus, combining (10), (11) and (12) we
obtain
705 = | orpe =1im | o772

(13)
glim§ oo, = S o'h = K* .

However || f]l, <1 so J(f,) < K* and hence (13) implies J(f,) = K*

from which it is clear that || f,], = 1.
In case 1 < g < », let f, = Y. Now, Ainstead of (11), we have
fi<h,. Since ||k, — k||,;,—0, and since |2} — h'1| < |k, — h |7 we

have

g = woeg, = {1 oo — e}
a

~ ir ~
= {{ 1B = 0o} = 1B = R
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Thus AY? — k¢ = £, in L7, and since T is continuous, Thy* — Tf, in
L;. However f, < hY" and k(x,t) =0 a.e. so Tf, < Thl?, a.e. and

thus 7f =g < Tf, a.e. Thus (10) implies K* < J(f,), which again
means that J(f;) = K* and || f,][, = 1.

REMARK. A simple sufficient condition for T to be compact from
L;, — L, is that k have finite (', s)-double norm. That is

b 1/
a

14) i ={{"[ [ # trape]" ap@}” < -
(see [9], p. 319; the proof there applies even if 0 < s < 1).

Using (4), we see that K* < || T|[* < ||| T|||> so (14) also supplies
an upper bound for K* (rarely the best).
For the operator T, given by (2) one may calculate that

4 Tl = Sbw(m)rl(r_q)m(x)”q’(r-w[gxm(t)"ll(r_udt]wdx ]

In the paper of Beesack and Das [2], the following inequality is proved:
If pg >0,p+ qg>1,y(a) =0 and y is absolutely continuous, then

b b
(16) L1y 1y fw@ds < K, p, 0 | P m@de,

where K,(b, p, q) is explicitly given. The constant K (b, p, q¢) equals
the best constant K* if and only if for some ¢ = 0

an w(x) = em(x)e! W”(Sxm(t)‘” "'”dty“_q”q(r =p+q).

The constant K,(b, p, q) given there is in fact equal to (¢/r)" ||| T\ |||?,
so, unless (17) holds we have

(18) K* < K\(b,p,q) < ||| T, [||” .

LEMMA 2. Suppose that T is given by (1), and that k(x,t) > 0
for almost all (x,t) with a <t<2x<b. Let p>0,r >1,0Zqg <7,
and suppose T is a bounded operator from L7, — LS. Let J be defined
by (3), K* by (6). Let f satisfy ||f|l, =1 and J(f) = K*. Then f
1s of constant sign a.e. and

(a) f+#0 a.e.

(b) f satisfies a.e. the equation

19) M) — o TH@F @) — pl kit (TS Edpa(t) = 0,

where . = \* = K*(p + q)/r. Furthermore \* is the largest value of
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N for which (19) has a solution f with || f|, = 1.

Proof. (a) We have seen that f is of constant sign a.e. so we
assume f =0 a.e. Let E = {x: f(x) = 0}; we must show that E is a
null set. First choose a function ke L: such that hA(x) =0, and
h(z) >0 if and only if v e E. Such h exist: if p(E) < «, take h =
Yz, while if p(E) = o, let

E,=ENn[—n,n]N{x:m@) <n},

so ((E,) < o, and define b = 3 v,xz, where {v,} is chosen so v, > 0
and 3 v ((E,) < co.
For ¢ > 0, define f. = f + ¢h, and let F = Tf, F. = Tf., H= Th.

since J(f)/|| f]|?™® is maximal, we have
0= J(f) — J() = ([ f]l2F = DJ(f)

={@ + & |DPr — 1}J(f)

= & h|7vEI(f), (where v = (p 4+ q)/r, and L <& <1 +¢"||h|];

= 0(¢") as ¢ 0.

(20)

First assume that ¢ > 0, so if CE = [a, b]\E, we may write
21) Iy = I = | B | (Fr - Fofe
From (20) and (21) we immediately deduce that

0< SEFh < SFthq — 0 —0 as 0.

Thus, F(x) = 0 a.e. on E so k(x,t) = 0 a.e. on E x CE.

Next, we note that F(x) >0 a.e. on CE, since k(x, t) >0 a.e. for
a<t<x=>b. Thus, for almost all x in CE, we have (d/de)F?f? =
pF?Hf? Hence, if 0 < e < ¢, we have.

(22) pF»'Hf* < e'(F? — F*)f? a.e. on CE,p=1
(23) pF? Hf* < e(F? — F*)f*a.e. on CE,0<p<1.

Thus, if p = 1, (20), (21) and (22) imply that
@4) 0 < S PR Hf < e—lg (F? — F7)f1 = 0(—) — 0 as ¢]0.
cr CE

Thus, since F(x) = 0, we have H(x) =0 a.e. on CE. A similar argument
using (20), (21) and (23) proves H(z) = 0 a.e. on CFE, if 0 < p < 1. Thus
k(x,t) =0 a.e. on CE x E, and hence on (F x CE)U(CE x E). But,
since k(x,t) > 0 a.e. for a <t < x < b, the last sentence implies that
ExCE has plane measure zero and so either p#(E) = 0 or #(CE) = 0.
However, #(CE) = 0 implies that f= 0 a.e. contradicting J(f) = K* 0.
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Thus p(E) = 0 as required.
In case ¢ = 0, (21) no longer holds. In this case, let

A = {x: F(x) = 0)

so k(x,t)=0 a.e. on Ax CE. Clearly (AN CE) =0, since k(x, t) >0
a.e. for a £t <x<?b. Instead of (21) we have

(25) JF) = I =] B+ | (Fr—F).

Proceeding as in (24), we use the second integral in (25) together with
(20) to show that H(x) = 0 a.e. on CA, so k(x,t) = 0a.e.on CA X K.
Now if B=CAnN E has y(B) > 0, we would have k(z,t) = 0 a.e. on
B x B with contradicts k(x,f) >0 a.e. for a <t < x < b and thus
MB) = (E\A) = 0. We already have shown that p¢(A\E)=0. Thus
k(x,t)=0a.e.on (AXCE)U(CAX E)means k(x,t) =0a.e.on (ExCE)U
(CE x E), which leads to a contradiction as before. (We note that if
» < r, a simpler argument is available using the first integral in (25).)
(b) Consider the functional

1) = Ml = ) = [ v = (@nesaian.

We shall show that if J(f) = K*, and if |kh| < f, then for A = \* =
K*(p + q)/r, we have

(26) oI(f; h) = lim e™(I(f + eh) — I(f)) = 0 .

First, suppose that || < f and that |¢]| < 1/2. Now define A(e) =
J(f + ¢eh) and B(e) = || f + ¢h|l;. Then A and B are differentiable at
e =0, and

(27) 4 = [ @F=fH + qF*f=hydp
(28) B(0) = gbrf"lhdp .

To see this, note that (d/de)F?f! = pF?P'Hf? + qF?f!'h a.e. since
f>0a.e. by (a), and F' > 0 a.e. since k(z,t) >0 a.e. for a <t <ax<b,
and thus f. >0 a.e., F,> 0 a.e. for |[¢|< ¢ and |A]| < f.

But, we have

O T Ko W R

by Holder’s general inequality with exponents s/(p — 1), s and 7/q.
Similarly, one shows F?f?"'h is integrable. And, for |¢| < i one may
bound | (d/de)F?f?| in terms of F*'Hf? and F?f*'h. For example,
if p=1,q=1, one has
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3 ?

(30) |%F3’f§’ < (-2—) T F e HF + qFP Ry ace.

with similar bounds if 0 <p <1 or 0 <¢q<1. Thus, Lebesgue’s
dominated convergence theorem gives (27). A similar argument gives
(28).

By assumption J(f)/|| f]|z** = A(0)/B(0)**?!" is maximal and hence

7?_8_ (A(e)B(g)—r+2ir) = 0.

Differentiating and using A(0) = K* and B(0) = 1, we obtain
(30) A'(0) — K*((p + @)/r)B'(0) = 0

or if we write \* = K*(p + q)/r, we obtain
(31) S" (PN Frh — pFP-fUH — qF?fo-hydp = 0
By Fubini’s theorem we have

[ Frem = [ Fro@re@([| k@, or@de Jiue)

(32) _ S:h(t)qik(x, HE (@) @) )ape(t)

Thus, if we write 7" for the operator with kernel k(t,z) we have
from (31) and (32)

0 = | @rverr = a(TFy s = oA )dpe)

(33)
= Lh(m)G(x)dp(x) .

To obtain (19) set A(x) = f(x) sgn G(») in (33) and use the fact
that f(x) == 0 a.e.

To see that A* is the largest value of N for which a solution to
(19) is possible with || f||, = 1, note that if (19) holds then (33) and
hence (31) hold for any |k | < f with A in place of A*. Thus, setting
h = f in (81) (with X for A\*), we obtain »\||f||Z — (p + @)J(f) = 0,
and thus A = (p + @)J(f)/r £ (p + ¢)K*/r = N*.

REMARK. Part (2) of Lemma 2 may be strengthened by allowing
k to vanish on more extensive sets. However, the precise condition
that is needed to insure f = 0 a.e. depends on the relationship of p, ¢
and r. For example, if ¢ >0 and p < », and if there are no sets
E with p(E) > 0 and #(CE) > 0 such that & vanishes on (E x CE) U
(CE x E) then for f as in Lemma 2, one has f = 0 a.e.
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Proof of Theorem 1. By Lemma 1, sup{J(f):||fll.=1}=K*< oo,
and there is an f= 0 with || f||. =1 and J(f) = K*. Since m(x) >0
and w(z) > 0 a.e., Lemma 2 applies and we have f = 0 a.e. in [a, b],
and f satisfies

B4 afr(em@) — gF (@) A w(z) — pSin—lqu ~0 ae.

where F(z) = S f(t)dt.

We claim that by modifying f on a set of measure zero, we will
have fe C'(a,b), f(x) #+ 0 in (a,bd) and f will satisfy (34) everywhere.
To see this, rewrite (34) as

(35) St — A(x)f* = B(x) a.e.

where A(x) = 0, and B(z) > 0 for all z e (a,b).

Consider the equation (™' — &{** =#. For > 0,& =0 this has
a unique positive solution { = ¢(¢, 7) which can be extended to be C=
on an open region containing the set {(£,7):6=0,7=0,& + n > 0}.
To see this, consider the function ({) = ™' — & for fixed &, r and
q. First suppose ¢ = 1, and & > 0, then +'({) has a single positive
zero £, = (&), and + decreases from +(0) =0 to () < 0 and is
strictly increasing on [{,, <) to + o. Thus ¥({) = n has a unique
solution for » > 0 which we denote ¢(&, 7). We define o(&,n) for
€>0and 0 =7 > (&) to be that solution of 7 = (&) with { > &,.
If ¢g=1 and &£ <0, then + is strictly increasing from ~-(0) = 0, hence
¥(C) = » has a unique solution for » = 0. Thus, for ¢ = 1,4(§, 7)) is
defined on an open set containing @ = {(§,7):£=0,7=0,{ + 7 > 0},
and since '(p(&, 7)) > 0, the implicit function theorem shows that
@€ C=. To show that ¢(¢, 1) — (0,0) =0 as (§,7) —(0,0) in Q, we
note that if 0 £ £ <0,0<7n <6 and {, = ad"’" with a =29, then

W(C) = ar1o — dar—1de-nie=h > qrtar—1 — 1)§ = § (if 6 < 1) .

Thus ¢(&,7) < ad’"™ for 0 < & < 4,0 <5 < 0 proving the assertion.

If0<qg<1landé& >0, then + is strictly increasing from — c to
oo on (0, ) so 4({) = » has a unique solution for ally. If0<¢<1
and £ <0, then y({)—c as {—0 + or { — o, and + has a minimum
at a point {, where () = v| &[22 and v > 0. If E=0,9(&) =7
has a unique solution for » = 0. Again we have ¢ € C~ on an open
set containing @ and that ¢(&, 1) —0 as (£,7) — (0,0) in Q.

Now, from (35), by modifying f on a null set, we have

(36) f(z) = p(A(x), B(x)) for all xe(a,b).

If w,meC"' then A, B are absolutely continuous so (36) shows that f
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is absolutely continuous. But then FeC' so in fact, A, BeC' and
(36) shows that feC'. That f(x) # 0 for = € (a, b) follows immediately
from (36).

Now, defining y = F' and differentiating (34) once gives (P) (i).
The conditions (ii) and (iii) are apparent from (34). The problem (P) thus
has solutions for » = K*(p + q)/r. To identify the largest eigenvalue
of (P) as K*(p + q)/r, we note that a solution of (P) gives a solution
of (34) and by Lemma 2 the largest eigenvalue of (34) is K*(p + q)/r.

The inequality (5) and the statement concerning equality are now

obvious.

REMARK. If m(x) > 0 and w(x) > 0 for all x€]a, d], and if ¢ > 0,
then A(x) > 0 unless © = ¢ and B(x) > 0 unless « = b. Hence equation
(36) shows that f(x) > 0 for all z€]a,bd]; and feC'a,d]l. We also
note that if lim,_, A(x) is finite and lim,_, B(xz) is finite then f(a) < «
and f(b) < oo. This will be used in § 3.

3. Some inequalities on a finite interval. As an application of
Theorem 1, we obtain the best constants in case (a,b) is a finite
interval and m(z) = w(x) = 1. We immediately consider

1 1 , (p+a)[r
37 [l 1v pdw = Kw, 0, 7){{ 1 da}

where y is absolutely continuous and %(0) = 0.

Some special cases of (37) are known. The case ¢ =0,p=1r =2k
(k a positive integer) is inequality 256 of [8], which was derived there
by classical variational methods using the Weierstrass sufficient condition.
This case was handled by elementary methods in [3]. Opial’s inequality
isthecase p=q=1,r=2. If ¢q=1, = p + 1, the best constant
can be obtained by Holder’s inequality (see [5], for example). The
case r = p + q was considered in [6] but the best constant was found
only when ¢ =1 or r = 1.

Note that if ¢ > r, there is no inequality of the form (37), since
for yx) =1 — 1A — )", ¢t <v<r*, the left member of (37) is
infinite while || %' ||, < co. The case p = 0 is simply Holder’s inequality
with K(0,q,r) = 1.

THEOREM 2. For r=1,p> 0,0 < q < r, the inequality (37) 1is
valid with a finite constant K(p,q,r). The best such constant ts
given by the following expressions

(a) ifp>0,r>1,0=qg<r, then

__(r—=9qp — -
38 K , q, — P+4q I , q, b
(38) w0, = I I )
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where

g=fpr=1D+@r—-9l"
{ (r—1(p + q) }

and

) —(q+p+rp)frp
} {1+ (g — Deye=—de .

I g, = | {1+ M=)

(b) If r =1, then

K(p,q,1) = {qq@ +9™a>0
1 q=0.

(e¢) If q =, then

(39) Ko, v, = 2 (S 2 ) B(L 1, 2)7

If r=1,q = 0, there is strict inequality for all y = 0 while in all
other cases there is equality only for multiples of a single function
y(p, q, r, ®) which is in C=(0,1), and is concave if 0 < q <1, convex
if ¢ > 1, linear if q = 1.

For special cases of (a), (28) reduces to a simpler form. First,
if » =p + q, we have

(40) Kp,q,p +q) = q(p + ¢ {pL(p,q) + q}*,q+ 0
where
_ [t ds (» +q9(g—1)
L ’ = ’ k=
®: ) gol—ksp (»+4q— 1)

In particular,

—1
2q1 logq} ,q#+0,1,

K(l,q,1+q)={1+ pe

If ¢ =0, and r > 1, we have

K(p,0,7) = A(p, r)?
A(p, r) = (@) (p + #')I™*B(1/p, /7)™,

where » = r/(r — 1). Note that A(p, ) is the norm of the mapping
T: L7 — L» where here Tf(x) = S f(t)dt. By (4), if ||f]l, = 1 we have

0

J(f)Z || T||*, where || T|| is the norm of T as a mapping from L; —
L, (s = pr/(r — q)), and so we always have K(p, q, ) < A(s, 7)*.
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We also note that in (38), if ¢ = 1, one may make the replacement
(41) (’I' - Q)I(p’ q, ,,.)—-p = ,rp-}-l(q - l)Il(py q, ,’.)—p y

where
M@qﬂ?=iﬂr—qﬂﬂW%1$0Pﬂh+rY%W”%1$bwh
0 0

where T, = 1— [(r — ¢)/q(r — 1)],Y = (p + ¢ — 7)/rp, and the upper sign
is used with ¢ > 1, the lower sign with ¢ < 1.

Proof. In case (a), Theorem 1 applies since certainly ||| T} ||| < oo.
We seek solutions of the problem (P). We first observe that by the
remark at the end of §2, we have ye C*a,b] and 0 < ¥'(0) < =, 0 <
y'(1) < o except in case ¢ = 0 when we have (1) = 0. To see this
note that the functions A and B which appear in (35) are here just

Als) = gOvr)y(@)?, B@) = p0w) | yity -ty (et .

But y(1) = | ¥/t < |9/l <, 50 AL) < ==, and

1 L 1 . (r—q)/r ,
Ly = {{wo-or-o b

which shows that B(0) < .
Notice that equation (i) of (P) has the integrating factor y’ from
which we obtain

(42) (r — Dry'" — (¢ — Dy*y'* = an,

where « is a constant which is evaluated by using ||%' |, = 1 and
J(') = r7/(p + q). Thus we have

(43) az(”'—l)—(q_l)r:p”"—p—q—l-’r>0.
p+a P+q

Solving (42) for y = \?G(y’') and differentiating leads to a variables
separable equation for ¥, and if we write z = ¥’ we have, for ¢ = 1

(44) dx = AP {(’I‘ — l)z"q — az9 }(l/p)—l
p g—1
X {"" — 1)(r — @)z + agz™"? } iz .
g—1

To obtain boundary conditions, we use (42) and (ii) and thus,
since z(0) = 0 and 2(1) = 0 for ¢ + 0, we obtain
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(45) 20 =a/(r —1) and 2z(1) = aq/(r — q) .

We now integrate (44) from x = 0 to & = 1 using (45) and make
the change of variables (for ¢ = 1)

r—q (r—1)2 -«
ra qg—1

t =

which leads to equation (38).

For ¢ =1, we note that I(p,1,7) = p, 8 =1, and so (38) gives
K(p,1,7) = (p + 1)~ which is the correct result by our earlier remarks.
In the equation y = \'?G(y’), G is increasing if ¢ > 1 and decreasing
if ¢ < 1. Thus, since y is increasing, we must have 7’ increasing if
g >1 and decreasing if ¢ < 1. The solution to problem (P) with
A = A* can be seen to be unique in the following way. We know
that a solution of (P) must satisfy y = A/?G(y’) and thus also ¥’ =
MG (y')y”, and hence ¥’ satisfies

(46) N S @) 3 =y,
y’(0) V4

But, for ¢ = 1, G'(2) does not change sign on the interval from y’(0)
to ¥’(1) so (46) has a unique solution for #%'(x), and hence (P) has a
unique solution when » = \*.

To obtain the alternate expression for (r — ¢)I(p, q, r)"? given in
(41), we make the change of variable t = 1 — a(r — 1)~'z7" in (44).

To obtain the formula (40), we make the following change of
variables in (38)

rg—1,_(;_ rg—1) ,\"'_ -
1+ 180y <1 __W_l)s) R(s)~" .

Then t = (p/q(r — 1))s*’R(s)™, and ¢t = 0,1 correspond to s = 0,1 and
one has
(47) I(p’ q, 7.) = const {E1R(s)Ullrp)+(1/r>+1-(1l:0)—1(pR(s)—1 + q)ds}
0
= const {pL(p, q) + q}, sincer = p + ¢q .

The formula (40) can be obtained in a more direct way by making
the substitution u = (q/r\)"?(y/y’) in equation (i), where we assume
q# 0 so y'(x) >0 for x¢€[a,b]. Then the conditions (ii) give %(0) = 0,
#(1) = 1, and equation (i) reduces to

(48) r —1) {1 — ;—((g:—i;m} = p(%“)””u' r=p+q.

Separating variables and integrating gives (40).
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For case (b), let z(z) = Szly' |d¢t, and then if ¢ >0
0

gl ly1” |y |"de < S (2?172")'dx

:
= {Juaaf {{wae) = (G )7

using Holder’s inequality with exponents 1/¢ >1 and 1/(1 — q). Equality
holds only if 2772’ is constant, and y = z which means y(x) = ca?*+2,
For ¢ = 0, we have

S: |y [Pde < S: |z |Pde < 2(1)? = S: |2 (x) |da .

Equality holds only if ¥ = 2, and 2(x) = 2(1) for all z, so y(x) = z(x) = 0.
For case (c), we let ¢ — r— in formula (38), using the equation

(41) to evaluate lim (r — q)I(p, q, r)™*. This shows that the best

constant is given by (39), because if y' € L™ and ¢ < 7, then

1 1
NIRE AR NETA
0 0

by dominated convergence. To handle the case of equality we cannot
apply Lemma 2 directly since the proof of Lemma 2(a) used » > q.
However, if there is an f with J(f) = K(p, r, r) = K* then we know
that /= 0 a.e. Now referring to the proof of Lemma 2(a), since
r>1 we do have (24) which proves that if E = {x: f(x) = 0}, then
k(x,t) =0 a.e. on CE x E. This means that

CEXE)N{(z,t):0=t<2x <1}

is a set of measure zero. This implies that E differs from an interval
[c,1] by a set of measure zero. To see this, let

c=sup{z <1:[0,2] N E is of measure zero},

and let d = inf{x = 0: [x,1] N CE is of measure zero}. Clearly d = c.
But, if d > ¢, and e = (d + ¢)/2, then [¢c,e] N E and [e, d] N CE have
positive measure; but then CE x E intersects {(z,t):0 <t <« < 1} in
a set of positive measure which is absurd.

However if equality held for such an f, we would have (writing

@) = v@),
(49) [1or 1y rds = k(" 1yras}”"

Define z(t) = y(ct) so 2'(t) = cy'(ct), and from (49) we obtain
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1 1 (p+r)r
(50) S |27 |2 [rde = K*c"’""””{g 2 |’dx}~ .
0 0

But, if ¢ <1, then K*¢?"I" > K* contradicting the maximality of
K*. Thus ¢ =1, so f() = ¥'(x) > 0 a.e. on [0, 1].

Still proceeding on the assumption that there exists an f with
J(f) = K* we have shown f(z) >0 a.e. on [0,1], so the proof of
Lemma 2(b) is valid and f satisfies
(51) AN @) — rE()?f(a) — pgl Fr=ifrdt = 0 a.e.
where F(a) = y(z) = | A(t)dt, and \ = (p + QK*/r.

If » is any point where f(z) > 0 and (51) holds then (51) shows that
NN x) > Fr(x)f'(x), so F?(x) <\ a.e. But F is strictly increasing
80 F(z)» <\ for 0 <2 <1. Now we can solve (51) for f and obtain

(562) f(®) = p(A(z), B(x)) for almost all ze[0,1).
where @(§,7) = (9/(1 — &))", A(x) = V'F(z)? <1 for 0 <2 <1, and

B(x) = p('rk)“lglF”‘lf dt >0 for 0 <2 =<1. Now we proceed as in
the proof of Theorem 1. If we modify f on a null set so that it
satisfies (52) everywhere then we obtain fe C'[0,1), and f(x) > 0 for
0 =<2 <1. Thus we see that if J(f) = K* and ¥’ = f then y must
be a solution of the problem (P), with A =\* = (p + r)K*/r. But a
solution of (P) must be a solution of (42) (with ¢ = r) which is

(53) MY — YRy = pA[(p + 1) .

However if (53) has a solution then it must also satisfy
(54) [0 = wyedu = onjip + iy
0

To see that (54) has a unique solution for 0 < x < 1, we note that

e 1 1
G5 0= wyrdu = pveB(L 1, 1) = v +
0 r D

using the formula for K(p,r,*) = K* and N = (p + r)K*/r. Since
A —u? >0 for 0 < u <\, (54) has a unique solution ¥ = y(x) which
is strictly increasing and has %(0) = 0, y(1) = \'?. To complete the
proof we must show that y in fact satisfies (i), (ii) and (iii) of (P).
By the implicit function theorem ye C*a,b), and differentiating (54)
twice shows that y satisfies (i). Clearly »(0) = 0. For the other part
of (ii), we note that for 0 < x < 1, we have

O = y™(@)"y (@) = (pM(p + 7)),
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and since y*(x) —\ as ¢ —1 —, we have ¥ (xr) > as xt—1—. But
this means that

(56) (v — y* @)Y (@) = (DA(p + 7)Y ()" —0 as x—1.
To verify that ||¥’||, = 1, let us first introduce the function g by

(57) g(t) = (PA)"Y"(p + 7)U* S:O\’ — w)rdu |

so g(y(x)) = « for x<[0,1] and hence y(g(f)) =t for te [0, \?]. Now

58 S "wyde = P g‘ do
(58) 0i!/() x prapall Koo,
_ ( pj:’ )1—(1/7‘)811/1)()\‘ _ tp)(llr)—ldt y
P+ 0

where we use the change of variable = ¢g(t). Now using the formula
for N, we obtain

(59) S:y'(x)rdx - i . B(%’ %)/B(% 1, %) —1.

REMARKS. (1) As was mentioned above, the method of this
paper applies to inequalities of the form (1) with # > 1. In this case
T becomes

w(@) P m(z) 17 S & =" aoydt .
« (n—1)!
A discussion of the special case p = ¢ = 1,7 = 2 will be found in [4]
where, for m(x) = w(x) = 1, [a, b] = [0, 1], the best constant is shown
to be asymptotic to 1/4mn!
(2) The method is equally applicable to inequalities in which the
function y is restricted by other boundary conditions. For example,
if [a, b] is a finite interval we may treat

b b (p+a)[r
S ¥y w(x)de < K{S y”’m(x)drc}
y(a) = y(b) = 0.

In this case, if f is a given function in L7, the bougldary value problem
y" = — f,y(a) = y(b) = 0 has a solution y(x) = S G(z, t)f(t)dt, where
G(z,t) = 0 a.e. Hence our lemmas apply. ’

(3) When Theorem 1 is specialized to the situation studied by

Beesack in [1] (¢ = 0, p = 7), the results are not as general as his.
This is because we can effectively handle only those inequalities where
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we can insure in advance that equality is possible. There is some
compensation in the fact that the existence of solutions to the Euler-
Lagrange equations (P) is a conclusion of our theorem rather than a
hypothesis as in [1] and [5].
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