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ESTIMATES OF POSITIVE CONTRACTIONS

R. V. CHACON AND S. A. McGRATH

The purpose of this paper is to obtain an L, estimate for
the supremum of the Cesaro averages of a certain class of
positive contractions of L,. Let (X, &, ) be a measure space,
and let T be a linear operator mapping L,(X, &, i) into itself
for p fixed, 1 < p < + oo, If there is a constant ¢ > 0 such
that for each fec L,(X, &, 1),

[sup 1£.7 + TR s (F 4 T 4 oo+ Tofm o+ 10y
écz’glflf’dﬁ,

then we say that T admits of a dominated estimate with con-
stant ¢. In an effort to unify certain results due to A. Ionescu-
Tulcea and to E. Stein, a somewhat more general form of
the following theorem was obtained earlier: If T is a positive
contraction, and if there exists an % > 0 a.e., he L, (X, Z, 1)
and Th =h, then T admits of a dominated estimate with
constant p/p — 1. In the present paper, we have extended the
theorem, obtaining a slightly more general form of the fol-
lowing: If T is a positive contraction and if for each positive
integer 7 there exists an A, > 0 a.e., h,c€L,(X, &, ) and
|An|l =1l T"h.||, then T admits of a dominated estimate with
constant p/p — 1.

This result is more widely applicable more directly than the pre-
vious theorem, but is not the most general result one might conjec-
ture, that positive contractions admit of a dominated estimate with
no further assumptions. In this direction, we have obtained several
equivalent formulations of the problem which may help to lead to an
answer. In any case, it remains an open problem whether or not
positive contractions of L, (X, & ¢), 1 <p< + o, admit of a dominat-
ed estimate without the assumption of additional conditions.

2. Main results. Let (X,, &, &) and (X,, #, tt.) be two meas-
ure spaces and let T' be a linear operator mapping L,(X,, 4, t) into
L,(X,, %, tt.), p fixed, 1L < p < + . We say that T is a contraction
if its norm is less than or equal to one. We say that T is positive
if it maps nonnegative functions to nonnegative functions. We shall
omit the phrase almost everywhere, it being understood where ap-
plicable.

DEeFINITION 2.1. The range set of T, R(T), is the support of Tf,
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where fe L,(X,, 7, ) and f> 0 (it is clear that R(T)e .# and that
it is independent of the particular f > 0 chosen).

LEmMMA 2.1. Let T be a linear operator of L, (X,, #, p) into
L(X,, Z, ), » fized, 1 < p < + o, and let

ki€ L(X,, F, ), hs € Ly(Xs, 2, 1)

be nonnegative functions, h, > 0 on R(T*) and h, >0 on R(T). Let P
be the linear operator of L (X,, Z, m,) into L(X,, %, m,) defined by

T(fh)/h, on R(T) ,
0 otherwise ,

P(f)={

where the measures m, and m, are obtained by setting
mA) = | hedp, Ae T and myA) = | hdpm, Ace .
4 A
We have then that

(1) [[PII=ITI
and that

(i) Prg— (T*(ght™)[h;™" on R(T™) ,

(0 otherwise .
Furthermore, if T is a positive contraction, || k.|| = || .||, and Th, = h,
on R(T), then we have

(iii) P*1 =1 (or equivalently by (i), T*hi™ = h?™") on R(T™).

Proof. We adapt the proof of Lemma 3.1 of [1]. To see that
(i) holds,

|1 BrP dm. = §| T(rR) b, 1 hidp
=\l zrmypam = 1T |l £l dpe
=TI {171 dm,,
so that || P|| < || T|l. To see that (i) holds,
| oP(ram, =\l nomahzay, = [ T(ahzmeim, .

Finally, to see that (iii) holds, define a(x) by setting P*1 = 1 + a(x).
Then, with ¢ = p/p — 1, we have

Sldmz - Slqdmz > X(P*l)qdml - S(l + ayidm,
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since || P*|| <1 by (i). Also
Sa + aydm, = Sldml +q Sadml

with strict inequality if a %= 0 on a set of positive measure, since
1 + a(x))? > 1 + qa(x) for each x such that a(x) = 0. Further, if
Th, = h, on R(T), P(1) =1 on R(T) = R(P) and

SP*(l)dml - SlP(l)dmz - Sldmz - Sldml + Sadml i

If, in addition, we have that ||k || = || .||, then gdmz . Sdml, and

this equation then implies \adm, = 0. This is incompatible with the

previous inequalities (if, as we have, ||k, || = || k,]]) unless a(x) =0 on
R(T*) and P*1 =1 on R(T*).

REMARK 2.1. Lemma 2.1 includes Lemma 3.1 of [1] as we can
see by taking (X, # p) = (X,, A, ) = (X, F, ). That Th, = hy,
|h,]] = || hy|| is certainly satisfied if there exists %~ > 0 such that
Th = h by taking h, = h, = h. Further, the slight generalization of
Lemma 3.1 of [1] which is the one-dimensional version of this result
implies the two-dimensional (by taking

(X, Z 1) = (X, F, 1) O (X;, F, 1)

T=T60). We have stated in this form primarily because of the
application we make of it.

LEMMA 2.2. Let T be a positive contraction of L, (X,, #, )
mto L(X,, %, ), p fized, 1 < p < +oo, and let h, e L,(X,, F, ),
hy€ L(X,, Z, t,) be nonnegative functions, h, >0 on R(T*), h, >0
on R(T) and such that Th, < h, on R(T) and T*hi™ < h?™ on R(T*).
Let P be the positive linear operator of L (X,, F, m,) into L,(X,, F, m,)
defined by

T(fh)/h, on R(T) ,
0 otherwise ,

Pr- |
where the measures m, and m, are obtained by setting
m(A) = | mdp, Ae 5T and mya) = hedp,
A, e # (as in Lemma 2.1). Then P 1is a positive contraction of

L(X,, #,m) into L(X,, Z,m,) and also of L.(X,, F,m,) into
L.(X,, #, m,).
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Proof. It follows by part (i) of Lemma 2.1 that P is a positive
contraction of L,(X,, &, m,) into L,(X,, %, m,). It is clear from the
definition that P1 <1, implying that P is a positive contraction of
L.(X,, &, m,).

We have that P* is a positive contraction of L,(X,, 7, m,) into
L/(X,, %, m,) (g = p/p — 1) and by part (ii) of Lemma 2.1 that P*1 <1
and therefore that P* is a positive contraction of L. (X,, ., m,) into
L.(X,, #,m,). An application of the Riesz convexity theorem then
implies that P is a contraction of L,(X,, ., m,) into L,(X,, ., m,).

We next state the dominated ergodic theorem (see [1] for an out-
line of its proof with the constant given here).

LemmA 2.3. (Dominated ergodic theorem.) Let T be a contrac-
tion of L(X, Z, p) into itself and of L.(X, Z, ) into itself. Then
T admits of a dominated estimate with constant p/p — 1.

THEOREM 2.1. Let (X;, Z, t:),1=1,2, .-+, n be measure spaces,
and let T; be a positive contraction of

Lp(Xiy -%‘9 /“z) 7/nt0 Lp(Xi+U %11 [‘li+1)

fori=1,2,---,mn—1. Let h;e L(X;, Z, It;) be nonnegative functions,
1=1,2, ..., n such that

(i) h;>0 on R(T¥), 1=1,---,n—1, h; >0 on R(T,_), t=
2’ e, m,

(i) Tih; £ hivy, on R(TY),

(i) T#hr < b, on R(TY),

for i =1,2,---,m — 1. Then we have

n
1=1

Ssup | For (Fs + Tees i)/ -o-
(.fz + Ti—lfi—l + e + Ti—lTi—z e T1f1)/7: Ip dxui
< (oo - D7 3 1file dps

=1

where f;e L(X;, Z;, ).

Proof. Let (X, Z, 1) = @, (X;, F, #;). A function f on X can
be written as an n-tuple of functions, f = (f,, ---, f,) where f; is a
function on X;, 7 =1,2,-.-,n. The norm of f is given by || f]|l =
S fellPye.

We define a positive contraction T of L, (X, # p) into L, (X, Z, 1)
by setting

T(fh "'7fn) = (Oy Tlfu M) Tn—lfn~—1) .
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That T is a contraction follows from
(LSRR ATEES AL AES T FAES

‘We next calculate T*g. Let
feL (X, ) and let T*(g) = (g&, +--, 9%) .
Then

(gl*s "”g::)(fn "'3fn)d#

(S

| 7o)y =

3
L

fl

Mt M

Jo:sam = {109 = S | (Tfogedpec,

1

[ 70 of g

s

Since f is arbitrary, it follows that T*(g9) = (T¥¢g,, -+, T.5..9., 0).
We may apply Lemma 2.2 to each pair

Lp(Xiy ‘jq; /J‘i)y Lp(Xi+17 %17 #i—{-l)

(or to (X, &, i) and (h,, h,, ---, h,) each taken twice) to obtain that
the operator

Pr = (0, P]'rn Tty Pn—lrn—l)

of

n

1=1

into itself is a contraction of L(X, &, m) into L,(X, &, m) and also
of L.(X, #,m) into L.(X, &, m), where

_ (Ti(’rihi)/hi+1 on R(T),

Pr; =, .
[0 otherwise ,

and
mi(A) = | hedp, Ace
An application of Lemma 2.3 then yields
Ssup;mﬂ L Pr2, e, (4 e+ Pk, o [P dm
= /p— 17 ||rpdm.

Now
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(r+ Pr+ .-« P*'1)k
(r/k, (v, + Pr)/k, -« -,
Py + Py + ooe + Pyy ooe Py g i) /)
for k<n -1,
(rk, (rs + Pir)]k, -« ,
(rn+ Pty + +oo + Pyy oo P1)[k)
for k=n—1,

and, therefore, Lemma 2.3 implies that

gsup |70y (75 + Pt )2, v

1=1

(Ti + P'—lri—-l + oo+ P’i—l e Pﬂ"l)/i[p dmi
= (p/p — 1y S| 7il? dm .

i=1

The theorem follows from this on setting

7, = filhiy, dm; = hidp;
and

P oo Pijriy = (Tisy -+ Tijrishij)[hi ;.

LEmMA 2.4. Let (X, &, ) and (X,, Z, ) be measure spaces,
and let T be a positive contraction of L(X,, F, ) into L(X,, 7, ).
Let fe L(X,, 7, ) and ge L(X,, F, 1) be nonnegative functions
such that f vanishes outside the support of g. Then Tf vanishes
outside the support of Tg.

Proof. Follows at once by contradiction.

LEMMA 2.5. Let (X,, &, 1) and (X,, 4, 1t,) be measure spaces, and
let T be a positive contraction of L (X, F, tt) into L(X,, T, ).
Let f, g€ L,(X,, #, ) be nonnegative and g such that ||g| = Tg]||.
If f vanishes on the support of g, then Tf vanishes on the support
of Tyg.

Proof. Let E denote the support of g and F' the support of Tg.
Suppose Tf does not vanish of F. Then we can find a subset A of
Fn{z: Tf > 0} having positive measure and a positive number a such
that aTg < Tf on A. We have for any 8 >0

B llgllP + [ fIIP=11Bg + flI* = |1BTg + TFI*
> |[(BTg + aTg)yr,||” + || BTgvx—all?
=B+ || Top|l? + [| BTz 4l -
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Thus, since || Tg|| = || 9],
B2 (T all” + 1| £1IP > (@ + B)? || (T, || .

For A8 sufficiently large,
» — QP ip » _CL — QP P—1
(a+B)~B<1+B>>B<1+pB> 8 + pBra

implying
WP > pB*~'a|| Tg-all?

for B sufficiently large, which is impossible since || f||? < + oo.

LemMmA 2.6. Let (X, Z, ) be a measure space, and let T be a
positive contraction of L (X, F, t). Suppose that for some n, there
exist m positive fumctions hy,, «-+, h,, in L(X, Z, 1) such that

Thin = hisrn on R(T)
T*hiiin = Rin" on R(T™)

for k=1,---,n — 1. Then, for fe L,(X, Z, 1), we have

—}z—ﬁ.ssupif, (F ot TFY2y ooey (f 4 oo+ T0) i P dpe

1=1

< (oip— 1y |1 71 .

Proof. The lemma follows at once from Theorem 2.1 if we let
(Xwaz-;#z) = (X9~—¢:ﬂ)y TL = T) and .fz :f’ 1’ = 1’ cee, .

LEMMA 2.7. Let (X, &, 1t) be a measure space, and let T be a
postitive contraction of L,(X, Z,m). Suppose that for some n =1,
there exists a positive function h, € L (X, Z, ) such that || T"h, || =
lh,|l. Then there exist m + 1 positive functions hy,, -+, by, in
L, (X, &, 1) such that

Thi, = by on R(T) ,
T*hi7, = izt on R(T™) ,

Jor k=1, m.

Proof. Welet h,, = h,, and hy, 1, = Thy + VeryPin, £ =1, ;0.
It is clear from the definition that the functions 4, ---, h,.,, are
positive and that Th,, = h,,,, on R(T),k =1, ---,n. It also follows
easily from the definition of 7'* that
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T*h27t, = T*(Thy,) " k=1,--,m.

If we show that || k.|| = || Thi. |, E = 1, ---, n, then we would have
also shown that T*hi7i, = k%' on R(T*), k=1, --.,n, by part (iii) of
Lemma 2.1, since T*hi7l, = T*(Thy,)* ™ k=1,---,n on R(T*). To
see that || ki, |l = || Thi ||, k=1, ---, n, we'll prove a little more, that
inll = || T'h4n |, o =1, o ,m —k+1,k=1,---,n. We proceed by
induction. That ||k, || = || T°hy,||,4 =1, -+, n holds by hypothesis.
Next, we suppose || lronll = || Thioull, 2 =1,-+-,n — k(0) +1 for
k() <n. We write Ay = Thioym + VerimPron, and since the sup-
ports of Thy, and of r.pimfse. are disjoint, and since by the induc-
tion hypothesis || Thyo, || = || Thionll, 2 =1, -+ -, n — k(0) + 1 it follows
by Lemma 2.5 that T:Th,q, and T ..umhie. have disjoint support,
and hence that Tivrppmhie, and Tiuhie,. have disjoint support, ¢ =
1,...,n — k(0) (since the supports of Th,,., and of ¥ ,hie,. are the
same). That T'vpobie. and T4 zmbee. have disjoint support, ¢ =
1, ---, % — k(0) and the induction hypothesis imply that

I TNrerimbionll = | Vermbionll, 1 =1, <+, n — k(0) .

That T Th,.. and T,z k0. have disjoint support, t=1, - - ., n—k(0),
implies that

” Tihk(oH-m ” = || TiThk(O)n “ + H Ti“/fcR(T)hk(om H
= H TiThk(om H —+ H "/’cR(T)hk(om H ’

i =1,---,n — k(0), since
I T erenhionll = [l Fepmhiwall, =1, -+ o, n — k(0) .
This equation implies by the induction hypothesis, that
I T hiwsin | = Il Thiom || + 1l VerimPriom |

= || Ry s1n ” y

2=1,+-+,n — k(0), from which the lemma follows, since n — k(0) =
n — (k(0) + 1) + 1.

LEmMMA 2.8, Let (X, #, 1) be a measure space, and let T be a
positive contraction of L (X, #, 1). Suppose that for some n there
exists a positive function h, such that || T"h,| = ||h,||. Then, for
fe L (X, #, 1) we have

LSt lsup 1, (£ T2, e (e 4 TP dp
n+1i=

= (olp 1y |1 S Pap.
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THEOREM 2.2. Let (X, %, 1) be a measure space, and let T be a
positive contraction of L, (X, &, p). Suppose that for each n there
exists a positive function h, such that || T"h,|| = ||h,|l. Then T
admits of a dominated estimate with constant p/p — 1.

Proof. Follows at once from Lemma 2.8.

3. Equivalent formulations. In this section, we obtain various
sets of necessary and sufficient conditions for a positive contraction
of L, to admit of a dominated estimate, and same related results.

DEFINITION 3.1. Let (X, .#, 1) be a measure space. For
1=p(1) =p@2) = +oo,

we define the class of positive contractions .&7 (p,, p,) setting .7 (p,, p,) =
{T: T is a positive contraction of L, (X, 7, p), p(1) < p < p(2)}.

THEOREM 3.1. If 1 < p(0) < + oo, then the following are equi-
valent:

(i) If Te.sr(, p(0), then T (regarded as a contraction of
L,(X, Z, 1)) admits of a dominate estimate with constant c(p(0)).

(ii) If Te o7 (p(0), p(0)), then T admits of a dominated estimate
with constant c(p(0)).

(iii) If Te .7 (p(0), + <o), then T (regarded as a contraction of
L,(X, &, 1)) admits of a dominated estimate with constant c(p(0)).

Proof. Part (a), (i) implies (ii). Let T e .o (p(0), p(0)), and sup-
pose || T|| =0 <1. Then ||T*| =0 <1 and there exists a positive
function % € L, (X, &, p), with ¢(0) = p(0)/p(0) — 1, such that T*4 < %
(to see this, let fe L,(X, &, 1) be an arbitrary positive function,
and let # = 32, T*f). If h = ()" then

he L,,(O)(X, F, ) and T *p?rO-t < pro-t |

We may then define a transformation P of L, (X, &, m) by setting,
fOI' fe Lp(o)(Xa %m)

P(f) = T(f-)[h

where m is the measure given by m(4) = S hPOd e,
A
It follows by part (i) of Lemma 2.1 (with &, = h, = k, and

(X, F, 1) = (X,, F, ) = (X, F, 1)

that || P|l,e) < || Tll,p. Part (ii) of Lemma 2.1 implies that P*1 <1,
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and since P is positive, it follows by the Riesz convexity theorem
that Pe .7 (1, p(0)) (with respect to the measure space (X, .#,m)).
Since there is a set isomorphism of (X, .7, m) into (X, &, p) (it may
be necessary to choose % with a sufficiently small norm), we have by
assumption that P admits of a dominated estimate with constant ¢(p(0)).
Since we have that P"f = T"(fh)/h, and since g € L, (X, #, ) im-
plies g/h € L, (X, &, m), we have that T admits of a dominated esti-
mate with constant ¢(p(0)) if P does, and this finishes the proof of
part (a) under the assumption that || 7| =0 < 1.

Next, suppose ||T'|| =1. Define T, =aT for 0 <a <1. For
ge L,(X, &, ), let g% denote sup, [(g + -+ + Tig)/n +1]. If ¢ =0,
then || g¥||,, converges monotonically to || gi ||,.,, and the general case
then follows from the special case, || T'|| < 1, by the Lebesgue mono-
tone convergence theorem.

Part (b), (iii) = (ii). Let T e .o (p(0), p(0)) and assume || T|| =
0 < 1. Let h be a positive function in L, (X, &, ¢) such that Th < h.
Define

Pf = T(fh)/h

for fe L, (X, &, m) where m(4) = S h*®dp. Then P is a contraction
of Lyo(X, 7, m) since || Pl < || Tll,o by part () of Lemma 2.1.
We also have P(1) <1, and hence Pe . (p(0), + =) (with respect to
(X, &, m)) again by the isomorphism result used in part (a) of the
proof, we have that P admits of a dominated estimate with constant
¢(p(0)), by assumption. In a similar way to that of part (a), we have
that T admits of a dominated estimate with constant ¢(p(0)) if P does,
and the general case (|| T'|| < 1) follows from the special case by taking
limits of T, = aT as in part (a).
Part (c), (ii) implies (i) and (iii). This case is trivial since

7 (1, p(0)) < o7 (p(0), p(0)) ,
and since .7 (p(0), + =) C .7 (p(0), p(0)).

THEOREM 3.2. If for each
(X, #, 1), Te o7 (p(0), p(0)), 1 < p(0) < +oo,

admits of a dominated estimate with constant c¢(p(0), f, T, (X, F, ),
then there exists a constant ¢(p(0)), independent of T and of f (and
of (X, F, 1)) such that each T € .57 (p(0), p(0)) will admit of a dominat-
ed estimate with constant c(p(0)).

Proof. Note that we have used an obvious extension of a domi-
nated estimate with constant dependent on the particular function
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used. Suppose to the contrary. Then there exists a sequence of spaces
(X., ., tt.) and a sequence {f,} of positive functions with f, in
L,(X,, Z., tt.) such that || £, |]?® =1/2",» =1,2, .-+, and a sequence
{T,} of positive contractions in .7 (p(0), p(0)) such that || T,|| <1,
and such that

[SUD 1 fur (Fo o Tuff2, ooy (F 4 ooe + TR PO du,

= 4|17, dp, .

Let (Y, .«Z, m) = @3-, (X,, F, ), and let T = @3-, T,. We have
then, with f= 37, f,, that

[sup 14, (F + T2, oo, (5 oo+ DRG0 dm = + oo

contradicting the hypothesis (a simple modification of the proof shows
that we may restrict attention to a single measure space if it is non-
atomic, by taking (X,, #,, tt.) = (X, F, p/2"), since @, (X,, F, )
is then isomorphic (X, &, u)).

THEOREM 3.3. Let T be a positive contraction of L,.(X, Z, 1),
1 < p(0) < +oo, and let f be o function in L, (X, Z, 1) such that
Il =1 and such that

Ssyplf, (f+TH2 oo (f+ oo + TN+ 1P = foo

Then for each k >0, there exists a positive contraction T(k) of
L,(X, &, 1) such that

sup | gi, (9 + T(k)gi/2, + =+, (9 + + -+ T(k)gu))7 + 1PV = k
J
for a function g, with || g.] = 1.

Proof. Let M(f,T)=sup;|f, -, (f+ -+ + Tf)7+1|*®. Since
| M(f, T)|| = + <o, for each k > 0 there exists a positive isometry P
of L,,(X, #, p) such that P(M(f, T)) = k. The lemma then follows
if we define T(k) = PTP~ and g, = Pf, on noting that

P(M(f, T)) = sup | Pf, (Pf + PT)[2y -+, (Pf+ -+ + PT' )7 + 1.

This may be seen in the case that (X, #, ) is the denumerable union
of Lebesgue spaces, since isometries of L, (X, #, #), in this case,
admit of the following representation:

Pf = f(zx)-r(x)
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where 7 is an invertible measurable transformation, and where r(x) is
the nonnegative measurable function given by ~(x) = [d(Ty)/dp]'*®
(see, e.g., [1], p. 5). In the general case, we may see the equality on
noting that each o-finite subspace is set isomorphic to a denumberable
union of Lebesgue spaces.

THEOREM 3.4. If there exists a constant c(p(0)) such that

Te o7 (p(0), p(0)), 1 < p(0) < + 0

admits of a dominated estimate with constant c(p(0)) then the limit
lim (I/n + 1)S) T*f
k=0
exists for each fe L,\(X, Z, 1.

Proof. The mean ergodic theorem for reflexive spaces gives us
that

L(X, Z p)={fif=9-TaD{f:1f=TF}.

The dominated estimate then shows that the limit exists provided that
it exists for fixed functions, which is trivial, and provided it exists
for functions of the form g — Tg. In order to establish this fact, we
need to show that lim,.. T"g/n = 0. This may be seen on noting
that

as has been pointed out by M. A. Akcoglu.

Ms

| Tofin PO dpe = 3|1 Tofm o dp < oo

1 n=1

Il
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