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ON |C, 1| SUMMABILITY FACTORS OF FOURIER
SERIES AT A GIVEN POINT

Fu CHENG HSIANG

Let f(x) be a function integrable in the sense of Lebesgue
over the interval (—π, π) and periodic with period 2π. Let its
Fourier series be

~^~ + Σ (α% c o s n x + bn sin nx)2

Whittaker proved that the series

Σ An(x)/na (a > 0)

is summable | A \ almost everywhere. Prasad improved this
result by showing that the series

0)Σ An(x)/(kf[ log^ n\logk n)1+* (logk n0

is summable | A \ almost everywhere.
In this note, the author is interested particularly in the

IC, 11 summability factors of the Fourier series at a given
point ceo.

Write

φ{t) = f(χo + t) + f(χo - t ) - 2 f ( x 0 ) ,

Φ(t)= [\φ(u)\du.
Jo

The author establishes the following theorems.

THEOREM 1. If

then the series

Σ An(xo)lna

is summable | C, 11 for every a > 0.

THEOREM 2. If

Φ(t) = 01^

as ί-» +0, then the series

V An(Xo)
Z-x /k-i

n = n0

Ίc-l χ
TT l o g μ ?ι )(log Ύi)1+t

μ=ϊ /

is summable | C, 11 for every ε > 0.
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A series Σ an is said to be absolutely summable (A) or summable
IA |, if the function

fix) = Σ W

is of bounded variation in the interval <(0, 1)>. Let oa

n denote the
Cesaro mean of order a of the series ^an1 i.e.,

If the series

converges, then we say that the series Σ an is absolutely summable
(C, a) or summable \C, a\. It is known that [2] i/ α series is sum-
mable \C\, it is also summable \A\, but not conversely.

2. Suppose that f(x) is a function integrable in the sense of
Lebesgue and periodic with period 2τr. Let its Fourier series be

a °°f(x) ~ —— + Σ (an cos nx + bn sin nx)
2 n=i

= Σ AM .

Whittaker [4] proved that the series

Σ AM/n" (a > 0)
n = i

is summable | A | almost everywhere. Prasad [4] improved this result
by showing that the series

Σ Au(x)l(ΐ[ log" n)(logk n)ί+ε(logk n0 > 0) ,

where logfc n = log (log^"1 n), log2 = log (log n), is summable | A | almost
everywhere.

Let (Xn) be a convex and bounded sequence, Chow [1] demonstrated
that the series

Σ An(x)K

is summable \C, 1| almost everywhere, if the series Σ ^ " ^ converges.
In this note, we are interested particularly in the | C, 11 sum-

mability factors of the Fourier series at a given point. For a fixed
point xQ, we write

φ(t) = φ Λ t ) = f(χ0 + t ) + f { χ , - t ) - 2f(x0),
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and

φ(t) = Γ \φ(u)\du .
Jo

We are going to establish the following

THEOREM 1. / /

( i ) Φ(t) = O(t)

as t —> +0, then the series

Σ
An(x0)

is summable | C, 11 for every a > 0.

3* The following lemmas are required.

LEMMA 1 [3]. Let a > — 1 and let τa

n be the nth Cesάro mean
of order a of the sequence {nan}, then

τl = n{σl - <_,) .

LEMMA 2. Write

Sn(t) = Σ (n + 2 - k) cos (n + 2 - k)t ,
fc0

n2 (for all t) .

In fact, we have

Sn(t) = l\jLe^+^Σ e-
ikt\

I dt k=o )

= A d ( eί{n+2)t

A (
\dt\l - e~u 1 - e~u

{ Aoi{n+2)t o's>i(n
(n + 2)—

1 - e-u (1 -

1 - er« (1

) + 0(ί~2)

-i \
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if nt tί 1. This proves the lemma. From this lemma, we can easily
derive the following

LEMMA 3.

{t =
n + l U=i " w (y + 2 ) a ,

Uίi1-" (/or all ί) .

By Lemma 2, for rat 2Ϊ 1, we write

1 .A

\tna )

and for all t,

w + 1 U=i

= O(nι~a) .

This proves the lemma.

4. We have

2 f~
-A*(̂ o) = — \ <p(t) c o s ^^^

π Jo

Let rw(cc0) be the wth Cesaro mean of first order of the sequence
{nAn(x0)/na}, then

2 Jo^v B + l έ i (y + 2)α

Abel's transformation gives

2 Jo n + l U=o (v + 2)"

+ (V(0— ^^—dt
I* n + l (n + S)a

T _j_ T
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say. Thus, on writing

S ίln Γπ

+ \ =IZn + hn ,
0 Jl/n

say, we see that

Izn = 0 ^ - * ^ \φ\dt) = O(n-«) ,

by condition (i) of the theorem.

Iίn = o O -naiu» t I lwJi/»ί2-β

Now,

o4 ( [
and

Γτ iΞLdt < nl-*[* ^ ί
Jl/nί2-« ~ )lln t

It follows that

Λ. - O{log n/n*} .

As before, we write

S I/Λ f-τ

+ I = J β n + Jβ» ,
0 Jl/re

say. Then,

ft" ^ } =

And

I6n = θ\n-"\' ifL

by the similar arguments as in the estimation of the integral J4Λ. By
Lemma 1, we have to establish the convergence of Σ | rn(α?0) |/w. And
from the above analysis, it concludes that
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This proves Theorem 1.

5* Let τn(xQ) be the nth Cesaro mean of first order of the sequence

n)ί+j (ε > 0) ,

where & is a positive integer. AbeΓs transformation gives

Π

2 o n + 1 U=. " - j g lQgμ {v + 2 ) γ l o g k {v + 2)}1+ί

-j- I φ(t)
Jo n + 1 I Π log" (n + 3)}{log* (n + 3)}1+ε

say. As before, we write

0 J 1/Λ

say, and

Jo J i / W

say. Since, for i; ^ n0,

k—i
^

i / Π log" v )(log& ^ ) 1 + e

we obtain

n Π log" (v + 2) )(logfc (i; + 2))1 + ε

Π
fc-1 I N / - 1 v + £

Π y logfc y

j f c - l

π

(nt ^ 1) ,

(for all ί) .

Now, if
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as £—* +0, then

{ 5

we obtain

I** =
Π log" w )(long*

I log'1',
-1

'-=°{τ^—\—s: ψ*}
I "I I 1 it \ / Ί k \ l 4 - e ' ^ ^

— iu ••-1V+β

But since

[* l3±dt = (JLY + [ JLdt

= 0(1) + θ{

- 0(1) + O{logfc+1 π} ,

and

d t = o
n

n logfc+1

Πlog^)(log f c w) 1 + ε

\
r

) 1 + ε

Finally,

/te = 0 ^ ^ ^ ^ Jo |9>|dί|
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1
Iβn —

μ=l

logk+ίn

Cfilog"n)(logkn)1+'
\μ=i /

Thus,

\ ^

= oj f. log*1* } + 0 ( 1 )
U=n" n(ΐllog>'n)(logkny+°)

μ = l /

n U " n(
\μ =

= 0(1) .

Hence, we establish

THEOREM 2. / /

as t—> +0, then the series

OO \ / M \

no> 0)

is summable \C,1\ for every ε > 0.

6* For the conjugate series

OO

Σ (bn cos nx — an sin nx) = X Bn(x) ,

we can derive two analogous theorems. Write, for a fixed x = x0,

ψ(t) = [ \ ψ ( u ) \ d u = [ \f(x0 + u ) - f(x0 - u ) \ d u .
Jo Jo

We have the following

THEOREM 3. If

(iii) ¥(t) = O(ί)

as t—> +0, ίfee^ ίfeβ series

^ Bn(x0)
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is summable \C, 1| for every a > 0.

THEOREM 4. / /

Πlog"f

t—•> +0, then the series

Σ - 7 - ^ ^ (log* ^o > 0)

is summable | C, 1 ] /or ever?/ ε > 0.
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