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ON |C, 1| SUMMABILITY FACTORS OF FOURIER
SERIES AT A GIVEN POINT

Fu CHENG HSIANG

Let f(x) be a function integrable in the sense of Lebesgue
over the interval (—=, 7) and periodic with period 27. Let its
Fourier series be

Sflw) ~ 32(’— + i‘, (@ cos n@ + b, sin 1)
n=1

= Zé A (x) .
Whittaker proved that the series
i A, (x)/n® (a > 0)
n=1

is summable | A| almost everywhere, Prasad improved this
result by showing that the series

= k—1
S A.@) /( ] log* n)(log" mie (logtm, > 0)

ﬂ=?10

is summable | A| almost everywhere.

In this note, the author is interested particularly in the
|C,1| summability factors of the Fourier series at a given
point x,.

Write

o(t) = flwo + ) + flxo — 1) — 2f(0) ,
t
¢<t>=g | () | du .
0
The author establishes the following theorems.
THEOREM 1, If
o) =01t (t—+0),
then the series

S Au(an)/ne

is summable |C, 1| for every a > 0.

THEOREM 2, If

o) = O{m}

as ¢t — +0, then the series
& A (%)

T—
n=no ( 110gf* n)(log’c n)ite
1

p=

is summable |C, 1| for every ¢ > 0,
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A series Y a, is said to be absolutely summable (4) or summable
|A|, if the function

f@) = 3 a0

is of bounded variation in the interval <0, 1I>. Let 0% denote the nth
Cesaro mean of order « of the series 3 a,, i.e.,

0, =

( a) ; (@) y_yy (@), =k + @+ 1)k + D (a+1).

If the series
Silos — o]

converges, then we say that the series 3 a, is absolutely summable
(C, @) or summable |C, @|. It is known that [2] if a sertes is sum-
mable |C|, it 1s also summable |A|, but not conversely.

2. Suppose that f(x) is a function integrable in the sense of
Lebesgue and periodic with period 27. Let its Fourier series be

flx) ~ (;‘3 + i (a, cos nx + b, sin nx)

=23 A,@) .
Whittaker [4] proved that the series

g A, (@)/n" (@ > 0)

is summable |A| almost everywhere. Prasad [4] improved this result
by showing that the series

S, 4,@)/(11 Tog n )10g* n)'+“(log* n, > 0),
n=mng p=1
where log* n = log (log*' n), log? = log (log n), is summable |A| almost
everywhere.

Let (A,) be a convex and bounded sequence, Chow [1] demonstrated
that the series

2L A ()N,

is summable |C, 1| almost everywhere, if the series >, n~"\, converges.

In this note, we are interested particularly in the [C,1| sum-
mability factors of the Fourier series at a given point. For a fixed
point x,, we write

@(t) = @xo(t) = f(x, + t) + flw, — t) — 2f(x,) ,
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and
o) = | lp(w)| du.
We are going to establish the following
THEOREM 1. If

(1) o(t) = O(t)

as t— +0, then the series

g An(xo)

nd

1s summable |C, 1| for every a > 0.
3. The following lemmas are required.

LEMMA 1 [3]. Let o > —1 and let 77 be the nth Cesaro mean
of order a of the sequence {na,}, then

T, =mn(o; — 0;5_) .
LEMMA 2. Write
S,(t) :Ici(nJr 2 — k)ecos (n + 2 — k)t ,

then

nt=* nt =1),

Sl = O{nz (For all t).

In fact, we have

S,(t) = I{di t(n+2)t2 e—'bkt}
k=
B i gt B git }
- {d <1_e—@t l_e—it>
_ {(n + 2) ?’ez(n+2)t _ 7:e'[('rH—Z)t

— it (1— ety

76t 7
1 — et + (1 _ e—it)2}
= Ont™) + O(t™)
= O(’)’Lt_l) ’
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if nt £1. This proves the lemma. From this lemma, we can easily
derive the following

LEMMA 3.
A A
3 t>1),
’ L {Z Sy(t)d;}lg{tha + e t=1)
n -+ 10= (p + z)a
An'=e (for all t) .

By Lemma 2, for nt = 1, we write

n —11- 1 {»2:1 S.()4 (v j 2)“} - n —lk 1 {[t:zjf_l + y=[:11+1} + O<_7ﬁ}—“‘"—>
- Lo(§r) Lofg L)

=1 nt =1 Y&

+ (=)
1

and for all ¢,

=1 v+ 2)« +1 b= pre
—_ 1 = l—a
S on+1 O{»Zi g }
= O(n'~%)

This proves the lemma.

4. We have
A, () = %ngp(t) cos ntdt .
Let 7,(%,) be the mth Cesaro mean of first order of the sequence
{nA,(x,)/n}, then

1 z”.‘ (v+2)cos(v+2)tdt.
w4+ 1 =0 v+ 2)~

Zeu@) = [ ott

Abel’s transformation gives

T = 1 { ” 1 }

£ = t S, (t)4————tdit

Tt = | PO S S0t

= 1 S..(t)
t) .
+So¢( nt 1 (et 3)°

= Iln + IZn ’
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say. Thus, on writing
1/n T
Ilnzg +§/ :ISn+I4%5
1/n

say, we see that

i/n

L, = 0(w=|" |p|dt) = 0w,
0

by condition (i) of the theorem.

ne=of 3, 214} +of2 . el

Now,
[ gk (£ +f, ot omoff, &) ~omen.
and

gx/ ol Lldt < n'-= S:l —,%)J—dt = O(n'~« log n) .

tz—a

It follows that
I,, = Oflog n/n%} .

As before, we write

say. Then,
I, — 0<n1—aS:’" 1P| dt) — O .
And

I, = O{n‘“y/n%dt} = Oflog n/n°} ,

by the similar arguments as in the estimation of the integral I,,. By
Lemma 1, we have to establish the convergence of 3 |z,(x,)|/n. And
from the above analysis, it concludes that

(L] + [ L] + | Lo | + [ Lo, ]}

2 |z (xo)l 2

>I|N>

1
n
log

O
iMs

-ofg

} oQ) .

n'l‘



144 FU CHENG HSIANG
This proves Theorem 1.
5. Let z,(,) be the nth Cesaro mean of first order of the sequence
{nAn(xo) / (iE log* n>(log’c n)”f} e>0),

where k is a positive integer. Abel’s transformation gives

Teuw) = | pt)——{ 3 8.(04— L at
2 ool {T 1og* (v + )}{log* (v + 2
i 1 S.(t)
+ | 2(?) -— dat
o 1 {10 (0 + ) {log* (0 + 3}
= Iln + Izn ,

say. As before, we write
+ ‘“ = I37L _l_ I47L ’
0 J1/n

say, and

say. Since, for v = n,,

4 1 < A
k—1 = k—1 ’
<]'[ log* v)(log" p)i+e v( T1 log* v>(log’° p)ite
=1 =1
we obtain
- (H log” (v + 2)>(log" v + 2))
=1
_ A S — 1A = (nt=1),
k 14¢ 2 = k=
_ t(ﬂ];[o log* n)(log n) t(,g log* ; ><log : >
Py An (for all ¢) .
( 11 log* n)(log’c n)t+e
pr=1
Now, if

o) = oL —}
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as t— +0, then

* 0{%&—/” k=11 >I€D, i 1> } °

t2<,,I=IIT log 7
But since
Sf/n,_gt)—’—dt - <%>1'/n * Sf/n%dt
= 0( oll” dt
D+ {Sllfn t(#ljl log* %) }
= 0() + Oflog*+' n} ,
and
It _ n - ol
g (H log* ><log %)m “ O{ Clj log* n>(10gk )i+ Sun t dt}
-0 n logh+tm

(:li log* n)(Ing oy ,

we obtain
logt+t m
I4n = O{ 1 g } .
< IT log* n)(log’c n)'+e
Finally,
I, =0 n "1l dt}
<H log* n J(log* n)t+ ~°
1

(H log* n)(log n)tte
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Isn — O — 1 Sﬂ |¢| dt}
(Hlog“”)(log"n)l“ it
p=1
~0 logk+* n

(iﬁ log* ")(Ing n)+e

Thus,
i 7@ | _ {i _ logh+ n }+ 0Q)
e " n(H log* n)(log’c n)+e
p#=1
=0(Q1).
Hence, we establish
THEOREM 2. If
(ii) o(t) = 0{—t——}

I1 log* 4
as t— +0, then the series
An(xo)
k—1
< 11 log ”n)(log" n)+e
=1

Ms

(log® n, > 0)

n="ng

1s summable |C, 1| for every ¢ > 0.

6. For the conjugate series

oo

> (b, cos nxe — a, sinnx) = 3, B,(2) ,

n=1

we can derive two analogous theorems. Write, for a fixed x = ,,

ve) = | vl du= | |f@ +w - f@ —wdu.

We have the following

THEOREM 3. If
(iii) T(t) = O(t)
as t— +0, then the series

i Bn(fo)

n=1 n
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is summable |C, 1| for every a > 0.

THEOREM 4. If

@iv) r(t) = of——}
11 Tog" ¢
as t— +0, then the series
02" Bn(xo)

—- (log* n, > 0)
o (1_1 log* n)(log" )+

18 summable |C, 1] for every & > 0.

REFERENCES

147

1. H. C. Chow, On the summability factors of Fourier series, J. London Math. Soc.

1941, 16 (1954), 215-220.

2. M. Fekete, On the absolute summability (A) of infinite series, Proc. Edinburgh

Math. Soc. (2) 3 (1932), 132-134.

3. E. Kogebetliantz, Sur les séries subsolument commables par la methode des moyennes

arithmétiques, Bull. Sci. Math. (2) 49 (1925), 234-256.

4. B. N. Prasad, On the summability of Fourier series and the bounded variation of

power series, Proc. London Math. Soc. 14 (1939), 162-168.

Received February 28, 1969. This paper was written and completed during the

author’s stay at Berkeley in 1968.

UNIVERSITY OF CALIFORNIA, BERKELEY, AND
NATIONAL TAIWAN UNIVERSITY, FORMOSA








