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ON UNIQUENESS OF CENTRAL
DECOMPOSITIONS OF GROUPS

C. Y. TANG

In this paper a condition for two central decompositions
of a group into centrally indecomposable factors to be isomor-
phic modulo the center is derived. Using this result a larger
class of groups with central decompositions into centrally in-
decomposable factors isomorphic modulo the center than that
of an earlier work of the author is determined. An example
of a group having two central decompositions into centrally
indecomposable factors which are not isomorphic modulo the
center is also obtained.

The purpose of this paper is to extend the results of an earlier
work of the author [5]. The central products defined in [5] are
special cases of the generalized direct products in [4]. The term
‘central product’ was introduced by P. Hall in [2]. In [1] Gorenstein
discussed the irreducible representations of central products in terms
of those of the individual factors and also made use of them in the
studv of extra-special p-groups and critical subgroups of p-groups. It
is of interest to note that in these cases the central products involved
all have central factors whose factor groups with respect to their
centers are abelian of rank <38. The results of this paper show that
all such central factors are centrally indecomposable and moreover any
two such decompositions are isomorphic modulo the center. It must,
however, be noted that in [1] central products are used in a more
general sense, in that the amalgamated subgroup is allowed to be a
proper subgroup of the center, while in our case the amalgamated
subgroup must be the center itself. But this does not affect the
above observation.

All notations and terminology will be the same as in [5], and
unless otherwise specified H shall always mean Z(G). Moreover, the
ascending and descending chain conditions for normal subgroups are
always assumed and the rank of an abelian group is used in the sense
of Priifer (Kaplansky [3]). Thus G = (A x B), means that G = AB,
with [4, Bl =1 and AN B = H = Z(G). Two central decompositions
of G are said to be isomorphic modulo H if the induced direct de-
compositions of G/H are isomorphic. Our problem is to find conditions
for a group to have unique, up to isomorphism modulo H, central
decomposition into centrally indecompoesable factors.

The following results from [5] will be needed:
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LEMMA 1. (Lemma 3.1, [5]). If G = (A x B); = (C x D), and
x e C then there exist ac A and be B with a and b respectively of the
form a = ¢d and b = c¢®d~" where ¢, ¢* € C and d € D such that © = ab.

A sharper form of this result will be:

LEMMA la. If G = (A X B); = (C x D)y and € C then there exist
ceC and de D such that cde A and ¢ 'xd~* € B.

Proof. Let » = ab with ac A and be B. Then a = c¢d and b =
c¢'d’ for some ¢, ¢’ eC and d,d e D. Thus 2z = edc’d’ = c¢c’dd’. Hence
dd’eCnND = H. Therefore d = d—h for some h e H, whence [d, d'] =
1. It follows that ¢ 'wd—' = ¢'d’.

Lemma 1 follows from Lemma la by putting c¢* = ¢ 'z.

LEMMA 2. (Lemma 3.4, [5]). If G = (A X B)y = (C X D), and
M is a subgroup of A containing H such that M C P(C) and C =
P.(M), then A= (M x N), where N = AN D.

P, (C) and P.(M) are respectively the H-projections of C in A and
M in C. In general if G = ([, G, and 6 is the homomorphism
mapping G onto G = G/H then the H-projection of x €@ in G, is de-
fined to be the set of all preimages of (26)8; under 6, where §; is the
G.-decomposition operator of G = [[~,G;, G; = G;#. This set is de-
noted by P (»). Also, for xeG, % shall always mean x6.

THEOREM 1. (Theorem 3.10, [5]). Let G be a ntlpotent group
of class 2 with a cyclic commutator subgroup. G s centrally in-
decomposable if and only if G/H is of rank 2 and C(G) is either a
p-group or an infinite group.

2. In the theory of direct decompositions it is known that if a
group G has a trivial center then G has a unique Remak decomposi-
tion. An analogue to this property in the case of central decomposi-
tions will be that if the factor group G/Z(G) has a trivial center then
the central decomposition of G into centrally indecomposable factors
is unique.

The following lemma can be proved by an easy computation:

LEmMA 2.1, If G = (A X B)y = (C X D)y then [P,(C), P,(D)] < H.
LEMMA 2.2. LetG = (A X B)y = (C X D). If AcCC then D C B.

Proof. Assume AcC. Let xeD. Then © = ab with ac 4 and
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beB. Now [A,2]c[C,D]=1 and [4,b]cC[A, B] =1. Therefore
[A, a] = 1. Thus ae Z(A) = HcC B, whence © = abe B.

COROLLARY 2.3. If G = (A X B)y = (A X D), then B = D.

It may be noted that Corollary 2.8 can also be obtained by apply-
ing Theorem 2.5 of [5].

THEOREM 2.4. If G/H has a trivial center, them the central de-
composition of G into centrally indecomposable factors is unique.

Proof. Let G = (II. Gy = (II~, F,)y be any two central de-
compositions of G into centrally indecomposable factors. Let P =
Py (F) and Q = P;(F)). (Throughout this paper we shall use G; to
denote (I1%.:Gi)n). Clearly G, = PQ. Indeed we can assume, without
loss, that H < P. Let xe¢(G,. By Lemma 1, there exist ac P, be @
and v e G, such that o = ab with aue F, and bu—'ec F]. Thus ue
Py (F,) and we Py (F}). But by Lemma 2.1, [P;(F)), Pg(F)]C H.
Since G| = PGi(FI)-PG;(F{), it follows that [u, Gi]c H, whence #%e
Z(G/H) = 1, & being the image of w in G/H. Thus ue H. It follows
that aue Pand bu—'e Q. Let A= PN F,and B=QNF,. It is clear
that G, = (4 x B);. But G, is centrally indecomposable. Hence either
A=G,and B=Hor A= H and B=G,. Now B = G, implies that
@ = G,. Since by Lemma 2.1, [P, Q] C H, we have P/H C Z(G/H) = 1.
Thus P < H, contradicting the assumption H & P;(F.,). Therefore
we must have A = G, and B = H. This implies that P = G, and Q =
H, whence be H. Thus by Lemma 2 and the indecomposability of F
we have G, = F,. Now by Corollary 2.3, G, = F,. Therefore by in-
duction we have F; = G, after suitable reindexing.

3. From Theorem 1 it follows immediately that if G is a
p-group of class 2 such that G/Z(G) is of rank 2 then G is centrally
indecomposable. In fact in the case of p-groups this property can
also easily be proved by considering the ranks of abelian groups.
Indeed it is not difficult to prove the central indecomposability of a
p-group G of class 2 with G/Z(G) abelian of rank 3. M. Schick pointed
out that any finite p-group which can be generated by three of less
H-generators (in the sense defined below) is centrally indecomposable.

DEFINITION 3.1. Let G be any group. If the elements a,, ---, a,
together with H generate GG, then G is said to be generated by the
H-generators a,, -, a,.

THEOREM 3.2. If G s a finite p-group with H = Z(G) such that
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G can be generated by three or fewer H-generators, them G s centr-
ally indecomposable.

Proof. Suppose G = (A x B),;. We shall show that either A or
B is H. Let + be the canonical homomorphism of G onto G/N where
N = {®#(G), H}. Now G+ = Ay X B+ is elementary abelian and Gy
has rank at most 3. It follows that one of Ay and By has rank at
most 1. If, say, Av = (A4/H)/®(A/H) is cyclic then A/H is cyclic.
This implies that A is abelian whence A = Z(A) = H.

4, In this section we shall derive a condition for central de-
compositions of G into centrally indecomposable factors to be isomor-
phic modulo the center and apply it to central decompositions of
nilpotent groups of class 2 in which the factor group of each factor
with respect to the center is abelian of rank =<3.

The following lemma can be easily proved.

LEMMA 4.1. Let G=A X B=CxD. A and C are exchange-
able if and only if there exist subgroups UcC B and V < D such that
AX U=Cx V in which A and C are exchangeable.

LEMMA 4.2. Let G = (A x B)y, = (C X D). If there exist sub-
groups HCc UcC B and HC VD such that (A X U)y = (C X V)i and
A and V are exchangeable in A x U=C x V, then G = (A x U x
BnND)y,;=(C x V x Bn D),.

Proof. Since A and V are exchangeable in A x U =C x V and
V c D, therefore V4, = A and V < A4, where 6, is the A-decomposi-
tion operator in G = A x B and 6, is the D-decomposition operator
in G=CxD. Thus P(V)=A and V < P,(4). Hence by Lemma
2 we have G = (C x V x BN D),. In the same way we can show
that G = (A x U x BN D).

THEOREM 4.3. Let G = ([[2. Gy = (TII5, Fy)y be any two central
decompositions of G into centrally indecomposable factors. If for each
pair of factors G, and F; such that G; and F; are not exchangeable
in the induced direct decompositions of G there exist centrally inde-
composable subgroups HcC U, C G, and HC V;CF} such that the
decompositions G; x U, = F; x V; are exchangeable, then any two
central decompositions are isomorphic modulo H.

Proof. 1f each pair of factors G; and F; are exchangeable in the
induced direct decompositions of G then clearly the two central de-
compositions are isomorphic modulo H. Hence we need only consider
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the case when there exist G; and F; such that G; and F; are not
exchangeable in the induced direct decompositions of G. Thus by
hypothesis there exist centrally indecomposable subgroups U; and V;
such that the decompositions G; x U, = F; x V; are exchangeable.
Now G; and F; are not exchangeable in G; x G} = F; x F’. There-
fore, by Lemma 4.1, G; and F,; are not exchangeable in G, x U, =
F, x V;, whence G; and V; must be exchangeable. Thus, by Lemma
4.2, we have
G=(G:ix UxGnF),
=F; x V; xGNF)y.

Let GiN F; = (I1;-. Ni)u, where the N,’s are centrally indecom-
posable. Since U, is centrally indecomposable, therefore, considering
= (IIt2: Go)x = (U; X TIi—. Ny and applying induction on %, there
exists G, such that G, ~ U, and ([];=, N.)» and (I]}.i.: Gi)xr are isomor-
phic mudulo H. In the same way there exists F, such that F,~ V;
and (TT;=; Nr and (T17;,.F)r are isomorphic modulo H. It follows
immediately that m = n and G = ([[~, Gy = (I, F)y are isomorphic
modulo H.

LemMMA 4.4. Let G = (A x B)H = (C x D)y. Also let C, = P,(A)
and D, = Py(A). If P,C) = then (A x Py(C, ))1, = (C, X D)y.
Moreover A and C, are exchangeable m A x Py(C) = C, x D,

Proof. Clearly Ac(C, x D)),. Also Py(C)cC,Ac(C, x D)y.
Therefore (A x Py(C)), < (C, x D,);. On the other hand,

C,c P,C))-Py(C) (A X Py(C))y «

Moreover, because ¢f Lemma 1, we can easily see that P,(C,) = P,(D)),
whence (A x Py(C)); = (C, x D)),.

Now 1=[D,NA, P(C)] =[D,n A, A]l. Therefore DN A = H.
Moreover, since Py(C,) = Py(D,), it follows that C, N B Py(D,). Let
beC,N B. Then there exists de D such that d = ab for some ac A.
An easy computation will give

1 =[C, d] = [P.(C), a][PxC)), b]
= [4, a][Px(D,), b] = [4, a] .

Therefore a ¢ H, whence be C, N D, = H. Hence C, N PyC) = H.
Applying Lemma 2.1, we have [P,(C,), P,(D,)] c H and

[Ps(C), Py(D)]C H.
Since A = P,(C)) and Py(C,) = Py(D,) it follows immediately that
[‘LT! Dl] = [C—'n PB(CI)] =1,
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whence A and C, are exchangeable in A x P,(C,) = C, x D..
If C is centrally indecomposable then by Lemma 2 we must have
C = C,. Thus we obtain:

COROLLARY 4.5. Let G = (A X B)y = (C X D)y, where C 1is centr-
ally indecomposable, and let C, = Py(A) and D, = P,(A). If P,C) =
A then (A x Py(C))y = (C x D,)y. Moreover A and C are exchange-
able in A x P,(C) = C x D,.

LEMMA 4.6. Let G be a p-group of class 2 and let

be two central decompositions of G into centrally indecomposable
factors. If for some i,j the abelian group G; is of rank <3 then
there exist subgroups U; and B; with HC U, CG; and HcC B; C F;
such that the decompositions G; x U, = F; x B; are exchangeable.

Proof. Let ¢ =7 =1. Because of Corollary 2.3 we need only
prove the case of G, = F,. Since G, is of rank <3 we can let G, =
{8, 85 85, H}. If G, is of rank 2 we shall let s, = 1. Now, by Lemma
1a, there exist ¢g;€G, and w, €G!, 71 =1,2,3, such that gu;cF, and
97's;uit € . With proper choice of u; we can let g, = stitsizsgis,  Since
1 = [g:w;, g7's:ui"] = lg:, s;], writing £ 32] = hy, [s,, s3] = b, and [s5 85] =
h;, we have:

(1) b = hyes
(2) hfn — hgza
(3) hyos = hgo

Also [g:u;, g7's;u7'] = [g;u; 97's;u7'] = 1. Therefore

l9s 977851 = [usy w;'] = 9 97'577]

whence [g,, s,;] = [g,, s.]'. Thus we obtain the following relations:
(4) B = hgmhgs

(5) R R

(6) hizmts = hroshyoe .

Let A = {gu;, H;©=1,2,8} and B, = {g7's;u;*, H;©1=1,2,38}. We
shall show that at least one of P;(A4,) and P;(B,) coincides with G..

If G, is of rank 2 then %, = h; = 1. Thus from relations (1), (2)
and (4), we have hte = pfan = pou—2 =1, This implies that p|a,, .
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and «, = a;mod p* where ord h, = p*. Now g¢; = sfusfize Py (A),
1 =1, 2, and s;~usy™e, s7us; "2 e Py (B,). Since p does not divide both
a and «@ — 1 it follows immediately that at least one of P,(4,) and
P; (B, coincides with G,.

If G, is of rank 3 we shall show that p|a;; for all ¢ =5 and
either p|a;; for all ¢ or pta,; for all 5. Thus, as in the case of G, of
rank 2, we have at least one of P;(A4,) and P (B,) coincides with
G..

Suppose pta;. Then by (1) hy,e{h}. Now from (4)

h§s = prun—cep s ¢ {h.},

whence C(G,) = {h}. Since G, is centrally indecomposable, therefore
by Theorem 1, this is not possible. Hence p|a,;. In the same way
we can show that p|a;; for all ¢ == j.

Suppose now p|a,, and pfa,,. Then from (4) we have h, € {h,, hs}.
Let h, = hih:. If pla,, then from (5) we have hfu—s = pfeapiesap e,
Since p|ay, it follows that i, e {h,}, whence C(G,) is cyclic. On the
other hand if p|a,; then using (6) we have h,e{h,}. Hence either
plag; for all © or pyay; for all 4.

Now P, (G) = A, and Py(G) = B,. If P;(A) =G, then by
Corollary 4.5 the lemma follows immediately. If P;(B,) = G, then
applying Lemmas 4.4 and 4.1 we obtain our required result.

THEOREM 4.7. Let G be a p-group of class 2. If

o= (j1e), - (ii7)
=1 H =1 yoa

are two central decompositions of G into centrally indecomposable

Sactors in which the factor group of each factor with respect to the

center 1s abelian of rank <3, then the two central decompositions

are isomorphic modulo H.

Proof. If for all 4,7, G; and F; are exchangeable in [[~,G; =
» F; then the theorem is immediate. Therefore let G; and F; be
not exchangeable. Since G; is abelian of rank <3, therefore by Lemma
4.6, there exist subgroups H C U;C G; and H C B; C F} such that the
decompositions G; x U, = F; x B; are exchangeable. Now G; and F;
are of rank at most 3. Thus, by Theorem 3.2, U; and B; are centr-
ally indecomposable. Moreover, by Theorem 4.3, the two central de-
compositions can be shown isomorphic modulo H.
Since a finite nilpotent group is the direct product of its sylow
subgroups the following theorems are obvious.
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THEOREM 4.8. If G is a finite nilpotent group such that any
two central decompostitions of each of tts sylow subgroups into cem-
trally indecomposable factors are isomorphic modulo H,, where H,
18 the center of the sylow p-subgroup, then any two central decomposi-
tions of G into centrally indecomposable factors are isomorphic modulo
H.

THEOREM 4.9. If G is a finite nilpotent group of class 2 then
any two central decompositions of G into centrally indecomposable
Sactors, in which the factor group of each factor with respect to the
center is abelian of rank <3, are isomorphic modulo the center.

Applying Theorem 4.9 and Lemmas 4.6 and 4.2 it is not difficult
to obtain:

THEOREM 4.10. If G s a finite nilpotent group such that the
factor group of each of the sylow subgroups with respect to its center
is abelian of rank <7, then any two central decompositions of G
into centrally indecomposable factors are isomorphic modulo the
center.

Thus we note that any central decompositions of a p-group of class
2 generated by seven H-generators into centrally indecomposable factors
are isomorphic modulo the center. In §6 we have an example of a
p-group of class 2 generated by nine H-generators which admits cen-
tral decompositions into centrally indecomposable factors that are not
isomorphic modulo the center. The question whether there exist a
nilpotent group of class 2 generated by eight H-generators admitting
central decompositions into centrally indecomposable factors that are
not isomorphic modulo the center is still undecided.

5. In this section we shall show that if a p-group G admits a
central decomposition with each of its factors generated by two H-
generators then any two central decompositions of G into centrally
indecomposable factors are isomorphic modulo the center.

LemMa 5.1. Let G = (IIii Gou = (1 Fi)ue  If there evists F;
such that F; is exchangeable with G; for all j in the induced direct
decompositions of G then G is nilpotent of class 2.

Proof. Let F, be such that F, is exchangeable with every G
in the induced direct decompositions of G. This implies that F.0, = G;
for all j, where 0, is the G;-decomposition operator. Moreover 1 =
[F, G;] = [F.6;, G;] for all j, whence G; is nilpotent of class 2 for all
j. Therefore G is nilpotent of class 2.
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LEMMA 5.2. Let G be a p-group and let G = (I11-.G)y = (117 Fo)x
where each G, is gemerated by two H-gemerators. If there exists an
F, such that F; is exchangeable with G; for all j in I1x, G; = 1%, F.,
then C(G) ts cyclic.

Proof. Let F, be such a factor. Then by Lemma 5.1 G is nil-
potent of class 2. Thus for G; = {a; b, H} we have [a; b;] = h; e
Z(G) = H. Now F, exchangeable with G; implies that F, is of rank
2. Moreover if F, = {a, b, H} then {af,, b6;} = G;, where 6, is the G-
decomposition operator. Thus without loss of generality we can let
a= a0, +++,a, and b =>bb, ---,b,. Now a; = x5, for some z,e F,
and y; € F. Let x; = a*b’k,; k;€ H. Then y, = a~*b~Fiakl, k;ec H. But
[0, ;] = 1. This implies that

Rei e oe hE RFi-h%, e B2 =1 for all 7 .

Let p” be the highest order of the &;’s. Then for each pair of «; and
a;, 1+ j, at least one is a multiple of the other modulo p". Let
a; = ka; mod p™ (say). This implies that,

1 =~htaees Eap® = h& oo BRTE .

Therefore hi = h{i «+- hyi. But h{i ... hii=h;. Hence h; € H; = {h;}.
Thus for each pair of h; and h; either H, & H; or H; & H,;, whence
C(G) is cyclic.

THEOREM 5.3. If G is a p-group admitting a central decomposi-
tion into centrally indecomposable factors with each factor gemerated
by two H-generators, them any two central decompositions of G into
centrally indecomposable factors are isomorphic modulo the center.

Proof. Let G = (I, Gy = (II™, F;)y, where G; is generated by
two H-generators for all i. If every G; is exchangeable with every
F; in T2, G; = [[~, F; then our theorem is true. Therefore we shall
assume that there exists a pair of G; and F; such that G, and F,
are not exchangeable. Let ¢ =j =1. LetG, = {s, s, H). Then, by
Lemma 1la, there exist elements a; = gu; e F, and b, = g;'s;u;* € F",
9:€G, and u;€G,v=1,2. Let U= {u,u, H}, A = {a, a,, H} and
B={b,b, H}. It is easy to see that C = (G, x U)y; = (A X B),.
We shall show that G, and B are exchangeable in G, x U = A4 x B.
If C is nilpotent of class 2, then, by Lemma 4.6, G, is exchangeable
with either A or B. But, by Corollary 4.5, G, and A exchangeable
will imply G, and F, exchangeable in G, x U = F, x B, whence by
Lemma 4.1 contradicting the inexchangeability of G, and F, in

3

ﬁ61: i

1=1 1=1
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Therefore G, and B are exchangeable in G, x U=A4 x B. If C is
not nilpotent of class 2, then, since U is nilpotent of clags 2, we
must have G, not nilpotent of class 2. This means that G, is directly
indecomposable. Therefore by Remak-Krull-Schmidt theorem G, must
be exchangeable with either A or B. Again as it is in the case of
C being nilpotent of class 2 the exchangeability of G, and A is im-
permissible. Hence G, and B are exchangeable. Thus by Lemma 4.1,
G, and B are exchangeable in G, x P,(F,) = F, x B.

We shall now show that P;(F,) = V is either centrally indecom-
posable or G is nilpotent of class 2 with cyclic C(G). Let

v=(1v)
=1 H
where each V; is centrally indecomposable.

Case 1. V # G|. Then by induction on # we must have » <n — 1.
Thus (G, X V, X «-+ X V,)y has » + 1 < n factors. Hence again by
induction this decomposition is isomorphic modulo H to (F), X B)y,
whence » = 1. Therefore V is centrally indecomposable.

Case 2. V =G/. Since F, and V are exchangeable, therefore
F, and V, are not exchangeable for all 7, unless » = 1, in which case
V is centrally indecomposable. Thus as in the first part of the proof,
for each ¢ there exist W; < V. and By = F'| such that (V; x W), =
(F, x B}), with V, and By exchangeable in V; x W, = F, x B¥. Now
suppose W, = V! for some i. Since by induction the decompositions
Gl = (I1~. Gy = (ITi-. V,)» are isomorphic modulo H, therefore, ap-
plying the argument of Case 1, we have r = 1, whence V is centrally
indecomposable. Thus we need only consider the case of W, = V! for
all 7. This means,

GZ(V,;X Wi)HZ(F1XB£k)H:(F1XB)H

for all <.

Thus by Corollary 2.3, Bf = B for all . Thus V, and B are
exchangeable in V, x V} = F, x B for all i. Since G, and B are ex-
changeable in G, x G, = F, x B, therefore, by Lemmas 5.1 and 5.2,
G must be nilpotent of class 2 with cyelic C(G).

Now, if V= P, (F) is centrally indecomposable then by induction
on n and Theorem 4.3 the decompositions ([[~. Gi)uw = (I[%, F))y are
isomorphic modulo H. If G is nilpotent of clags 2 with cyclic C(GR)
then by Theorem 1 we reach the same conclusion.

COROLLARY 5.4. If G is a finite nilpotent group with each of
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its sylow subgroups generated by at most four H,-generators, H, be-
ing the center of the sylow p-subgroup, then any two central decom-
positions into centrally indecomposable factors are isomorphic modulo
the center.

6. We shall now give an example of a p-group of class 2 admitt-
ing two central decompositions into centrally indecomposable factors
which are not isomorphic modulo the center.

Let G be generated by a;, b, ¢;, © = 1, 2, 3, satisfying the follow-
ing relations:

[a;, b;] = [as ¢;] = [by, ¢l=1
[ai’ a’j] = [bm bg] - [ci7 Cj] € Z(G)
[ai’ aj]Z =1.

Thus G is a nilpotent 2-group with center Z(G) = H = {h,, h,, h,} where
h, = [ay, a,], hy = [a, as] and h; = [a, a.]. Now let A = {a,, a, as}, B =
{b, b, b} and C = {¢, ¢,, ¢;}. Then G = (A X B X C),. On the other
hand if we let

F, = {a,be,, a;b,c,, asbsc,}
and
F, = {a.c, a,c,, ascy bicyy b,c,, bycs)

then G = (F, x F,)y;. By Theorem 3.2, A, B, C, and F, are all centr-
ally indecomposable. We need to show that F, is centrally indecom-
posable. To prove this we shall first show that the subgroup 7T =
(A x B), has a unique central decomposition into centrally indecom-
posable factors.

Suppose T has another central decomposition into centrally inde-
composable factor. Then by Theorem 4.10, T = (D x E)j is isomorphic
modulo H to T = (A4 x B);. Now, by Lemma 1la, there exist elements
d; =gu; €D and e, = g7'au;t € E, where g, = afajiqis and u;€ B.
Computing the same way as it is in Lemma 4.6, we obtain the rela-
tions (1)-(6) of §4. But in G, hf = k% for ¢ # j if and only if a =
B =0mod2. Therefore a;; = 0mod2 for 7 +#J and a, = a, =
mod 2. Thus if @, = 1mod2 then A =D and if a, = 0mod2 then
A = E, whence, by Corollary 2.3, T has a unique decomposition into
centrally indecomposable factors.

Now suppose F, = (U x V).

Case 1. There exists one of U and V which is not exchangeable
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with one of 4, B and C. Let A and U (say) be not exchangeable.
Then, by Lemma 4.6, there exist subgroups HCcQc A’'and HCc Rc U’
such that (A X @), = (U x R), with A and R exchangeable in

AxQ@=UxR.
Thus,
G=AXQxANU)y
=(UxRxANU),.

But (@ x A’ N U'); = (B x C)y which has a unique central decomposi-
tion into centrally indecomposable factors. Therefore @ = B or C.
Let @ = B(say). This implies that U = B and A = R, whence B C F,.
But it is easy to see that BN F, = H. Hence this case does not
exist.

Case 2. Every factor of G = A x B x C is exchangeable with
every factor of G = F, x U x V. Now the exchangeability of U and
C implies that there exists u = w,(a;)w.(b;)c, € U where w,(a;) and w,(b;)
are words on ¢;’s and b,’s respectively. In fact for convenience we
shall regard w, and w, as functions. Since [abc, #] =1 we have
either

(1) [au wl(ai)] = [bu wz(bi)]_l = [bu wz(bz)] #= 1
or
(2) [au w1(ai)] = [bu w2(bz>] =1.

Suppose (1) is true. Then since A and B are isomorphic under the
map ¥ a; —b; with + fixing H, therefore, [a,, w,(a;)] = [, w.(b;)] im-
plies that [b,, w,(b;)] = [b,, w«(D;)], whence w,(b;) = w,(b;)h for some
heH. Thus u = w,(a;)w.(b;)e;h~'. Now G is the free abelian product
of the eyclic subgroups {a@}, {b:}, {¢;}, 7 = 1, 2, 8. Clearly the length
of wond; b; ¢;, © =1,2,3 is odd. But it is not difficult to see that
every element of F, is of even length. Hence (1) cannot be true.
Now, if (2) is true, then w,(a;) € Z(a,) = {a,, H} and

wy(b;) € Zy(b,) = {b,, H} .

Thus w is of the form ab.c.h, a,c.h, bc.h or ¢k for some h e H. Since
ab.ch, c.h e F,, therefore w can be assumed to be either a,c, or b.c,.
In the same way there exist v¢ V such that v can be agsumed to be
either a,¢c, or b,c,. Since UN V = H, therefore, if a,c, € U then bc,e V
or vice versa. Now F, is generated by a.c,, a,C; asCs b.Ciy byCoy bsCs,
whence U or V is generated by a proper choice of three of these elements.
But any such choice will not satisfy [U,V] = 1. Hence F, is centrally
indecomposable.
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