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ON UNIQUENESS OF CENTRAL
DECOMPOSITIONS OF GROUPS

C. Y. TANG

In this paper a condition for two central decompositions
of a group into centrally indecomposable factors to be isomor-
phic modulo the center is derived. Using this result a larger
class of groups with central decompositions into centrally in-
decomposable factors isomorphic modulo the center than that
of an earlier work of the author is determined. An example
of a group having two central decompositions into centrally
indecomposable factors which are not isomorphic modulo the
center is also obtained.

The purpose of this paper is to extend the results of an earlier
work of the author [5] The central products defined in [5] are
special cases of the generalized direct products in [4]. The term
'central product7 was introduced by P. Hall in [2]. In [1] Gorenstein
discussed the irreducible representations of central products in terms
of those of the individual factors and also made use of them in the
study of extra-special p-groups and critical subgroups of p-groups. It
is of interest to note that in these cases the central products involved
all have central factors whose factor groups with respect to their
centers are abelian of rank ^ 3 . The results of this paper show that
all such central factors are centrally indecomposable and moreover any
two such decompositions are isomorphic modulo the center. It must,
however, be noted that in [1] central products are used in a more
general sense, in that the amalgamated subgroup is allowed to be a
proper subgroup of the center, while in our case the amalgamated
subgroup must be the center itself. But this does not affect the
above observation.

All notations and terminology will be the same as in [5], and
unless otherwise specified H shall always mean Z(G). Moreover, the
ascending and descending chain conditions for normal subgroups are
always assumed and the rank of an abelian group is used in the sense
of Prufer (Kaplansky [3]). Thus G = (A x B)π means that G = AB,
with [Ay B] = 1 and A Π B = H = Z(G). Two central decompositions
of G are said to be isomorphic modulo H if the induced direct de-
compositions of G/H are isomorphic. Our problem is to find conditions
for a group to have unique, up to isomorphism modulo H, central
decomposition into centrally indecomposable factors.

The following results from [5] will be needed:

749



750 C. Y. TANG

LEMMA 1. (Lemma 3.1, [5]). If G = (A x B)H = (C x D)H and
x eC then there exist aeA and be B with a and b respectively of the
form a = cd and b = cκd~ι where c, c* eC and de D such that x — ab.

A sharper form of this result will be:

LEMMA l a . If G — (A x B)π — (C x D)H and xeC then there exist

c eC and de D such that cde A and c~ιxd~ι e B.

Proof. Let x = ab with aeA and b e B. Then a = cd and b =

c'd' for some c, c' eC and d, dr e D. Thus x = cdcrdf = cc'dd'. Hence
dd'eC f)D = H. Therefore d' = d~ιh for some heH, whence [d, d'] =
1. It follows that c~ιxd~ι = c'd'.

Lemma 1 follows from Lemma la by putting c* = c~ιx.

LEMMA 2. (Lemma 3.4, [5]). If G = (A x B)H = (C x D)H and
M is a subgroup of A containing H such that M c PA(C) and C ~
PC(M), then A = (M x N)H where N = A n D.

PA(C) and PC(M) are respectively the iϊ-projections of C in A and
M in C. In general if G = (Π?=i Gi)n a n ( i ^ i s ^he homomorphism
mapping G onto G = G/iϊ then the iϊ-projection of x e G in Gi is de-
fined to be the set of all preimages of (xθ)θi under θ, where 0* is the
(^-decomposition operator of G = Π?=i ̂ , G4 = Gβ. This set is de-
noted by PG.(x). Also, for xeG, x shall always mean xθ.

THEOREM 1. (Theorem 3.10, [5]). Let G be a nilpotent group
of class 2 with a cyclic commutator subgroup. G is centrally in-
decomposable if and only if G/H is of rank 2 and C(G) is either a
p-group or an infinite group.

2. In the theory of direct decompositions it is known that if a
group G has a trivial center then G has a unique Remak decomposi-
tion. An analogue to this property in the case of central decomposi-
tions will be that if the factor group G/Z(G) has a trivial center then
the central decomposition of G into centrally indecomposable factors
is unique.

The following lemma can be proved by an easy computation:

LEMMA 2.1. IfG = (Ax B)H = (C x D)H then [PA(C), PA(D)\ g H.

LEMMA 2.2. Let G = (A x B)Ή = (C x D)H. If AaC then D<z.B.

Proof. A s s u m e AczC. L e t x e D . T h e n x = ab w i t h a e A a n d
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beB. Now [A, x] c [C, D] = 1 and [A, 6] c [A, B] = 1. Therefore
[A, α] = 1. Thus a e Z(A) = HaB, whence *τ = α6 e B.

COROLLARY 2.3. If G = (A x B)H = (A x D)7/ ίfeew B = Zλ

It may be noted that Corollary 2.3 can also be obtained by apply-
ing Theorem 2.5 of [5].

THEOREM 2.4. // G/iϊ has a trivial center, then the central de-
composition of G into centrally indecomposable factors is unique.

Proof. Let G = (Π?=i (?<)* = (ΠΓ=i F%)H be any two central de-
compositions of G into centrally indecomposable factors. Let P =
POl(F^ and ζ> = PGι(F[). (Throughout this paper we shall use G\ to
denote (Π**» £*)#)• Clearly Gj. = Pζ>. Indeed we can assume, without
loss, that Hζ=P. Let xeG,. By Lemma 1, there exist aeP,beQ
and % G G[ such that a? = ab with αu e i^ and bw1 e F[. Thus u e
Po'SFd and uePβ;(F{)). But by Lemma 2.1, [P^FO, PG[(F[)] c Jϊ .
Since GJ = P ^ ί F J P ^ F O , it follows that [u,G[](zH, whence ΰe
Z(G/H) ~ 1, it being the image of w in G/H. Thus ue H. It follows
that α w e P a n d δ^-1 eQ. Let A = Pn F, and B = Q Γ) F[. It is clear
that Gi = (A x J?)#. But G1 is centrally indecomposable. Hence either
A = G, and B = H or A = H and 5 = Glβ Now B = G, implies that
Q = Glβ Since by Lemma 2.1, [P, Q] c if, we have P/HczZ(G/H) = 1.
Thus P ^ H, contradicting the assumption H £ PGί(F^m Therefore
we must have A — Gi and B = H. This implies that P — Gι and ζ) =
iϊ, whence be H. Thus by Lemma 2 and the indecomposability of Fγ

we have Gx = Fx. Now by Corollary 2.3, G[ = F[. Therefore by in-
duction we have F{ = G{ after suitable reindexing.

3* From Theorem 1 it follows immediately that if G is a
p-group of class 2 such that G/Z(G) is of rank 2 then G is centrally
indecomposable. In fact in the case of p-groups this property can
also easily be proved by considering the ranks of abelian groups.
Indeed it is not difficult to prove the central indecomposability of a
p-group G of class 2 with G/Z(G) abelian of rank 3. M. Schick pointed
out that any finite p-group which can be generated by three of less
H-generators (in the sense defined below) is centrally indecomposable.

DEFINITION 3.1. Let G be any group. If the elements α1? •••,««
together with H generate G, then G is said to be generated by the
iϊ-generators alt , an.

THEOREM 3.2. // G is a finite p-group with H = Z(G) such that
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G can be generated by three or fewer H-generators, then G is centr-
ally indecomposable.

Proof. Suppose G = (A x B)H. We shall show that either A or
B is H. Let ψ be the canonical homomorphism of G onto G/N where
N = {Φ(G)9 H). Now Gψ — Af x Bψ is elementary abelian and Gψ
has rank at most 3. It follows that one of Aψ and Bψ has rank at
most 1. If, say, Aψ = (A/H)/Φ(A/H) is cyclic then A/H is cyclic.
This implies that A is abelian whence A = Z(A) = H.

4. In this section we shall derive a condition for central de-
compositions of G into centrally indecomposable factors to be isomor-
phic modulo the center and apply it to central decompositions of
nilpotent groups of class 2 in which the factor group of each factor
with respect to the center is abelian of rank ^ 3 .

The following lemma can be easily proved.

LEMMA 4.1. Let G = AxB = CxD. A and C are exchange-
able if and only if there exist subgroups UaB and VaD such that
Ax U = C x V in which A and C are exchangeable.

LEMMA 4.2. Let G = (A x B)H = (Cx D)H. If there exist sub-
groups Ha UaB and Ha VaD such that (A x U)H = (C x V)H and
A and V are exchangeable in A x U = C x V, then G = (A x U x
B n D)H = (C x V x BO D)H.

Proof. Since A and V are exchangeable in A x U = C x V and
7 c ΰ , therefore VΘA = A and V S AΘD where ΘA is the A-decomposi-
tion operator in G = A x B and ΘD is the S-decomposition operator
in G = C x D. Thus PA{V) = A and F S PD{A). Hence by Lemma
2 we have G = (C x V x B Π D)H. In the same way we can show
that G = (Ax U x B f] D)H.

THEOREM 4.3. Let G = (Π?=i Gdπ = (ΠΓ=i Fi)H be any two central
decompositions of G into centrally indecomposable factors. If for each
pair of factors Gι and F5 such that Gι and F5 are not exchangeable
in the induced direct decompositions of G there exist centrally inde-
composable subgroups Ha UiCiGl and Ha V3 a F] such that the
decompositions Ĝ  x E7* = Fά x V3- are exchangeable, then any two
central decompositions are isomorphic modulo H.

Proof. If each pair of factors G{ and F3- are exchangeable in the
induced direct decompositions of G then clearly the two central de-
compositions are isomorphic modulo H. Hence we need only consider



ON UNIQUENESS OF CENTRAL DECOMPOSITIONS OF GROUPS 753

the case when there exist G; and Fd such that G; and F5 are not
exchangeable in the induced direct decompositions of G. Thus by
hypothesis there exist centrally indecomposable subgroups Ut and V5

such that the decompositions G{ x Ui = F5 x V3 are exchangeable.
Now Gi and Fό are not exchangeable in G{ x G = F y x Fj. There-
fore, by Lemma 4.1, G; and Fj are not exchangeable in G< x ί/̂  =
.F, x F y, whence Ĝ  and F y must be exchangeable. Thus, by Lemma
4.2, we have

G = (G* x E/i x Gί n i^%

Let G Π Fj = (Πί=i -ZVjfc)ir> where the iVA's are centrally indecom-
posable. Since Ut is centrally indecomposable, therefore, considering
G = (Uk=iGk)H = (Ui x IK-iiV*)^ and applying induction on w, there
exists Gλ such that Gλ ^ Ui and (Πϊ=i Nk)n and (Πϊ^,^ G )̂̂  are isomor-
phic mudulo H. In the same way there exists Fμ such that Fμ ^ Vά

and (Πί=i^)-ff a n ( i (ΠΓ^i,^)^ a r e isomorphic modulo iί. It follows
immediately that m = n and G = (ΠΓ-iG;),/ = (Tίi=iFi)H are isomorphic
modulo H.

LEMMA 4.4. Lei G - (A x B)π = (C x D)/z.

and A = P^A). If PA(C,) = A ίfeβw (A x P^Q),, = (C, x
_ _

Moreover A and Cι are exchangeable in A x PB(Cj) = Cί x Dt.
Proof. Clearly i c f C . x A)*. Also P^ίQ c d A c f d x A)^

Therefore (A x P^Q),, c (C, x A)//. On the other hand,

C, c P ^ Q . P ^ Q c (A x PB(Cd)π

Moreover, because of Lemma 1, we can easily see that PB(Ci) = PB(D1)f

whence (A x P^Q)// = (d x A)//
Now 1 = [A Π A, P^d)] = [A Π A, A]. Therefore D1nA = H.

Moreover, since Pβ^,) = PB(D1), it follows that d d - S c P ^ A ) - Let
ό G d Π B. Then there exists de D such that d = ab for some α e i .
An easy computation will give

1 = [Clt d] = [PΛ{Cy), aWPziC,), b]

= [A, α][P Λ (A), b] - [A, a] .

Therefore aeH, whence b e C, Π Dι = iί. Hence C, Π P/^CJ
Applying Lemma 2.1, we have [Pj(CΊ), PΛ(D$\ a H and

[P^C,), Pβ{A)] c if .

Since A = P ^ d ) and PniC,) = Pβ(A) it follows immediately that

[A, DL] = [Clt PsiCJ] = 1 ,
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whence A and d are exchangeable in A x PsiC^ = CΊ x A
If C is centrally indecomposable then by Lemma 2 we must have

C — CΊ Thus we obtain:

COROLLARY 4.5. Lei G = ( 4 x ί?)7/ = ( C x #)#, w&ere C is centr-
ally indecomposable, and let Cλ = Pc(A) emcί 2^ — PD(A). If PA{C^) —
A then (A x PB(C))H = (C x A)# Moreover A and C are exchange-
able in A x PB(C) = C x A

LEMMA 4.6. Let G be a p-group of class 2 and let

=(f[Fi)
H

be two central decompositions of G into centrally indecomposable
factors. If for some i, j the abelian group Gi is of rank ^ 3 then
there exist subgroups U{ and Bά with HaUiCZ G\ and HaBjCZ F]
such that the decompositions Gi x tJi = Fs x Bά are exchangeable.

Proof. Let i = j — 1. Because of Corollary 2.3 we need only
prove the case of Gx Φ Flm Since Gx is of rank ^ 3 we can let Gx —
{si, s2, s3, i ί } . If Gi is of rank 2 we shall let s3 = 1. Now, by Lemma
la, there exist gt e Gi and ̂  eG[, i = 1, 2, 3, such that # ^ e ί7! and
g^Siuγ1 G JPJ. With proper choice of ^ we can let gi — s^s^s^3. Since
1 = [QiUi, gϊιSiUTι] = [gi9 Si], w r i t i n g [slf s2] = hL, [sϊy s3] = h2 a n d [s2, s3] =

Λ3, we have:

( 2 ) hp1 = hp3

Also [giUif gjιSjUjι] = [gjUjy giιSiUjι] = 1. Therefore

whence [gif sd] = [gjf s j " 1 . Thus we obtain the following relations:

Let A, = {0^, JEί; i = 1, 2, 3} and ^ = {c/Γ^Λ7"1, H; i = 1, 2, 3}. We
shall show that at least one of POl{A^ and Paι(B^) coincides with G^

If G, is of rank 2 then h2 = h, = 1. Thus from relations (1), (2)
and (4), we have h?12 = hi21 = h^n~"22 = 1. This implies that p\cxί2, cc2ik
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and an = a22 mod pk where ord ht = pk. Now g{ = s^s2

i2 e Pι

i = 1, 2, and sΓffllsΓαi2, sr*21^"*22 e ^ ( A ) - Since p does not divide both
a and a — 1 it follows immediately that at least one of PGι{A^) and
PG^B^ coincides with G,.

If G: is of rank 3 we shall show that p \ ai3- for all i Φ j and
either p\au for all i or p\ai{ for all i. Thus, as in the case of Gι of
rank 2, we have at least one of PGl(Aj) and PGι(B^ coincides with

Suppose pJfa13. Then by (1) h2e{hi}. Now from (4)

whence C(GX) = {ΛJ. Since Gx is centrally indecomposable, therefore
by Theorem 1, this is not possible. Hence p\aLB. In the same way
we can show that p\aiό for all i Φ j .

Suppose now p\an and pJ(a22. Then from (4) we have h, e {h2, h3}.
Let h, = hξhi. If p\azz then from (5) we have h^~a™ = hξa^Ma^hrai2.
Since p |# 3 2 , it follows that h2e{h3}, whence C(GX) is cyclic. On the
other hand if p\<x3S then using (6) we have h3e{h2}. Hence either
p\a{i for all i or p\aiK for all i.

Now P ^ G J - A and P ^ G J - B,. If PG l(Λ) - GL then by
Corollary 4.5 the lemma follows immediately. If PGι(Bj) — Gλ then
applying Lemmas 4.4 and 4.1 we obtain our required result.

THEOREM 4.7. Let G be a p-group of class 2. //

are two central decompositions of G into centrally indecomposable

factors in which the factor group of each factor with respect to the

center is abelian of rank ^ 3 , then the two central decompositions

are isomorphic modulo H.

Proof. If for all i, j , G4 and F5 are exchangeable in Π?=i Gt =

Πlti Fi then the theorem is immediate. Therefore let G£ and F5 be

not exchangeable. Since G4 is abelian of rank ^ 3 , therefore by Lemma

4.6, there exist subgroups HaUiCzGί and HczBjCzF- such that the

decompositions G4 x £7* = F5 x ΰy are exchangeable. Now Gt and F^

are of rank at most 3. Thus, by Theorem 3.2, Ui and Bά are centr-

ally indecomposable. Moreover, by Theorem 4.3, the two central de-

compositions can be shown isomorphic modulo H.

Since a finite nilpotent group is the direct product of its sylow

subgroups the following theorems are obvious.
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THEOREM 4.8. If G is a finite nilpotent group such that any
two central decompositions of each of its sylow subgroups into cen-
trally indecomposable factors are isomorphic modulo Hp, where Hp

is the center of the sylow p-subgroup, then any two central decomposi-
tions of G into centrally indecomposable factors are isomorphic modulo
H.

THEOREM 4.9. If G is a finite nilpotent group of class 2 then
any two central decompositions of G into centrally indecomposable
factors, in which the factor group of each factor with respect to the
center is abelian of rank fJ3, are isomorphic modulo the center.

Applying Theorem 4.9 and Lemmas 4.6 and 4.2 it is not difficult
to obtain:

THEOREM 4.10. If G is a finite nilpotent group such that the
factor group of each of the sylow subgroups with respect to its center
is abelian of rank 5̂ 7, then any two central decompositions of G
into centrally indecomposable factors are isomorphic modulo the
center.

Thus we note that any central decompositions of a p-group of class
2 generated by seven if-generators into centrally indecomposable factors
are isomorphic modulo the center. In § 6 we have an example of a
p-group of class 2 generated by nine iJ-generators which admits cen-
tral decompositions into centrally indecomposable factors that are not
isomorphic modulo the center. The question whether there exist a
nilpotent group of class 2 generated by eight ίZ-generators admitting
central decompositions into centrally indecomposable factors that are
not isomorphic modulo the center is still undecided.

5* In this section we shall show that if a p-group G admits a
central decomposition with each of its factors generated by two H-
generators then any two central decompositions of G into centrally
indecomposable factors are isomorphic modulo the center.

LEMMA 5.1. Let G = (Hi=1Gi)H = (Π?UF^H. If there exists F€

such that Fi is exchangeable with Gό for all j in the induced direct
decompositions of G then G is nilpotent of class 2.

Proof. Let Fx be such that Fx is exchangeable with every Gj
in the induced direct decompositions of G. This implies that Fβj = Gj
for all j , where θά is the (^-decomposition operator. Moreover 1 =
[F19 Gj] = [Fβj, Gj] for all j , whence Gj is nilpotent of class 2 for all
j . Therefore G is nilpotent of class 2.
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LEMMA 5.2. Let G be a p-group and let G = (Π.Ί=ιGi)H = (Π?=i-^ir
where each Gi is generated by two H-generators. If there exists an
Fi such that F{ is exchangeable with G3 for all j in Π?=i G{ — IίT=i Fiy

then C(G) is cyclic.

Proof. Let F1 be such a factor. Then by Lemma 5.1 G is nil-
potent of class 2. Thus for G{ = {α<, bi9 H) we have [aiy b{] = h{ e
J£(G) = if. Now jF\ exchangeable with G< implies that F x is of rank
2. Moreover if i^ = {a, δ, J3"} then {ά0<, δ0J = G ,̂ where θ{ is the G r

decomposition operator. Thus without loss of generality we can let
a = aλa2, , an and δ = &Λ, , bn. Now α* = x^y{ for some x{ e Fι

and ^ e F[. Let ̂  = aaίbβ%, k{ e H. Then yζ = a~aib~βmMi Q e H. But
[by y.] — l . This implies that

/̂ <: h^M'-'h^i haj = 1 for all i .

Let pr be the highest order of the h/s. Then for each pair of ai and
eίj, i φ j , at least one is a multiple of the other modulo pr. Let
aά = kai mod pr (say). This implies that,

1 = ft"* AίΛ*Ar* = ^ hajKk .

Therefore h\ = Afi . /O. But λf̂  haj = hd. Hence hά e fΓ, - {h{}.
Thus for each pair of hi and /^ either Hi Q Hό or ί ί y £ ίf̂ , whence
C(G) is cyclic.

THEOREM 5.3. // G is a p-group admitting a central decomposi-
tion into centrally indecomposable factors with each factor generated
by two H-generators, then any two central decompositions of G into
centrally indecomposable factors are isomorphic modulo the center.

Proof. Let G = (Π?=i GI)H = (ΠΓ=i_Ή)*, where G4 is generated by
two ίf-generators for all i. If every Gi is exchangeable with every
Fό in Π?=i Gi = IΪΠ=i ^» then our theorem is true. Therefore we shall
assume that there exists a pair of Gi and Fd such that G{ and F y

are not exchangeable. Let i = j = 1. Let Gx = {ŝ  s2, H). Then, by
Lemma la, there exist elements a{ = # ^ e i^ and 6̂  = g7ιSiU^1 e Fi
g{ e G, and u{ eG[, i = 1, 2. Let £/ = {ux, u2, Jϊ}, A = {αx, α2, ί ί } and
J5 = {δx, δ2, H}. It is easy to see that C = (G: x J7) f f = (A x ΰ),,.
We shall show that GL and B are exchangeable in GL x U = A x B.
If C is nilpotent of class 2, then, by Lemma 4.6, G, is exchangeable
with either A OY B. But, by Corollary 4.5, G, and A exchangeable
will imply G, and Fι exchangeable in GL x Ό = Fx x B, whence by
Lemma 4.1 contradicting the inexchangeability of Gλ and Fx in
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Therefore Gx and B are exchangeable in Gx x Ό = A x B. If C is
not nilpotent of class 2, then, since U is nilpotent of class 2, we
must have Gx not nilpotent of class 2. This means that G1 is directly
indecomposable. Therefore by Remak-Krull-Schmidt theorem Gx must
be exchangeable with either A or B. Again as it is in the case of
C being nilpotent of class 2 the exchangeability of Gx and A is im-
permissible. Hence GL and B are exchangeable. Thus by Lemma 4.1,
Gλ and B are exchangeable in Gx x PG[(F^) = Fx x B.

We shall now show that PG[(Fy) — V is either centrally indecom-
posable or G is nilpotent of class 2 with cyclic C(G). Let

V = ( )

where each Vi is centrally indecomposable.

Case 1. F Φ G[. Then by induction on n we must have r<n — l.
Thus ((?! x Fi x x Vr)H has r + 1 < n factors. Hence again by
induction this decomposition is isomorphic modulo H to (F1 x B)H1

whence r = 1. Therefore F is centrally indecomposable.

Case 2. V = G[. Since JF\ and V are exchangeable, therefore
jPi and Vi are not exchangeable for all i, unless r = 1, in which case
V is centrally indecomposable. Thus as in the first part of the proof,
for each i there exist Wt S V\ and £? C î ί such that (Vi x Wi)H =
(Fx x £?)„ with Vi and 5f exchangeable in V{ x ^ = Fx x 5f. Now
suppose Wι Φ VI for some i. Since by induction the decompositions
G[ = (Πίι=2Gi)7f = (Πί=i <̂)fl a r e isomorphic modulo H, therefore, ap-
plying the argument of Case 1, we have r = 1, whence V is centrally
indecomposable. Thus we need only consider the case of W{ — V\ for
all ί. This means,

G = (ViX Wi)H = (F, x Bf)H = (Fx x B)H

for all i.

Thus by Corollary 2.3, Bf - β for all i. Thus F< and B are
exchangeable in F< x F = FL x β for all i. Since G: and B are ex-
changeable in Gx x Gί = F x x 5, therefore, by Lemmas 5.1 and 5.2,
G must be nilpotent of class 2 with cyclic C(G).

Now, if V=PG,(Fι) is centrally indecomposable then by induction
on n and Theorem 4.3 the decompositions (Π?=iG\ )n- = (ΠΠ=i ̂ H a r e

isomorphic modulo H. If G is nilpotent of class 2 with cyclic C(G)
then by Theorem 1 we reach the same conclusion.

COROLLARY 5.4. // G is a finite nilpotent group with each of
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its sylow subgroups generated by at most four Hp-generators1 Hv be-
ing the center of the sylow p-subgroup, then any two central decom-
positions into centrally indecomposable factors are isomorphic modulo
the center.

6* We shall now give an example of a p-group of class 2 admitt-
ing two central decompositions into centrally indecomposable factors
which are not isomorphic modulo the center.

Let G be generated by a^ biy ciy i = 1, 2, 3, satisfying the follow-
ing relations:

a\ = b\ = c\ = 1

[ai9 b3] = [ai9 Cj] = [bi9 c3] = 1

[ai9 a3] = [δ* b3] - [ci9 cj] 6 Z(G)

Thus G is a nilpotent 2-group with center Z(G) = H — {hίr h2, h3} where

hλ = [a19 α2], h2 = [a,, α3] and hs = [α2, α 3]. Now let A = {a19 α2, α3}, B =

{b19 b2, b3} and C = {cly c2, c3}. Then G = (A x B x C)#. On the other

hand if we let

FΊ = {UibiC^ a2b2c21 a3b3c3}

a n d

F2 = {dyC19 a2c2, α 3 c 3 , byCl9 b2c21 6 3c 3}

then G = (F,x F2)H. By Theorem 3.2, A, B, C, and F, are all centr-
ally indecomposable. We need to show that F2 is centrally indecom-
posable. To prove this we shall first show that the subgroup T =
(A x B)H has a unique central decomposition into centrally indecom-
posable factors.

Suppose T has another central decomposition into centrally inde-
composable factor. Then by Theorem 4.10, T — (D x E)H is isomorphic
modulo H to T = (A x £)#. Now, by Lemma la, there exist elements
di = QjUi e D and e* = g^a^1 e E, where gt = αf^αf^α?43 and ^ e B .
Computing the same way as it is in Lemma 4.6, we obtain the rela-
tions (l)-(6) of § 4. But in G9 K = hβ

ά for i Φ j if and only if a =
β ΞΞ 0 mod 2. Therefore ai3 = 0 mod 2 for ΐ ^ i and α n = a22 = α33

mod 2. Thus if α n = 1 mod 2 then A = D and if α n = 0 mod 2 then
A = E, whence, by Corollary 2.3, T has a unique decomposition into
centrally indecomposable factors.

Now suppose F2 = (U x V)H.

Case 1. There exists one of U and V which is not exchangeable
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with one of A, B and C. Let A and U (say) be not exchangeable*
Then, by Lemma 4.6, there exist subgroups HcQczA' and HczRcz Uf

such that (A x Q)H = (U x jβ)^ with A and ί? exchangeable in

Thus,

A x Q = U x R .

G = (A x Q x A! n 17%

= (17 x R x A'n 17%

But (Q x A' C\ U')H — (B x C)H which has a unique central decomposi-
tion into centrally indecomposable factors. Therefore Q = B or C.
Let Q = B (say). This implies t h a t U = B and A = R, whence B c F2.
But it is easy to see t h a t B f] F2 = H. Hence this case does not
exist.

Case 2. Every factor of G = A x B x C is exchangeable with
every factor of G = Ft x Ό x V. Now the exchangeability of U and
C implies t h a t there exists u = W1(ai)w2(bi)c1 e U where w^a^ and w2(bi)
are words on α/s and ί>/s respectively. In fact for convenience we
shall regard w1 and w2 as functions. Since [αA^, u] = 1 we have
either

( 1 )

or

( 2 )

[aly - [blf

1 = [b19
Φ 1

[alf = [blf

Suppose (1) is true. Then since A and B are isomorphic under the
map ψ: a{ —• 6̂  with ^ fixing ί ί , therefore, [aιy ^(α^)] = [δ:, w2(bi)] im-
plies that [61? w^bi)] = [&!, w2(&*)]> whence wffli) = w2(bi)h for some
heH. Thus % = w^a^w^b^cji-1. Now G is the free abelian product
of the cyclic subgroups {αj, {6J, {cj, i = 1, 2, 3. Clearly the length
of ΰ on α<, 6ί, ci9 i — 1, 2, 3 is odd. But it is not difficult to see that
every element of F2 is of even length. Hence (1) cannot be true.

Now, if (2) is true, then w^) e ZA{a^) = {αx, H) and

Thus u is of the form afi&h, aγcγhy b^cji or c:Λ for some h e H. Since
dib&h, cji $ F2, therefore u can be assumed to be either aLc1 or 6 ^ .
In the same way there exist ve V such that v can be assumed to be
either aιcι or 6^. Since 17 Π V = H, therefore, if CL& e 17 then b^ e F
or vice versa. Now i^2 is generated by a^, a2c2, α3c3, 6^!, δ2c2, 63c3,
whence C7 or V is generated by a proper choice of three of these elements.
But any such choice will not satisfy [ϋ7, V] — 1. Hence F2 is centrally
indecomposable.
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