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VARIOUS m-REPRESENTATIVE DOMAINS IN
SEVERAL COMPLEX VARIABLES

KEIZO KIKUCHI

Our main purpose is to introduce several functions which
map a bounded domain D onto m-representative domain in
several complex variables without the help of the minimum
problems or the use of determinantal expressions. We use
constructive methods to obtain m-representative functions.

S. Bergman introduced two kinds of canonical domains, minimal
domains and representative domains, by using the mapping functions
which were expressed in terms of the Bergman kernel function and its
derivatives (see [1], [2]). Further, M. Maschler introduced two types
of canonical domains named m-minimal and m-representative domains
in one variable by using minimum problems. Now, we consider a
bounded univalent domain D in Cn, and a vector function w(z) = (wλ

(z), w2(z), * -,wn(z))' in D. If each component wt(z) is holomorphic,
then the function w(z) defines a holomorphic mapping of the domain
DaCn onto the domain AaCn, and if the mapping w(z) is both
holomorphic and locally one-to-one, i.e., άetdw/dz Φ 0 (see § 1 and [4],
[6]), it is pseudo-con for mat.

By means of some matrix derivative formulas, the author obtains
pseudo-conformal relative invariant matrix systems1

 vTD(t, z) and matrix
[V) (V)

system TD(t0; z), SD(t0; z). Thus we shall arrive at several types of
m-representative functions of D which are constructed by the operators
σv

D and δυ

D (see § 3, § 4). In general, it is not known if the m-represen-
tative functions of a bounded domain are holomorphic or even exist, but
we have a holomorphic m-representative function under the condition
KD(t0, z) Φ 0 in D (see Theorem 3.2).

1Φ Preliminaries* Let ^f2(D) be a class of holomorphic functions
f(z) integrable square in the sense of Lebesque in D, namely

\ \f(z)\*dvz< oo

where dvz is the volume element in D, and let <p(z) = (φ1 (z), φ2(z), •)'

be a closed system of orthonormal functions in D. The Bergman kernel

function of the system φ(z) is given by KD(t, z) = φ*(t)φ(z), z,teD

where the marks ' and * denote the transposed and transposed conjugate

1 Utilizing this matrix, Riemann curvatures were formed in our Seminar, (see Sci.
Rep. Tokyo Kyόiku D. Sec. A, No. 182,188).
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matrices respectively. This function KD(t, z) is characterized by the
domain D, and if D be a domain equivalent pseudo-conformally to a
bounded domain the Bergman kernel function KD(t, z) exists in D and
KD(zf z) > 0 for any point zeD. If ζ — ζ(z) is a pseudo-conformal
mapping of a domain D onto a domain z/, then we have

(1.1) KD(t, *) = (det dτ(t)/dt)Kj(τ, ζ)(det dζ(z)/dz) ,

(1.2) Γ^ί, z) = {dτ(t)ldt)*TΔ{τ, ζ)(dζ(z)/dz) ,

and we have Γ^ί, z) - JBΓ̂ a(ί, ̂ ( J^ ί ί , z)Km*z{t, z) - Km*(t, z)KDz(t, z)).
Next, we define a pseudo-conformal equivalence class of D with

respect to a fixed point to(eD), that is, each domain Δ that belongs
to the class is the image of D by a pseudo-conformal transformation
ζ(z) satisfying

(1.3) ζ(ί0) = 0, dζ(tQ)/dz = En, d2ζ(t0)/dz2 = . . . = d%(tQ)/dzm = 0 .

An invariant function of the pseudo-conformal equivalence class satisfy-
ing (1.3) is called m-representative function of the class, and the image
domain by it is called m-representative domain of the class with center
at the origin. And we define the power of z as follows:

(1.4) zk = (z*, , zξizϊ* z**f , z\)f ,

where (k19 k2f , kn) range over all the nonnegative integers such that
kγ + k2 + + kn = k and nHk monomials of degree k with respect to
zlf z2, , zn are arranged by a certain rule. We define the kth partial
derivative of matrix function with respect to z and z* as

dkw(t, z)/dzk = dk/dzk-w(t, z)

dk kl dk

(1.5) V dzi ' ' k,l Λa! • kj dzfrdzt* dzk

%*

dk

-) x w(t, z) ,

where dk/dzk will be arranged in the same rule as zk, and the sign x
designates the Kronecker product. If w{z) is a function of z only the
ftth derivative is denoted by dkw(z)/dzk, moreover we define

d2w/dt*dz = d/3£* X d/dz X w = (d/dt)* X (3/3«) X w

jd2wjdtldzl1 d2wjdt1dz2, , d2w1/dt1dzn

d2w2/dt2dz11 d2w2/dt2dz2, , d2w2/dt2dzn

ψwjdtndzlf d2wjdtndz2, , d2wjdtndzn

We denote the following formulas with respect to the matrix



VARIOUS m-REPRESENTATIVE DOMAINS IN SEVERAL 679

derivatives which will be of use in calculation for demonstration
hereafter:

dF-'/dz = -F~ιdF/dz(En x F~ι), F~ιdF/dz
( * 7 ) = -dF~1/dz(En X F) ,

(F is a regular k x k m a t r i x function, z = (z19 •••, zn)
f, and En is an

n x n uni t matr ix)

(1.8) d(FG)/dz = dF/dz(En x G) + FdG/dz ,

(F, G are k x 1,1 x m matrices respectively)

(1.9) dF/dz = dF/dζ(dζ/dz x Eι) + (dζ*/dz x Ek)(En x dF/dζ*)

(F is a k x I matrix)

(1.10) d(F x G)/dz = (dF/dz x G) + (F x dG/dz)(Eln x Ev) ,

(F, G are k x I, μ x v matrices respectively, and

0ii, • , βii

ff βi2> j e

βlni * , βlJ

where eiό are I x n matrices in which there is only (ί, j) element equal
1, and others 0.)

2* Relative invariant matrix system* The Riemann mapping
theorem does not hold for more than one complex variable, instead
various canonical domains have been introduced. In this section, we
shall introduce a relative invariant matrix system which is connected
with the construction of m-representative functions.

We can easily calculate by virtue of the formulas (1.7), (1.8), and
(A x BY = A* x 5*, (A x B)(C x D) = AC x BD, as follows:

(En x TD(t, z))dldt*{TJ(t, z)dTD(t, z)/dz)
( ' } = d2TD(t, z)/dt*3z - dTD(t, z)ldt*Tt(t, z)dTD(t, z)/dz .

Therefore, we introduce

(2 2) Λ ( f ' Z) = 3 2

5T(t ^T?(t, z)dm_1TD(t, z)/dz, (m ^ 2) ,

where En denotes an n x n unit matrix, and ^ ( ί , z) — TD(t, z) —

D{t, z)/dt*dz.
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THEOREM 2.1. The square matrix system mTD(t, z) is a relative
invariant with respect to any pseudo-conformal mapping ζ = ζ(z),
that is,

(2.3) mTD(t, z) = (dτ(t)ldt)*»mTA(τ, ζ)(dζ(z)/dz)» ,

where τ — ζ(ί), Δ — ζ(D), and the mth power (dζ/dz)m of dζ/dz denotes
a suitably contracted matrix of n times Kronecker product.

Proof. If we suppose that the relations (2.3) is established, we
may calculate as follows by formulas (1.7) ~ (1.9) and Cauchy-Riemann
differential equation dw/dz* — 0 for the holomorphic mapping,

dmTD/dz = (dτ/dt)*™{dmTJdZ(En x
{ ' } + mTβ(dζ/dzr/dz(dz/dζ x Enm)}(dζ/dz x EuU)

(2.5) + d(dτ/dt)*m/dt*dmTJdζ(dζ/dz)m+1

+ {dτ\dtγm^dmTΔldτ*d(dQdz)mldz

+ d(dτ\dtym\dt*mTΔd{dζ\dzY\dz ,

d\TΏ\dt*dz

= (dτ/dt)*m+1d2

mTJdτ*dζ(dt:idz)m+1

(2.6) +

+ (dτ/dtym+1dmTJdτ*d(dζ/dz)m/dz

+ d{dτldtymldt*mTΔd(dζldz)mjdz ,

whence we have (2.3) with m replaced by m + 1.

Now, we may derive some positive definite Hermitian form utilized
this result.

LEMMA 2.1.2 For the kernel function KD(t, z) and TD(t, z) of any
domain D, we have

(2.7) TiD(t, z) = Kh(t, z)TD(T, z) = χ*(ϊ)χ(z) ,

where χ(z) = l/i/ 2 (<p(z) X dφ(z)/dz — dφ(z)/dz x φ(z)).

Here, we shall obtain the relation between T2D(t, z) and the author's
matrix 2TD(t, z) proceeding with our calculations of the matrix deriva-
tives

2 This lemma is due to S. Katδ [7].
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(2 8) ^ ^ z)ldt*dz ~ 5 7 ^(f, *)&*?£(£, z)dT2D(t, z)/dz

= K*D(t, z)(tTD(t, z) + 2TD(t, z) x TD(t, z)) .

In fact, we can derive the following relation by the formula (1.8)
and the rule (A x B)(C x D) = AC x J5D,

(2.9) dT2D/dt* = K2

DdTD/dt* + dK2

D/dt* x Γ* ,

similarly for dT2D/dz,

&Tu>ldt*dz - K2

Dd2TD/dt*dz + 3ίΓ»/3ί* x SΓ^/S^
( 2 Λ 0 ) + d2K2

D/dt*dz x TD + dKlldz x 3 iy3ί* .

Then (2.8) follows. If we call the matrix expression (2.8) 2T2D{t, z),
we can verify that 2T2D(z, z) is positive definite.

THEOREM 2.1. The matrix function

2TD(t, z) + mTD(t, z) x TD(t,, z), (m > 2)

is relative invariant under any pseudo-conformal mapping ζ = ζ(z),
and positive definite for t = z.

Proof. By using χ(z) in Lemma 2.1, we have

*T2D(z, z) = χί*(^)χ2(^) - χί*(z)χ(z)Tά(z, z)χ*(z)χz(z) ,

therefore we obtain for any π2-dimensional column vector u9

(En , T2-D

ll2dT2D/dzu \

(2.11) U*3Γ2Z)/3ίί* Γ2^
/2, u*d2T2D/dz*dzu)

= (χ(z)Ty'2, dχ(z)/dzu)*(χ(z)T£IΛ, dχ(z)/dzu) .

Then we have

det (χT2ΐ
/2, dχ/dzuyiχTά'2, dχ/dzu)

= u*d2T2D/dz*dzu - u*dT2D/dz*TfD

ιdT2D/dzu = u*2T2Du ^ 0 .

Therefore, 2T f l + 2 ΓZ )x TD is nonnegative definite, then 2TD -\- m-
TD x TD(m > 2) is positive definite.

Next, we state the following symbol,

(2.12) τDFD(t, z) = d2FDjdt*dz - dFDldt*F?dFDldz ,

then we have mTD(t, z) - {τD)"-ιTD(t, z).

THEOREM 2.2. For any matrix function FD(t, z) which transforms
by relation FD(t, z) = (dτ(t)/dt)*Fj(τ, ζ)(dζ(z)/dz) under pseudo-con-
formal mapping ζ = ζ(z), we have
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(2.13) (τB)'FB(t, z) = (dτ(t)IAt)*»+\τΛ)-FΛ(τ, ζ)(dζ(z)/dz)m+1 .

COROLLARY 2.1. If we construct the matrix functions

(2.14) F£(t, z) = 32 log det (Kg(t, z) TD(t, z))/dt*dz ,

we obtain the following transformation expression

m

 μGD(t, z) = (τB)^Fi(t, z)

(dτ(t)/dtr-(τr-ιF^f, ζ)(dζ(z)/dzr ,

where μ is an arbitrary real number.

3. m-representative domains derived by operators *<fί. First,
we define matrix functions ,„,TD(t, z) (not vTB(t, z)) with respect to
both z and t*(z, teD) with a fixed point t0 of D as follows.

MτB(t, z) = d\^τD{t, z)/dt*dz

d T ( t tά/dt i^TJ-'d^Mto, z)/dz, (v ^ 2) ,

where ωTD(t, z) = TD(t, z), (»_1}TD = w^TD(tM t0), and by putting t = t0,
we have

d T /d£*( T )~1 (V-i)T (t z)/dz

where dtv_aTB/dt* = [dlt-uTB(t, z)/dt*].=tt,t=to. The definite integral of
a matrix A(z) is

(3.3) Γ A(2)ίfo = B(z) - B(to) ,

where dB(z)/dz = A(z), then we have

(3.4) (" a)TB(t0, z)dz = dTD(t0, z)/dt* - dT^d^iT^T^t,, z) ,

3) 1 ^V^OJ όjUsά)

ί3 5Ϊ = Γ (d(2)TD(t0, z)/dt* - d{2)TJdt*({2)TD)-\2)TD(t0, z))dz

— u J-J)\LQJ Z)jθu — O ipJOυ \ 1 D) 1 X)\OQJ Z>)

t/(2)-/. J5/C/6 \{2) •*-D) Ky •*• D\^θf Z)jOL — O±2)/ϋL yip) ± J)\OQJ £))

Therefore, if we introduce a matrix function as follows

(2) _

MίiU z) = WMto, z)
(3.6) _ f .

Ξ τD(t0, z) - dτD/dzωτA wτD(u, z)dz,
J
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(2)

we have an invariant holomorphic function ζι

D(z; t0) under any pseudo-
conformal mapping ζ = ζ(z) which satisfies the conditions

(3.7) C(ί0) = 0, dζ(to)/dz = E, d2ζ(t0)/dz2 = 0 ,

and the invariant function also satisfies (3.7):

(2) Γz (2)

(3.8) ζι

D(z; ί0) = ΐA Mhito; z)dz .

Because, in general, for any pseudo-conf ormal mapping ζ = ζ(z) satisfying
(1.3) we have dp+"TD(t0, Q/dt^dz' = 3»+ ΓJ(0,0)/3r*»£ζ , (0 ̂  p, q ̂  m - 1),
and we have dpTD(t0, z)βt*p = 5 ^ ( 0 , Q/dτ**dζ(z)/dz only if ^ = 0.
(See (2.4), (2.6) and [7]).

(2)

By this function ζι

D, D and J(= ζ(D)) generate the some domain
R. We call this unique domain R ^-representative domain of the
pseudo-conformal equivalence class of D with center at the origin,

(2)

and the function QD(z\ t0) will be called 2-representative function. More-
over if we define a matrix

(3) _ _ (2)

Mh(t0; z) = W^Tiito, z) - W^ΓΛto, *» = MW*> zϊ
(όy)

{3)
TD(t0, z){dzf,

(3)

we obtain a 3-representative function ζι

Ώ{z; t0) of the pseudo-conformal
equivalence class of D which satisfies the conditions ζ(t0) = 0, dζ(to)/dz =
E, d2ζ(t0)/dz2 = dX(to)/dz* = 0:

(3) rz (3)

(3 10) ζ1 (z' t) Ξ T~ι \ M1^ " z)dz

Now, we have the following relation:

(
T T T9 \ "~1 IT (T ?\

\ I -
Tt* Tt*z Tt*zz \dTD(tQfz)/dt*
T Φ Ψ I \^T> (T *\IX+
1 t*2 1 t*2z 1 t*2z2l \OΔ lD(t0, Z)/θt

*2/
\ -L ί*H JL t*2z J. t*2z2j \U JLj)\ϋ0, &J/UU

(3)

where Tt.Vzi = dp+qTB(t0, to)/dt*pdz<. It is proved by means of the well-
known formula

(K ZΛ-1

{M N)

(3.12) IK-1 + K-ιL(N - MK-ιL)-ιMK-\ -KrιL{N - MErlL)-l\

κ - (N - MK-'Ly'MK-1, (N - MK-'L)-1) '

(see [5]) .
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In general, if we introduce the matrix functions as follows

(3.13)

where

(3.14)

) _

hfc z) = ισl-ίlσl~* - ' ^ r B ( i 0 , z), (m ̂  2) ,

, z) =
,„, TD(U, z)

(day-1 ,

for any matrix function F(t0; z), then we have an m-representative
function of the pseudo-conformal equivalence class of D with respect
to a fixed point t0:

( m )(m) Cz (m)

(3.15) G(«;ί o )= 2 ϊ ι Mh(to;z)dz.

Similarly, if we construct the matrix functions

(3.16) Mϋ(t0; z) = "as-1 v^~2 vσι

DTD{t01 z), (m ^ 2) ,

by ^ replaced MTD(ϊ0, z) with (^TzΛίo, «)t i e.,

(.^Γ^ίίo, z) = d^-^TD(t

(3.17)
Γ T
- D ± z

r T
• t* •*• t*z

I

then we have another m-representative function

(m) fa (m) Cz

(3.18) ζ'ή(z; t0) = TϊΛ M%(to;z)dz = Ng»'°'~'°(z, Qdz ,
J ί0 J ί0

where

NE»-0'~°(z, t0) = (E, 0, . . . , 0 )

\Tt*m—l Tt*m—lzm—lf \Tt*τn—l{tOγ

because we can compute

(3.19)

-Z j9 * ' ' J. zm—2 J. z m - l

-L ί + w — 2 JL ̂ 771—22:7^—2 JL t*m—2zm—1

\ X £*m—1 ^ t*m—lzm—2 J. ι*m—lzm—l

TD(z)

Tt*m-l(z)
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J ί0

= ^ " Λ ) (See [7]) .

THEOREM 3.1. // det MTD(t0, t0) * 0, and det M,TD(t0, t0) * 0, (2 ^
v f^m) at a fixed point t0 of D, then we have m-representative domains
of the pseudo-conformal equivalence class of D mapped by the m-
representative (holomorphic) functions (3.15) and (3.18) respectively.

Next, by the property of Kronecker product we can calculate
formally

(T(t0, z)

therefore we define

(3.20) [ . . . \'(τD(t0,z)y(dzy
jt0 j ί 0

Then we have the following m-representative function

(m) rz (m)

0; z)dz

(3.21) - {mnι)(z-1 \ _ i/wf d*nn1)
 M**(T-

^j* T^Fo, ^ ) ^ ) m , (m ̂  2) ,

where
(1) fβ _

ζ2

D(z;t0) = Tn1^ TD(t0,z)dz ,

and
(m) _ (m-l)

It * ^ ι ^ Δfj'"' 1 . ''/T1 / ί r ^ ϊ — ώy-j m—l ft/I ^ IT ^ i

(m-l) (m-l)

Firstly, we introduce a 2-representative domain of the pseudo-
conformal equivalence class of a domain D in this case. We can
compute as follows by the above-mentioned formulas (1.7) ~ (1.10):

TD(t0, z)dzj = T x ( ) + (( ) x T)(Eln x 1)

= Γ x ( ) + ( ) x Γ ,
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d2/dz2^ TD(t0, z)dzj = Tz x ( ) + ( Γ x T){Enn x 1) + T x T

+ (( ) x Γ.)(£L x E)

- Γ, x ( ) + T 2£n n + T2 + ( ) x Γs ,

where

( ) = I TD(tQ, z)dz, T = TD(t0, z), Tz Ξ= dTD(t0, z)/dz .
Jίo

Then we have

(ύ.^z; ( α ( /α# ) z = t Q — i D\Jojnn -\- Hi ) .

Further, we have following results.

LEMMA 3.1. For any n row vector x = (x19 x2, , xn), we have

(3.23) x2Enn = α;2 ,

cmcϊ, m general, for arbitrary positive integers p, q

(3.24) x2+p+«(Ep x ^ Λ n + J S Ό = x 2 + p + q .

Thus we have

(1)

(1)

for any n column vector ζ2

D.
Therefore we have a 2-representative function

(2) Cz (m)
Γ^ (v /• ̂  = ^J1—^ \ Ά/T^(f 'yΛrl'y

/Q OFv\ ^
1 »j , ZJ it J

= ζi(«; *o) - 1/2! ( P ζ i / ^ Γ ϊ 1 ) ^ * Γoίίo, z)dz)2

where

lβ(ίo; z) = *σi,ΓB(ίo, 2) = Γ^ίίo, 2)

- 1/2! dTo/dziTjA' (TD(tt, z))2dz .

(2) (2) (2) <1>

In fact, ζ%(t0; £„) = 0, dJt?D(U\ U)ldz = JS?, «Pζi(ίo, ί 0 )/^ 2 = d2ζ%/dz2-l/2l
(2) ^ (2)

d2ζ2

D/dz2(Enn + i?2) = 0, and clearly ζ2

D(z; Q is invariant under any pseudo-
conf ormal mapping ζ = ζ(z) which satisfies the normalization conditions
(3.7).

Similarly, we have a 3-representative function
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(3) f z (3)

ζ%(z; to) = 2Y Ml(t0; z)dz
(3.26)

τD(tQ, z)dz

where

(3) (2) (2)

MUto; z) = "σlMUto; z) = MUto;
Γz Cz

-M (TD(t0J z))\dzf .
Jtojto
Jtojto

Clearly it is invariant and

(3) (3) (3)

Cltto; ίo) - 0, dζl(t0; Qjdz = E, dVΛto; Q/dz* = 0 ,
(3) (2) (1) ^

dVAU; Q/dz* = d%Hdzz - 1/3! dVD/dzs(Tnιm(E x (EΛ% + E2))

• {{Enn x E)(E x Enn) + (Enn xE) + E*)
(2) (2)

= dVn/dz3 - 1/3! (3! dVD/dz3) = 0 .

This result from the following calculation:

dηdz\ )» = r,2 x ( )2 + (Γ, x d/ώ( ) 2 ) ^ 2 n

+ {Γ, x d/ώ( )2 + (Γ x dηdz\ f){Enn x ^)}(J? x Enn)

+ Tzx d/dz( γ + (T x

+ T x d2/^2( )2 + ( ) x

In general, we have

THEOREM 3.2. // KD(t0, z) Φ 0 m a bounded domain D, we have
(m)

an m-representative (holomorphic) function ζ2

D(z; t0) (see (3.21)) of the
pseudM-conformal equivalence class of D with respect to a point t0.

(i) Cz _

REMARK 1. ζi(z; ί0) = Γ^1 TD(t0, z)dz - ilf£E (ί0, z)/mι

D(t0, z), (i =
ho

1, l r, 2), because d(M°D

E-(t01 z)/m1

D(t0, z))/dz = T»ιTD(t0, z), where

t* Kt*J \dKD(t0,

mι

D(t0, z) = ίΓoίίo* z)/KD(t0, t0). (This result was obtained by Tsuboi [5]).

REMARK 2. In the case of one variable, our 2-representative func-
(2)_

tions of an unit disk with respect to t0 become ζi(z; t0) = (1 — 1101
2)

(1 - tou)u, (i = 1, Γ, 2), where u = (z — tQ)/(l - toz).

REMARK 3. The function ζ2

D(z\ t0) is expressed as follows:
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(m) (1) m (ι/—1) (1)

(3.27) CD(z; to) = &(«;«.) - Σ 1/v! d" QB /dz"(ζ%(z;

4* m-representative domain by the operator <?#• As § 3, we
shall start with the case m = 2. We construct the matrix function

(2) _

TD(t0;z) = δι

DTD{tMz), (see (4.6)) as follows:

(2) _

(4 1) 2>(̂ o» 2/ — I-DVΌI Z)

- dTD(t0J to)/dz(d2TD(to, to)/dt*dz)-ιdTD(to, z)/dt* .

Under any pseudo-conformal mapping which satisfies the normalization
conditions (3.7) at a point t0 of J5, we have

(4.2) TD(t0; z) = ΓΛO; QdQdz .

Then we have an invariant function which satisfies (3.7):

(2) (2) Γz (2)

(4.3) ηD(z; t0) - ( Γ ^ ; tQ))-Λ TD(t0; z)dz .
ho

This function is a 2-representative function of the pseudo-conformal
equivalence class of D.

In general, we define as follows:

(4.4) {TD(t0; z) - S r 1 δι

DTD(tQ1 z), (m ^ 2) ,

(4.5) SD(t0; z) - δiΓ1 δι

DdλTD(t0, z)/dt*λ, SD(t0; z) - dTD(tQ, z)/dt* ,

where

(4.6) δlF(t0; z) = F(t0; z) - (d"F(t0; z)/dz*)M=tQ(d»SD(tQ; to)/dzT'SD(to; z) ,

(4.7) % . . .

for any matrix function F(tQ; z). Then we have

(m) (m)

(4.8) ΓB(ί,; «) = TAO; Qdζ(z)/dz ,

(λ) (λ)

(4.9) SΛ(ί0; 2) = S,(0; ζ)dζ(z)/dz, (λ rg m - 1) ,

because

(4.10) ^ . . . ^ d ' Ί y t o . a O / δ t "

= 5; . δiδ'ΓΛO, Q/dT*>(<K(z)/dz) ,

under any pseudo-conformal mapping ζ = ζ(a) which satisfies (1.3).
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On the other hand, we can calculate instantly

(4.11) dTD(t0; to)/dz = . . . = d~-llTD(t0; Q/dz™-1 = 0 ,

(m—ί) (m—1)

(4.12) d SD (to; to)/dz = ... = d»-2 SD (to; to)/dzm~2 = 0 ,

because (d>(d"DF(t0; «))/<&").-«, = 0.
(ro) (m)

THEOREM 4.1. // T ^ ; z) exists and det 7 W , £o) ^ 0 at a fixed
point t0 of D, then we have an m-representative (holomorphic) function
of the pseudo-conformal equivalence class of D:

<4.13) 'vUz; t0) = (TD(t0) Q)AZ T]

D(to; z)dz .

Further, we have

THEOREM 4.2. We obtain several m-representative functions of
the pseudo-conformal equivalence class of D with respect to the fixed
point tQ of D:

{4.14) ί i(z; ί0) - (dΓ'Mϊito; to))-^ δ^Mku; z)dz, (i = 1,1') ,

<4.15) χt(«; ίo) = {(T» (ίo; to))A 'σΓ^TΛto; z)dz, (i = 1, Γ) ,

(m) Cz (m —1)

<4.16) μ'D(z; t0) = T^\ lol^M^t,; z)dz ,

<4.17) {μl(z; ί0) = TA ''σ^Mhito; z)dz ,
J ί 0

<4.18) imμ\{z) t0) = %"(z; t0) - I/ml d^)dzn{Q{z; ί,))- ,

where ê  (z; t0) is an arbitrary holomorphic (m — l)-representative
function.

REMARK 1. We can obtain other m-representative functions

(X(*; to) = ( » r ι ^ °(ίo, to))

< 4 1 9 ) (., f.
Vn(z; to) = i C 1 ^ "°fe ίo)ώ, (i - 1,1')

where
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(see [7]) .

(m)

REMARK 2. 7)D(z\ ί0) was published temporarily in Mathematical
Seminar of Tδkyδ University of Education [8], and the author showed
( 2 ) _ _

VD(Z', to) = (1 — | £0 Γ)(l — tou)u where u = (z — to)/(l — toz), and D is
an unit disk in one variable.

We shall further proceed with our studies. First, we shall sub-
stitute the auxiliary conditions

ζ(ί0) = 0, dζ(to)/dzA = A, d%(to)/dz2A2

= . . . = d%(to)/dzmAm = 0 ,

for the normalization conditions (1.3), where A is an n x v matrix
(v 5g n). (The case of conditions ζ(t0) — 0, dζ(to)/dzA = A was first
studied by Y. Michiwaki, Nagaoka Technical College.)

In the case of m = 2, we construct the following matrix function

( 4 ' 2 1 ) - dTD(t0, to)/dzA2(A*2d*TD(t0, to)/dt*dzA1)-1

A*%dTD(tt, z)ldt* ,

then we can calculate easily

(4.22) ATD(t0; z) - (dτ(to)/dt)*ATAO; ζ)(dζ(z)/dz) ,

under any pseudo-conformal mapping ζ — ζ(z) which satisfies the
ditions

(4.23) ζ ( g = 0, dζ(Q/dzA = A, d%(Q/dz2A2 = 0 ,

because, from (2.4) and (2.6) we have

dTD(t, z)/dzA2 = (dτ(t)/dt)*dTJdζ(dζ(z)ldzA)2

(4.24)
+ (dτ(t)/dt)* Tά(d2ζ(z)ldz2)A2 ,

A**d2TD{t, z)/dt*dzA2 = (dτ(t)/dtA)*2d2TJdτ*dζ(dζ(z)/dzA)2

+ (dτ(t)/dtA)*2dTJdτ*d2ζ(z)/dz2A2

+ {d2τ(t)ldt2A2)*dTΔldζ{dζ{z)ldzAf

+ (d2τ(t)/dt2AγTJd%(z)/dz2A2 .
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Therefore, we have an invariant (holomorphic) function which satisfies
the conditions (4.23):

(2) (2) Cz (2)

(4.26) AηD(z; Q = A(A*ATD(tQ; QA)-Λ A*ATD(t0; z)dz .
J

We shall call this function an A — 2-representative function of the
pseudo-conformal equivalence class of D with respect to toe D.

Next, we shall define as follows:

(4.27) A

(fD(t0; z) = JΓ1 A$nTD(t01 z) ,

(X) _

(4.28) ASD(t0; z) = J^ βι

DdιTD{t, z)/dt*1 ,

where

Aδ-i,F(t0; z) = F{U; z)

Then we have

+ιMt0; z) .

(TO) (m)

(4.29) ATD(t0; z) = (dτ(to)ldt)*ΛTAO; ζ)(dζ(z)/dz) ,

(4.30) ΛSD(tQ; z) - (dτ(to)/dtyλ+1

ASD(O; ζ)(dζ(z)/dz), (λ ^ m - 1) ,

because

under any pseudo-conformal mapping ζ = ζ(z) which satisfies (4.20).

THEOREM 4.3. We have an invariant function which satisfies
(4.20):

(m) (m) Cz (m)

(4.31) ΛVniz to) = A(A*ATD(tQ; QA)'1] A*ATD(t0; z)dz .

We call this function an A — m-representative function of the
pseudo-conformal equivalence class of D, and the image domain by
it is called an A — m-representative domain of the class with senter
at the origin.

Next, we shall substitute the auxiliary conditions

(4.32) ζ(ί0) = 0, det dζ(to)/dz Φ 0, d2ζ(t0)/dz2 = . . . = dmζ(t0)/dzm = 0 ,

for the normalization conditions (1.3).
Then, we can easily verify the following relation
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dz*T£(t0; z) T^(t0, to)TD(to; z)dz
(4.33) (m) _ (m)

d W, 0)T,(0;

under any pseudo-conformal mapping ζ = ζ(z) which satisfies (4.32),
Therefore, we have

(4.34) 7y/2(ί0, to)TD(tQ; z)dz = UTj^φ, 0)E(0; ζ)dζ .

THEOREM 4.4. We have a following function which is invariant
except only unitary transformation under any pseudo-conformal map-
ping ζ = ζ(z) satisfying (4.32):

(m) _ Γz (m)

(4.35) NηD(z; t0) = 2y | 2(£ 0, to)\ TD(t0; z)dz .

We call this function an m-normal function of the pseudo-conformal
equivalence class with the conditions (4.32).

The author wishes to express here his hearty gratitude to Prof.
S. Ozaki for his kind guidance during his research.
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