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EXTENSION AND BEHAVIOR AT
INFINITY OF SOLUTIONS OF CERTAIN
LINEAR OPERATIONAL DIFFERENTIAL EQUATIONS

H. O. FATTORINI

We consider the linear differential equation '’/ + Bu' +
Awu = 0 with coefficients A, B unbounded operators in a Banach
space E., Under the assumption that the Cauchy problem for
it is well posed in a suitable sense, continuation and behavior
at infinity of solutions are studied.

Let E be a complex Banach space, A, B linear operators with
domains D(A), D(B) dense in K and range in E. An E-valued function
u(+) defined and twice continuously differentiable in ¢t = 0 is said to
be a solution of the operational differential equation

1.1) w'(t) + Bu'(t) + Au(t) = 0

in [0, o[ if w(t) € D(A), w'(t) e D(B), Au(-) and Bu/(-) are continuous
functions and (1.1) is satisfied everywhere in ¢t = 0. We say that the
Cauchy problem for (1.1) is well posed in [0, oo if

(a) There exist dense subspaces D,, D, of E such that if u,e D,,
u, € D, then there is a solution u(.) of (1.1) with «(0) = u, %'(0) = u,
(obviously we must have D, & D(A), D, & D(B)).

(b) For every t > 0 there exist constants K (t), K,(tf) < o such
that

(1.2) lu(s)| = Ko(t) |[w(0)] + K,(2) [w'(0)]

for 0 < s <t. Clearly (b) implies uniqueness of solutions of (1.1) with
given initial data «(0), »'(0).

We consider in this paper the problem of obtaining global estimates
for the solutions of (1.1) on the basis of the hypotheses just set forth.
We show that, under mild additional restrictions on the solutions of
(1.1) there exist constants K, K,, @, ®, < - such that

(1.3) lu(t)| = Ke™* |w'(0)| + Ke*|w'(0)]

in t = 0, i.e., the solutions of (1.1) increase (at most) exponentially
at infinity (Theorem 2.1). This result is analogous to the well known
one for first-order equations %’ + Bu = 0 ([3], Chapter VIII, p. 615)
and a generalization of a similar property of the equation «’ + Au =
0 ([8], p- 9 and [4], I, p. 90), although the method of proof is dif-
ferent. We next show that, under similar, but slightly stronger, re-
strictions on the solutions of (1.1) we only need to assume existence
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and continuous dependence in a finite interval [0, a], @ > 0, that is
the solutions can be extended to the positive real axis and satisfy
there inequality (1.3) with convenient constants (Theorem 3.1). We
then examine, by means of counterexamples the role of the additional
assumptions on the results of Theorem 2.5 and 3.1. Finally, we sketch
the extension of the results to higher-order equations.

It should be noted that if the derivative w'(t) of each solution of
(1.1) is assumed to depend continuously on its initial data (i.e., if an
inequality of the type

(1.4) |2/ (8)| = L(®) [u(0)| + Ly(t) [#'(0) |,

0= st Lt), Li(t) < o is assumed to hold for any t > 0) then the
equation (1.1) can be reduced to a first order equation

(ui(t) = us(t), ui(t) = — Au,(t) — Bu(t))

in the product space E x E to which semigroup theory can be applied
and all of the results in this paper can be readily obtained from the
corresponding ones for first order equations. However, (1.4) is not
satisfied for many of the equations that can be put in the form (1.1)
for instance the wave equation. (The author is indebted to the re-
feree for these observations.)

We shall not be concerned here with the problem of finding con-
ditions on the coefficients 4, B of (1.1) in order that the Cauchy pro-
blem for (1.1) be well posed in some sense or another; for a view on
this subject the reader may consult [5], [6], [7] and bibliography
therein.

The Cauchy problem for the equation (1.1) has been studied in a
similar way but with somewhat different assumptions by M. Sova in
[9]; we indicate at several points in this paper the relations between
Sova’s results and ours.

We hope to present in a forthcoming paper applications of the
present results to partial differential equations.

2. We denote by <~ (E) the space of all linear bounded operators
from E to E, endowed with its customary topology (the “uniform
operator” topology). If J is an interval in |— co, o[ and n a nonnega-
tive integer we denote by C™(J, E) (or simply C*(J)) the space of
all E-valued functions defined and # times continuously differentiable
in J. It is assumed that A, B are such that the Cauchy problem for
(1.1) is well posed in [0, «<[; we also suppose that the operators A, B
are closed.

Let we D,. By virtue of (a), §1, there exists a solution u(-) of
(1.1) with initial data
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w(0) =u w'(0)=0.
Define
S(tyu = u(t) for t = 0.

By virtue of (b), if ¢ is any fixed element of [0, [, S(f) is bounded.
Since D, is dense in E, we can extend S(¢) to all of E by continuity
as a bounded operator (which we shall denote by the same symbol).
Because of the estimate (1.2), if e E, {u,} < D,, u, — % then (S(-)u,
— S(+)u uniformly on compacts of [0, «o[. Accordingly S(-) is a
strongly continuous application of [0, o[ into & (E); |S(-)| is bounded
on compacts of [0, o[ by virtue of (1.2). We define the & (F)-valued
function 7(-) in the same way, but now in reference to the solution
u(-) of (1.1) with initial conditions

w(0) = 0, %'(0) = ue D, .

Clearly T(-) enjoys all of the properties just established for S(-). By
definition, we have S(0) = I, the identity operator in E, T(0) = 0. If
u#(+) is any solution of (1.1) then

@.1) w(t) = SEw(0) + T(E)w'(0) .

This follows from the very definition of S and T when u(0)e D,
#'(0) e D, and it can be obtained from (1.2) and a passage to the limit
in the general case. Observe that if e D, S(-)u e C*([0, «[) and
S'(0)yu = 0, S”(0) = —AS(0)u — BS'(0)u = — Au; similarly if

we D, T(-)ue C?(0, «[)

and 7'(0) = u, T"(0)u = —Bu. We shall call S, T the propagators of

1.1).
The following well-known result will be constantly used in the

sequel.

LeMMA 2.0. Let Q be a closed operator in E with domain D(Q),
() a function defined in the (finite or infinite) interval J, with
values 1 D(Q) and such that f(-), Qf(+) are continuous and integrable

in J. Then f = g f(tydte D(Q) and

J

(2.2) Qf = SJ ()t .

For a proof (of a more general theorem) see for instance [3],
Chapter III, p. 1563. Our principal result is

THEOREM 2.1. Assume T(-)u 1is continuously differentiable im
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[0, e[ for all we E. Assume, further, that T(E)E = D(B) for all
t =0 and that BT(-)u is continuous in [0, [ for all uec E. Then
there exist constants K, K,, w, w, < oo such that the estimate (1.3)
holds for every solution w(-) of (1.1).

Proof. It will be carried out by constructing an “approximate
resolvent” for the characteristic polynomial P(\) = \I + AB + A of
(1.1) by a technique not unlike those of [1], [2] and then by obtain-
ing, by inverse Laplace transform, a convenient functional equation
for T.

We examine first a few results that can be immediately drawn
from the assumptions in Theorem 2.1 (they will be assumed to hold
throughout this section). Let a >0, and assign to the space
C(]0, a]) its usual supremum norm (which makes it a Banach space).
The operator u— T'(-)u from E to C“([0, a]) is easily seen to be
closed; since it is everywhere defined, by the closed graph theorem it
is as well bounded. But then T’(¢) is a bounded operator for all ¢;
moreover, the map ¢— T"(t) from [0, [ to & (F) is strongly con-
tinuous. By the Banach-Steinhaus theorem | 7"(-)| is bounded on com-
pacts of [0, co[. Consider next the operator BT(t), t = 0 from E to
E. Again BT(t) is closed and everywhere defined; another application
of the closed graph theorem shows that it is bounded. Clearly BT(.)
is strongly continuous, |BT(-)| is bounded on compacts of [0, <.

We will need later to solve the inhomogeneous equation

(2.3) w'(t) + Bw'(t) + Au(t) = £(¢) .

Solutions of (2.3) are defined in the same way solutions of (1.1) are.

LEMMA 2.2. Let f belong to CV([0, |). Then (a)

u(t) = T(t) = f(t)" = StT(t — 8)f(s)ds
(2.4) ‘

I

StT(s)f(t — 8)ds, t =0

is a solution of (2.3) wn t = 0 with w(0) = w'(0) = 0.® (b) If v(-) ts
any solution of (2.3) then

(2.5) v(t) = S(t)v(0) + T@E)v'(0) + u(t), t = 0

where w ts defined by (2.4).

Proof. Integrating (2.4) by parts we obtain

1) We shall denote occasionally a function f, or f(-) in the same way we denote
one of its values (f(t)). This will cause no confusion.
2) See [9], p. 99 for a related result.
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t
0

u(t) = S:T(s)f(O)ds + S (S:_ST(r)dr) £(s)ds -
Differentiating,

w(t) = TAFO) + S:T(t — ) f(s)ds ,

w'(t) = T(£)F0) + S:T’(t — 8)f!(s)ds

(the foregoing steps can be easily justified). Let now weD,. We
have

AT(s)u = —BT'(s)u — T"(s)u

or, integrating between 0 and ¢,
AStT(s)uds — _BT(tu — Tt + u.

Since the right-hand side of the preceding equality depends continuously
on % and A is closed, it follows from denseness of D, that

StT(s)u ds € D(A)

for all e £ and that
(2.6) U(t) = AStT(s)ds Y BT + Tt = 1.

The preceding observations and Lemma 2.0 make clear that u(t) € D(A4)
and that Au(-) is a continuous function. Similarly, the assumption
on BT(-) in Theorem 2.1 implies that /(¢) e D(B) and that Bu/(-) is
a continuous function. Finally, it is plain that

w”(t) + Bu'(t) + Au(t) = U(t)f(0)
+ S:U(t — 8)f'(s)ds = f(t)

as claimed.

Observe, finally, that if v(-) is an arbitrary solution of (2.3), u(-)
the solution provided by formula (2.4) then »(-) — u(-) is a solution
of (1.1). Making use of (2.1) we obtain the formula (2.5).

LeEmmA 2.3. (a) Let we D(A). Then
2.7) S'(tyu = — T(t)Au
(b) Let we DyN D(B). Then
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2.8) T'(t)yw = S(t)yu — T(t)Bu .
Proof. (a) According to Lemma 2.2 u(t) = — StT(s)Auds is a
solution of the equation
w’(t) + Bu'(t) + Au(t) = —Au

with «(0) = w'(0) = 0. Consequently v(f) = u(t) + u satisfies (1.1) with
initial conditions v(0) = u, v'(0) = 0. By virtue of (2.1), v(t) = S(t)u,
that is

(2.9) Su — u = —gtT(s)Auds
which is the integrated version of (2.7). As for (b), let now
u(t) = —StT(s)Buds .

Applying again Lemma 2.2 we see that u(-) satisfies
(2.10) w”(t) + Bu'(t) + Au(t) = —Bu

#(0) = #/(0) = 0. On the other hand, let v(t) = StS(s)uds. We have
V(t) = S(tyu = StS’(s)u ds +u, v"'(t) = S'(t)yu = StS”(s)fu, ds. Making use of
Lemma 2.0 We0 easily see that wv(-) satisﬁe§ as well (2.10)-but now
with initial conditions v(0) = 0, ¥'(0) = w. Accordingly w(t) = v(t) — w(t)
satisfies (1.1) with initial conditions w(0) = 0, w’'(0) = u, that is, w(t) =
T(t)u, or

2.11) T(tyu = S:(S(s)u — T(s)Bu)ds
from which (2.8) can be deduced by differentiation.
COROLLARY 2.4. (a) D, = D(A). (b) D = D(A) N D(B) is dense
in E. (c) D, 2 D(A) N DB)®. (d) If we D(A) N D(B),
T"(tyuw + T'(t)Bu + T(t)Auw =0,t= 0.
Proof. As a by-product of the proof of Lemma 2.3 (a) it was

established that S(-)u is a solution of (1.1) for any we D(A). Simil-
arly, one of the steps in the proof of (b) was to show that

T()u, we D, N D(B) = D(A) N D(B)

is a solution of (1.1). To show (b), let ¥ be the subspace of E
generated by all elements of the form

@) It is mot true in general that D; = D(B).
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S(lf(s) T'(syuds

where ¥ is, say, any C= function with compact support contained in
10, o[, u any element of E. Making use of the fact that 77(0) =1
it is simple to show that ¥ is dense in E (see [3], Chapter VIII,
Exercise 3.1 for a similar statement). On the other hand, we observe
that (integrating by parts) any element of ¥ can be written in the
form

—Sw'(s) T(s)uds = SW"(S)(SZT(T)MdT)ds .

Applying Lemma 2.0 to the first of these expressions we obtain ¥ &
D(B); on the other hand, again by Lemma 2.0, equality (2.6) and the
comments preceding it, ¥ < D(A), which establishes (b). As for (d),
it immediately follows from differentiating (2.8) and then expressing
S’(t)u by means of (2.7).

We may remark at this point that, as a consequence of equality
(2.8) the operator T(t)B (with D(A) N D(B) as domain) admits a bound-
ed extension to all of K, namely

(2.12) T@B = S(t) — T'(t) .

Since S(-), T'(-) are strongly continuous functions in ]0, «[, so is
T(-)B.
We consider in what follows the “characteristic polynomial”
PA)=NMI+ANB+ A

of (1.1); for each ), P(\) is a linear operator with domain

D = D(A) N D(B) .

LEMMA 2.5. (a) P(\) 1is pre-closed for all . (b) There exist
constants a, B = 0 such that P(\) is one-to-one for

(2.13) Rer = a + Blog (1 + [n]) .@

Proof. Assume (a) is false for some \. Then there exists a
sequence {u,} < D(P(\)) such that w,—0, v, = PO\)u, —v = 0. Let
u,(t) = e**u,, t = 0. Clearly u,(-) satisfies the inhomogeneous equation
(2.3) with f(t) = ¢**v,. We get as a consequence of Lemma 2.2 (b)
that

4) P(2) may not be closed or one-to-one for some values of 2.
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e*u, = S(tu, + NT(t)u,
+ StT(s)e“"s’vnds ;
0

Letting now n — o, we obtain

gte‘“T(s)'vds —0,t=0.

0

Differentiating twice
e *T'(s)v — re*T(s)v = 0 for s = 0;

if we set s = 0 in this last expression we obtain v = 0, absurd.

As for (b), assume P(\) is not one-to-one for some A\. Then there
exists we D(P(\)), u == 0 such that P(\)u = 0. Obviously u(t) = e*u
is a solution of (1.1); making use of the estimate (1.2) for any fixed
t > 0 we see that there exists a constant K < o such that

et < K(1 + [\]) .

Taking logarithms we obtain the inequality opposite to (2.13) for a =
(log K)/t, 8 = 1/t.

We continue now the proof of Theorem 2.1. Let ¢ be a twice
continuously differentiable scalar valued function with compact support
and such that ¢(0) = 1. Consider the (plainly bounded) operator in
E

(2.14) RO\ @)u = S:e““¢(t) T(tyudt

defined for all complex A. We easily obtain from Lemma 2.0 that
R(\, p)E < D(B). Moreover, we can write integrating by parts

(2.15) RO\, p)u = S:(e-“cp(t))’(S:T(s)uds>dt

and then it follows (again from Lemma 2.0, equality (2.6) and the
comments preceding it) that R(\, )E & D(A). Hence

(2.16) R(\, p)E < D = D(A) N D(B) = D(P(\)) .

If we D we easily obtain, after a few integrations by parts and using
the fact that 7T(-)u is a solution of (1.1) (Corollary 2.4, (b))
POV)R(N, )4 = u + Swe'“[(cpT)”(t)u + BeTYu + A(pT)uldt
(2.17) : A
=u + S e “M(t, pyudt = u + M\, p)u

where M(t, ) = 2¢'(t)T'(t) + ¢ (¢)T(t) + @'(t)BT(t) is plainly a <~ (F)-



LINEAR OPERATIONAL DIFFERENTIAL EQUATIONS 591

valued, strongly continuous function in [0, [ with compact support.
Let @ = 0 be such that

(2.18) Sme““‘lM(t, P)ldt =v<1.
Plainly
(2.19) | M, )| <

in Rex = w and thus I + M(, @) has a bounded inverse there. Define
RO\ = R\, o) + M(n, 9))
= R0v 9) 3 (=1 M(v, @)

We now write (2.17) in the form

(2.20)

(2.21) POVNRON, @) = u + M\, @)u, we D

where P()) denotes the closure of P(\). It follows immediately from
the fact that P(\) is closed that (2.21) must hold as well for all u e E.
Then

(2.22) POV)RMNu = u, uc E .

Observe now that, since R(\, p)E = D(P(\)), RA\E < D(P(\)); hence,
we may replace P(\) by P(\) in (2.22). The equality thus obtained
implies that R(\)E = D(P(\)), at least for those values of )\ for which
P(\) is one-to-one. For, let ve D(P(\)), v¢ R(\)E and let w = P(\)v.
Then

P\)(v — RZVu) =0

which is impossible. We show next that P(\) is actually one-to-one
in Rex > w. Observe first that R(., ), M(-, @) are entire functions,
as Laplace transforms of functions with compact support. But then,
by virtue of the estimate (2.19) the series in the right-hand side of
(2.20) converges uniformly in Re ) = w, hence R(\) is analytic there.
Let now ve D(P(\)) = D, v = 0 and let A be, say, in the region de-
fined by (2.13). By the preceding comments, v = R(\)u(\)(u(X) some
element in E). Then

(2.23) ROVPO\Y = ROWPOVRMuO) = RO)u(\) = v .

The left-hand side of (2.23) is analytic in ReXx > w. Since it equals
v in the region defined by (2.18) it must equal v as well in Re:x > o,
which shows that P(\)v # 0 throughout Re\ > w as claimed. Collect-
ing all the observations made about P(\) and R(\) we can write

(2.24) R(\) = P(\)~' in Rer > o .
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We obtain now some rough estimates for R, BR, AR in Re\ = w.
Plainly |R(\, ®)|, | BR(\, 9)| are bounded there; on the other hand, it
follows from (2.15) that |AR(\; )| < C|\|. Finally, in view of (2.19)

(2.19) I+ M0, @) = S = (L=
Accordingly,
(2.25) (RO, |BROV| = C, |ARO) | < CI\|

in ReXx > w for some convenient constant C. Let now @& > ® and
let we E. Define
(2.26) (t) = -1 Sww"“R(x) r
. w(t) = —— - wdn .
2T Ja—ieo N}
It is clear that u(-) e C®([0, «[), for differentiation under the integral
sign is permissible. More precisely, we have

joo

(2.27) Wbty = 1 S;+ ' ROVudn
271 Ak

k =1,2. Using now the estimates (2.25) together with Lemma 2.0 we

see that u(t) € D(A), w'(t) € D(B), Au(t) and Bu/(t) are continuous func-

tions in ¢ = 0; we easily compute %(0) = %/(0) = 0. In addition, we have,
1

W'ty + Bu(t) + Au(t) — _,S‘"”“e_“P(x)R(x)udx
211 Ja—ie \*

1 u7+ino61t
2.28 _ (L e’ >
( ) <2m' Swu‘w A dx Ju

= (3%(%)2“)11 = g?u .

Expressing now the solution of (2.28) by means of Lemma 2.2 we
obtain
(2.29) 1 St(t P T(s)uds = —2 S“"”e“R(x)udx

) 3! Jo 7274 Jumie Y
a formula that suggests-as will be proved later-that R(\) is the Laplace
transform of T.

We now try to find a new representation for R(\). Let we D;
operating as in (2.17) and making use of Corollary 2.4 (d) we can
write
R\ o) POVU = w + re““[(@T)”(t)u + (pT)(t)Bu

0
+ (pT)(t)Auldt

(2.30)
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=u + S e “N(t; pudt = w + Nov; p)u
0

where now N(t, ) = 2¢'())T"(t) + @" () T(t) + @' (t)T(t)B. If @ =0 is
such that

(2.31) S:’e—w't ING, @)|dt =7 < 1

then |N(\, ¢)] < v in Rex = o', I + N(\, @) is invertible there. Let
Q) = (I + N(v, 9)"R(\, @). It follows from (2.30) that

(2.32) QNVPMNu = u
for w € D, which plainly shows that Q(\) = R(\) in
ReN = w, = max (v, ®') .®
Accordingly,
R = (I + NOvw, @) 7RO, @)

(2.33 e -~
%5 = (5 0Ny @ )ROw 9) -

Formula (2.33) suggests, by inversion of Laplace transforms (as yet
formally!) the equality

(2.34) T(t) = (i} (—=1)"N(t, @)*") *(@T')(¢)

where * denotes convolution, the exponent *n indicates the nm-th con-
volution power. We attempt to justify now (2.34) directly. By
virtue of (2.31) and of Young’s inequality

[N @it = [Tle N, @) [dt < 7, -
0 0
and in general

Swe_m’t|N(t’ q))*nldt g ,-),n’ n g 1 .

0

If now K is a constant such that
IN{t, )| < Ke'',t =0,
it is clear that

(2.35) |N(¢, @)*"| = [N(t, @)*" "« N(, p)| = Kv" e, m = 1.

5 We might set here w: = min (o, o’); for if o’ < w, it is not difficult to see that
R(1)-that can be analytically continued to Rei > o’ by means of Q(2)-still satisfies
R@Q) = P(R)~! there.
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Consequently, the series
(2.36) 2, (=1)"N(E, @)™

converges uniformly on compacts of [0, [ to a &7 (&)-valued function
A7(t, ) such that

(2.37) |47t p)| = KA — )¢, t =0

moreover, since each of the terms of the series is strongly continuous
in [0, o[, so is .47(+, ). By virtue of (2.37) and (2.35) the Laplace
transform of _77(-, ) exists for Rex > @’ and can be computed by
term-by-term integration of (2.36). Let now T be the .<°(E)-valued
function defined by the right-hand side of (2.34), that is

T(t) = ORI+ 47t @) *(@T)()

2.38 ,
&5 = @T)0 + [~ 5, PP ToNs
Plainly

(2.39) |Tt)| < Ke', t=0

for some constant K’. Computing the Laplace transform of T by
application of the convolution theorem, and likewise applying the
convolution theorem to each of the terms in the series of _77(-, @)
we easily see that it equals

(S0 80y @)")RO @) = RO

by (2.33). But then, by a well-known result on Laplace transforms.
of antiderivatives, we have

1St(t ¥Tsmds = 2 (7 Royudr
S\t = 5P Topuds = 2E,SM@F Yt

for @ > w,, uwe E. Comparing this with (2.29) and differentiating three
times the identity obtained therefrom by uniqueness of Laplace trans-
forms we obtain 7' = T. In view of (2.39),

(2.40) | T(t)| < K'e”t, t = 0

as we desired to show. Apply now both sides of (2.38) to an arbitr-
ary element of E and differentiate; taking into account that (7)(0) =
0, we obtain

(2.41) T'@#) = 0 QI + A7(t p))x(pT)(t) .
(6) We are using here the differentiation formula

(f*g@®) = f/®*g@®) + f0)g() = f*¢’(®) + fH)g(0)

valid when f on g are (say) continuously differentiable in ¢ > 0, zero in t < 0.
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Similarly, applying both sides of (2.38) to all elements of E of the
form w = Bv and then making use of equality (2.12) and the com-
ments preceding it, we get

242 SO —-TO) =R+ 4 9)x((pS)(t) — (T")(1)) -
Adding now the preceding inequality to (2.41), the equality
(2.43) St) =0Q I+ 4 @)*((pS)(t) + (9" T)(2))

follows. Equalities (2.41), (2.43) can now be used in conjunction with
(2.37) to prove that

(2.44) 1S()| < K", | T'(t)| < K"e*"*

in ¢ = 0, which ends the proof of Theorem 2.1. (Note that as a by-
product of the proof we have established exponential increase of T'(-)).

REMARK 2.6. There are “left-handed” analogues of identities
(2.38) and (2.41). They are

(2.45) T(t) = (PT))*(0 @I + A (t, P)
(2.46) T'(t) = @TVO)*(O QI + A (t, 9))
where

(2.47) A (p) = 3 (~1 Mt 9

These formulas can be justified along the lines the “right-handed”
formulas were. On the basis of (2.18) it can be shown that

| M(t, p)**| < Ly*e*’, n =1

for some L and thus that the series in (2.47) converges uniformly on
compacts of [0, «of, its limit _# satisfying

|2t p)| = L1 —7)'e, £ = 0

for some constant L. The equality of the left and right-hand side
of (2.45) can be eatablished, as in the case of (2.38) by taking the
Laplace transform of both sides and then using (2.20) and (2.29).
Formula (2.46) can be deduced by applying both sides of (2.45) to an
arbitrary element of E and then differentiating. Formulas (2.45) and
(2.46) can be used to show that

(2.48) I T(t)| < L'e*t, | T'(¢)| < L'e**

for some constant L', ¢ = 0, which may or may not be an (asymptotic)
improvement on inequalities (2.40), (2.44) for T, T’ according to whether
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or not ® > ®’. We can, however, obtain a new result from (2.45);
pre-multiplying it by B, we get

(2.49) BT(t) = (pBTY)*x (0 QI + _#Z (&, p)) .
As a consequence,
(2.50) |BT(t)| < L"e*"

in t = 0 and a convenient constant L, an unscheduled result.

REMARK 2.7. As a by-product of the proof we have obtained
some information about the characteristic polynomial P(\) of (1.1); P(\)
is closable for all \, closed in a half-plane Re A > w, and with a bounded
inverse R(\) there that depends analytically on A\, etec.

REMARK 2.8. Among all of M. Sova’s results in [9] about the
equation (1.1) there is one that is closely related with ours. Roughly
speaking, Sova gives a necessary and sufficient condition on R(\) (of
the “Hille-Yosida-Phillips” type) for the Cauchy problem for (1.1) to
be well set in [0, [ and for an estimate of the type of (1.3) to hold.
(See [9], especially Theorems 6.1 and 6.2.) It might be remarked
that, although exponential increase of the solutions is assumed at the
outset, no condition of the type of ours (boundedness of 7", BT, etc.)
is assumed.

REMARK 2.9. Using time independence of the coefficients of (1.1)
a number of identities concerning its propagators can be easily derived.
Although they will not be used in what follows (except in §4) we
give two examples. Let ¢ = 0 fixed, u € D, = D(A) and consider

u(s) = S(s + tyu, s = 0.

Since u(:) is a solution of (1.1) we obtain, applying (2.1) and using
(2.7) to compute «'(0), that

(2.51) S(s + tyu = S(s)S(t)yu — T(s)T(t)Au .

This shows, in particular, that 7(s)T(t)A admits a bounded extension
to all of £ (namely, S(s)S(¢) — S(s + t)). Reasoning in the same way
with u(s) = T(s + t)u, s = 0, u € D(A) N D(B), we obtain

(2.52) T(s + tyu = S(s)T(t)u + T(s)S(t)u — T(s)T(t)Bu .

3. We examine here the case in which the Cauchy problem for

(3.1) u'(t) + Bu'(t) + Au(t) =0
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is well posed-but only in a finite interval [0, a], @ > 0. Solutions of
(8.1) exist for initial data w, %, in dense subspaces D,, D,-although a
priori only for ¢ in [0, a]-and an estimate of the form

lu(®)| = K [u(0)| + K, [w(0), 0=t =<a

is assumed to hold for all solutions. The operators S(.), T(-) of §2

are now only defined in [0, a], but all the results concerning them in

§ 2 are valid in this restricted range of t. The proofs are identical.
Throughout this section we write D = D(A) N D(B); but now

D, = {ueD; Bue D} .

THEOREM 3.1. Let the Cauchy problem for 3.1 be well posed
[0, a], @ > 0, and let D, be dense in E. Assume that T(-)u 1is con-
tinuously differentiable wn [0, a] for all we E. Assume, further,
that T()E < D(B) and that BT({t)u is continuous in [0, a] for all
we K. Then the Cauchy problem for (3.1) is well posed in [0, o]
and there exist constants K,, K,, w,, w, < o such that

(3.2) |u®)| = Ko™ |u(0)| + K" [w'(0)]
Jor all solutions u(-) of (3.1).

Proof. It will be carried out by slightly modifying that of
Theorem 2.1. (It should be pointed out that, due to the additional
hypothesis of denseness of D, Theorem 3.1 does not generalize Theorem
2.1.) Observe first that the operator R(\) = P(\)~,, ReA > w was
constructed there making use of the values and properties of T only
i the support of ¢; all the auxiliary results, like Lemmas 2.2, 2.3
and 2.5, Corollary 2.4, can be proved in these conditions. Hence the
first part of the proof of Theorem 3.1 can be mimicked here if only
we take supp (p) &[0, ¢]. The main difference consists in that we
will now use (some of) the identities (2.38), (2.41), (2.43) and their
“left-handed” analogues (2.45), (2.46) not to represent S, T in [0, |-
they are not a priori defined there-but to extend them. Because of
this, a somewhat more careful (and tedious) handling of these identi-
ties becomes necessary. We shall assume in what follows that the
auxiliary function ¢ used in the construction of R(\) is actually four
times continuously differentiable; in addition of the condition ¢(0) = 1,
we shall also suppose that ¢'(0) = ¢”(0) = 0. This will simplify some
computations later on. Let

(3.3) T(t) = (T)(t) + A7 (t, ) *(T)(t)

where _#; as in §2, is defined by the series (2.36). Just as in that
section, it can be proved that T(.) is a strongly continuous &< (K)-
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valued function satisfying (2.39). 7(-) can also be defined as
(3.4) T(t) = (@T)(t) + (pT)* A (t, P)

the identity between the functions defined by (3.3) and (3.4) being a
consequence of the fact that both have R(\) as Laplace transform.
Let now we D,. By virtue of Corollary (2.4)

(3.5) Tt = — T(t)Auw — T'(t)Bu .

Since Bue D & D, we can differentiate (3.5) once more, then T(-)u e
C®([0, a]). On the other hand, BT'(-)Bu is a continuous function-
again we are using the fact that Bu e D,; after (3.5) so is BT"(-)u.
An application of Lemma 2.0 yields

BT(tyu = S:(t — $)BT"(s)yuds + tBu
which plainly shows that BT(-)u € C®([0, a]). Accordingly,
M(t, p)u = 29" T")(O)u + (" T))w + (@' BT)(¢)u
belongs to C*®([0, a]) if we D,. Evidently the same is true of
N, pyu = 2('T) (O + (9" T))u + (' T)(t)Bu .
As a last preliminary step, we modify slightly (3.3) and (3.4).

Observe that we can write
(3.6) A7, @) = —N(t, @) — A"(t, )= N(t, @)
(3'7) .//(t, 97-7) = _M(tv @) - ./M(t, @)*M(ty @)
the justification of (3.6) and (3.7) residing in the fact that the series
(2.36) defining ./~ and the series (2.47) defining _ converge uniformly
on compacts of [0, <[ and can thus be “convoluted term by term” by
N and M respectively. Replacing (3.6) in (3.3) we obtain
T(t) = (@T)(t) — N(t, )*(@T)(t)

— At P)xN(E, @) x(@T)() .

We apply now both sides of (3.8) to an element wec D,. Making use
of the preceding remarks we obtain®

(3.8)

T'(tyu = (T) (t)yu — N(t, @) x(@T) (t)u
— At ) N(t, p)x(@T) (H)u
T"(tu = (@T)"(u — N, p)u — N(t, p)*+(@T)"(t)u
— A, p)x N(t, p)u
— A, @) * N(t, @) x(pT)"(t)u
motnote 6), §2.
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Tty = (@T)"(Hyu — N'(t, p)u
+ N(t, p)Bu — N(t, p)x(@T)" (t)u
— A, p)x N'(t, p)u + 47 (t, p)* N(t, p)Bu
— A7(t, )= N, p)x(pT)"(t)u, t = 0
(we have used at various points the identities N(0, p)u = (pT)(0)u =
0, (T)(0)u = u, (T)"(0)u. = — Bu, the last two being a consequence

of the fact that ¢'(0) = 0). Consequently T(-)u € C* ([0, oo[) for u € D,.
We turn now to (3.4); replacing (3.7) in it we obtain

T(@t) = (pT)(t) — (@T)(t)xM(t, p)

(3.9)
—(@pT)(®)*x _Z(t, p)x M(L, @) .

Apply (8.9) to an element u e D,, differentiate the resulting identity
and then convolute both sides with the Heaviside function &) =0
if t< 0,k =1 if ¢t = 0 (that is, integrate both sides from 0 to ¢).
The final result is, taking into account that M(0, ¢) = 0,

10 (u = @T)Ou ~ (| @DE)ds)M(t, P
’ ~ ([en©is)s 2t o) 1t, ppu .

Differentiating (3.10) once more and observing that M'(0, p)u = 0 we
obtain

Tty = @1t — ([ @DE)ds) M, o

(3.11) e
— (| oT)s)ds) szt @)« Mt @)

Differentiating still one more time,

Tty = (@T)"(t)u — (pT)(s)* M"(t, p)u

(3.12)
—(pT))x A2 (t, p)x M"(t, Pu .

Finally, we modify (3.10) and (3.11) by integrating by parts in
their right-hand sides. The result is

T(u = (@T)(tr — @O T)ds M, p)u
o (U Torydr ds« Mt pyu

(3.13) SO , (SO >

_ ga(t)SOT(s)ds*//(t, o)« M'(t, P)u

+ S:go'(s)(SZT(r)dr)ds*//(t, o)« M'(t, p) -

® In convoluting with the Heaviside function we make use of associativity of
the convolution product.
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~ t
T'tw = (PT) (H)u — @(t)SOT(S)dS*M"(t, ?)

+ {go(| Tmar)«me, o
(3.14) . 0
- cp(t)SOT(s)ds*//(t, o) ¥ M (t, P)u

t s
+ \pe(] T09ar) sz ¢, 9, @y
Applying now Lemma 2.1 and the (already proven) fact that
AStT(s)ds
0

is a strongly continuous function to (3.13), (3.14) we immediately see
that T(t)u, T'(t)yu € D(A) and that AT(-)u, AT'(-)u are strongly con-
tinuous functions in [0, «o[. Operating in the same way with (3.11),
(3.12) we can prove that T(t)u, T”(t)u € D(B) and BT'(-)u, BT"(-)u
are as well strongly continuous functions in [0, o[. Let now

w(t) = T(tyu, t = 0, ue D, .
By looking at (3.10), (3.11) we deduce that
u(0) =0, w'(0) = u.

We want to show now that u(-) is a solution of (3.1). Define, for @
large enough, we D

@1

w(t) = LS "¢ Roudx .
271 oo N

w—i

As in the proof of Theorem 2.5 it can be shown that v satisfies the
equation

(3.15) v’(t) + BV'(t) + Av(t) = t°u .
Since R(\Mu is the Laplace transform of T(t)u = u(t),

o(t) = ngS:(t — sy u(t)dt .

Replacing this expression for wu(-) in (3.15) and differentiating three
times the resulting identity we obtain

w(t) + Buw'(t) + Au(t) =0

as desired. By differentiating once more we see that 7"(-)u, ue D,
is as well a solution of (3.1) (the fact that 7"(-) e C®([0, <[), and
that AT'(-)u, BT"(-) e C([0, «=[) have been already demonstrated);
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moreover, it follows from (3.11) that 7”(0)u = % and from (3.12) that
T"O)u = (T)"(0)u = T"(0)u = —Bu. If we now define

u(t) = T'(tyu + T(t)Bu
clearly u(-) is a solution of (3.1) with
w0) =u % (0)=0.

Moreover, if follows immediately from (3.3) that the operator S@t) =
T'(t) + T(t)B (domain: D) has a bounded extension to all of E (which
we design with the same symbol); this extension, as a function of ¢, is
given by

S@) = @T)®) + (DOB
+ A7 @) (@ TY () + (9T) (DB
=01+ A7 P)*((pS)(E) + (@' T)D)) .
This equation can be used as (2.43) was used in §2 to show that
18(t)] < Ke
in t = 0.

We have proved at this stage that if u,, u, are arbitrary elements
in D, then

(3.16) u(t) = Styu, + T(tyu, t =0,

is a solution of (3.1) in ¢ = 0, with %(0) = u, %’ (0) = %,. The proof of
Theorem 3.1 will be ended as soon as we show that any solution of
(8.1) admits the representation (3.16)-even if w, w, do not belong to
D,. In order to achieve this we begin by solving the inhomogeneous

equation
(3.17) w”(t) + Bu'(t) + Au(t) = f(t)

in [0, e[ (as in Lemma 2.2 f(-) belongs to C”([0, ==[)). Observe first
that it follows from (3.4) (by pre-multiplication by B) that T(t)E < D(B)
and that BT(-) is an <7 (E)-valued, strongly continuous function in
[0, co[. It also follows from (3.4)-this time by differentiation-that
T'(-) is as well an &7 (E)-valued, strongly continuous function in

[0, o[ Tinally, it can be proved that (StT(s)ds>E < D(4) and that
(3.18) Agt’f’(s)ds — I — B(t) — T(t), t = 0

much in the same way equality (2.6) was proved. Imitating now the
proof of Lemma 2.2 we can use (3.18) to show that
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(3.19) u(t) = S:T(z — $)f(s)ds = gt’f’(s)f(t — s)ds

is a solution of (3.17) in [0, o[ with %(0) = %’(0) = 0. It is the only
such solution. For, let v(-) be another solution of (3.17) with the
same initial conditions. Then w = w — v satisfies (3.1) with initial
data w(0) = w'(0) = 0. Since the Cauchy problem for (3.1) is well
posed in [0, a], w(t) = 0 for 0 < t < a; in particular w(a) = w'(a) = 0.
Applying the same reasoning to the function w(t + a) we obtain
w(t) =01in a <t < 2a, -+ ete.

Observe, finally, that it follows from the definitions of S, 7 and
from an examination of their Laplace transforms that if u e D(A),

(3.20) S'(tyw = — T(t)Au

int=0.
Let now u(-) be any solution of (3.1). Define

() = S:(t — 8)(uls) — uw(0))ds , £=0.

We have
w(t) = S‘(u(s) — u(0))ds = S?t — syu(s)ds ,

W) = u(t) — u(0) = St(t — syu(s)ds + tw'(0) .
Accordingly, u,(-) satisfies
Wity + Bu(t) + Auy(t) = tw'(0) — %ZAu(O)

in ¢t = 0. Applying the previous comments on (3.17) and observing
that «,(0) = »[(0) = 0, we obtain

w(®) = | [t = 9TEw(0) — 4(t — 5 T() Au(O)]ds .
Differentiating twice
u(t) = T(tyw(0) — gtf‘(s)Au(O)ds + u(0) =0
0
which via (3.20) shows that formula (3.16) is valid for any solution
of (3.1) in t = 0. This clearly implies that the Cauchy problem for
(3.1) is well posed in [0, =[. It has been shown in the course of the

proof that both S(-), 7(-) increase at most exponentially at infinity,
which completes the demonstration of Theorem 3.1.
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4, We deal here with conditions on the coefficients A4, B, of (1.1)
that guarantee that the hypotheses necessary for the proof of Theorems
(2.1) and (3.1) are satisfied.

THEOREM 4.1. Let the Cauchy problem for
(4.1) w”’(t) + Bu'(t) + Au(t) = 0

be well posed in [0, [. Assume that, either (a) B is bounded (hence
everywhere defined) or (b) D, = D(A) and AD(A) = E. Then T'(-),
BT(.) are ¥ (E)-valued, strongly continuous functions in [0, oo[.

Proof. (a) The assertion about BT(-) is evident. Let uc E,
(4.2) ut) = St(t — ) T(syuds, t=0.

If ueD,, AT(t)u = —BT'(t)u — T"(t)u; applying this and Lemma 2.0
to (4.2),

(4.3) Au(t) = — T(tyu — BS’T(s)uds +tu.

Since A is closed, however, it follows from (4.3) that w(f) € D(A) and
that in fact the equality holds for all wc E. Consequently u(-)
satisfies

(4.4) w’(t) + Bu'(t) + Au(t) = tu

in t = 0; moreover %(0) = %’(0) = 0. Assume now that we D, Then
it is easy to see by means of some elementary manipulations that

oty = 21_15‘@ — 9XS(syu — T(s)Bu)ds
'Jo
satisfies (4.4) and assumes the same initial values as u. Consequently
u(-) = v(+); differentiating twice,

(4.5) T(tyu = St(S(s)u — T(s)Bu)ds .

As B is bounded, (4.5) must hold as well for any u € E, which esta-
blishes our assertion on 7”(-).
(b) Let we K = {uc D(A); Awe D,}. Define

w(t) = u — StT(s)Auds , t=0.
A simple computation shows that u(-) is a solution of (4.1); plainly
#(0) = u, w'(0) = 0. In view of (2.1) u(t) = S(t)u, that is
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(4.6) S(tyw — u = —S’T(s)Auds :

Consider now the operator A from D(A) (endowed with the graph
norm |ul|y. = |u| + |Au]) to E. Since A is closed D(A) is a Banach
space. On the other hand, A is onto, thus by the open mapping
principle ([3], Chapter II, p. 55) it transforms open sets into open
sets. This plainly implies that K is dense in D(A) (if it were not,
there would be an open set 2 in D(A4) disjoint from K; then AQ-
which is open-would be disjoint from D,, absurd in view of the density
of D,). Let now ue D(A), {u,} a sequence in K such that u, —w in
D(A). Writing (4.6) for w, and then letting n — « we see that it
holds for any w e D(A); since S(-)u € C¥]0, «[) for those u, T(-)Auc
C™(]0, =[). Since any element of E can be written in the form Awu,
the assertion on 77(.) follows.

REMARK 4.2. Theorem 4.1 (a) together with Theorem 2.1 furnishes
a new proof of the exponential increase of the solutions of the equa-
tion w” + Au = 0 (see [8], p. 9 and [4], part I, p. 90).

REMARK 4.3. Under the hypotheses in (b) a number of additional
properties of the propagators can be established. For instance, it
follows from (2.51) and from the fact that S(¢)D(4) < D(A) forallt = 0
(consequence of the definition of S(t)) that T(s)T(t)E = D(A) for all
s, t = 0 and that AT(s)T(t) is an & (K)-valued function, strongly con-
tinuous jointly in both variables in [0, e[ x [0, «=[. Assume, to sim-
plify, that A4 is in addition, one-to-one and thus has a bounded inverse
A~'. Then we can write

AT(s)T(t) = AS(s)S(t)A™ — AS(s + t)A™, s, t=0.
Similarly, we can combine the equality
AS(t)A™ = —BS'(H)A~'u — S"(tH)A7'u

with the expressions obtained differentiating (4.6) once and twice
respectively, to obtain

AS()A~ = BT(t) + T'(t) .

REMARK 4.4. All the results in this section have analogues for
the case in which the Cauchy problem for (4.1) is well posed in a
finite interval. The proofs are identical.

5. We present here several counter-examples that illuminate the
role of the hypotheses in Theorems 2.1 and 3.1. Throughout this sec-
tion £ will be a separable Hilbert space, {p,},1 <7 < - a fixed
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complete orthonormal system in E. The operators A, B are given by

(5.1) Ap, = a,p, By, = b,p,”

where the (complex) coefficients a,, b,, » =1 will be chosen in each
case such as to produce the desired effect. (Observe incidentally that
A and B are normal operators commuting with each other for any
choice of {a,}, {b.}.)

Consider the Cauchy problem for

(5.2) w'(t) + Bu'(t) + Au(t) = 0

(in [0, a] for @ < o or in [0, co[). If u(t) = 37, u,(t)p, is a solution
of (5.1) then it is plain that each coordinate u,(-) must satisfy the
scalar equation

Uy (8) + bun(t) + a,u,(t) =0
n=1,2, ... with initial conditions
U, (0) = o, un(0) = u,,,
where
u(o) = uo = n;luo,nq)n ’U/’(O) = ul - %ul,ngh .

This makes clear that the propagators S, T must be defined by

Npeint — p eint
5.3 Sit)p, = =2 n N
(5.3) (t)p e
Int __ ptnt
5.4 Tt)p, = ¢ —¢"
(5.4) ®)p T

where \,, ¢, are the roots of the n-th “characteristic polynomial”
(5.5) AN+, +a, =0,

n=12 ... (if A, = ¢, we must, of course modify (5.3), (5.4) but we
shall not encounter this case in our examples). Accordingly, we see
that a necessary condition for the Cauchy problem for (5.2) to be well
posed in [0, a] (resp. in [0, oo[) is that the functions

(5.6) a(t) = |S(t)| = sup |22&n =t
nzl 7\'7» - /’tn
(5.7) o(t) = | T(t)| = sup ’?f”_‘:__ﬂ‘
nzl 7\’7& - /"n

) That is, D(A) = {u€ E; X |an(u, ¢n)|? < o}, Au = 3 an(u, ¢n)pn, where (-, -) de-
notes the scalar product in E. Same observation about B.
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should be bounded on [0, a] (resp. on compacts of [0, =[)."” Con-
versely, the preceding conditions imply that the Cauchy problem is
well posed; for if, say the Fourier coefficients of w, u, are all zero
except for a finite number then S(t)u, + T(t)u, furnishes a solution of
(6.2) in ¢t = 0 with %(0) = u, #'(0) = u,. Moreover, it follows from
the preceding considerations (that is, taking coordinates) that any
solution u(-) of (5.2) must be of the form wu(t) = S(&)u(0) + T(t)u'(0);
then

u(9)| < (sup o(s)) |u(0)| + ( sup 7(3)) |w(O)] -
Our first result is

THEOREM 5.1. Let a > 0. Then there exist A, B (of the form
(56.1)) such that the Cauchy problem for (5.2) is well posed in [0, a]-
but not well posed in any interval of the form [0, a’], a’ > a.

Proof. We set A = 0 (that is a, = g, = 0); as for the coefficients
of B in (5.1), we set

(5.8) N = Llogn + Ln2 — (log n))", n=1
a

(by (5.5), b, = —\,). As S(t) = I, we only have to check the bou-
ndedness (or unboundedness) of z(-) in (5.7). But

elnt — epni
>“7L - f"n
é a(n(t—-a)/a + 77/-—1) , t z 0 .

a(n(t—-a)la . ,n/—-l) g

(5.9)

Consequently 7(t) < 2a if t < a,7(t) = « if t > a. This establishes
the required result.

REMARK 5.2. It is quite simple to see why Theorem 3.1 fails to
apply to the preceding example. In fact, it follows from (5.5) that
in our case

T’(t)g)ﬂ = el”tg)n b

n = 1; but, as |e*'| = nt'*, T'(t) is mot a bounded operator for any
t-except of course t = 0. We when also note that we have D, =
D(A) = E; but, since AD(A) = {0} = E, Proposition 4.1 also fails to
apply. We introduce now a slight modification in the example. Set
X, as in (5.8) but set now g, = ¢, w =1 where ¢t = A, for all n =1,

(10 An operator of the form Qu = 3 qn(u, ¢»)¢n in E is bounded if and only if
g = sup |gal < o (moreover, ¢ = |Q}).
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¢ # 0. Since a, = g\, |a,| # 0, |a,| — o, A has a bounded inverse, in
particular AD(A) = E. However, it is not difficult to see that o(t) =
7(t) = co for t > a, 0 and 7 are bounded in [0, @]. This shows that
none of the two hypotheses in Proposition 4.1 (b) can be altogether
discarded.

We now show that, by judicious choice of A4, B in (5.2) the pro-
pagators can be made to increase as fast as desired even if the Cauchy
problem for (5.2) is well posed in [0, <.

THEOREM 5.3. Let w(-) be an arbitrary function in [0, ], bounded
on compact subsets therein. Then there exist A, B (of the form (5.1))
such that (a) The Cauchy problem for (5.2) is well posed in [0, oof.
(b)

(5.10) S| = (), | T(t)| = o(t)
Sor t = 1.

Proof. Let 2 = {w,},n =1 be a sequence of positive numbers
such that

(5.11) 2w, 2wl < limol)t =

n—oco

but otherwise arbitrary. Define

o, = wibln exp <iw},‘/n> ,
(5.12) n
B, = exp /"

for n = 1, and let

(5.13) m(t) = sup Lo | £>0.

" B,

Noting that

. o exp (Loy)
al, n

B, exp ;"

(@)’ (@)’
exp((1 — = )w) exp ( =—w}
n 2

for 1 — t/n = 1/2 we see that a! = o(8,) as n— c for all ¢; then




608 H. 0. FATTORINI

m(t) < o for all ¢ = 0. Moreover, for each ¢ there exists an integer
n = n(t)*” such that

mt) = %

n

Let now ¢t < ¢'; since «, > 1 for all =,

m(t) = ) < A < m(t)

Bn(t) Bn(t)

accordingly the function m(-) is increasing in [0, e[, thus bounded on
compacts therein. Also,

(5.14) mm) =% —w,, n=1.

n

Define now

7, = log @, = log 0" + Laii» .
n

In view of the inequality log ¢ + © < ¢*/1/ 2 wvalid (at least) for x = 2
and of the fact that wy" = 2, we have

(5.15) ¥, < ]71—7—& .

We now choose a,, b, in (5.1)-or, what is the same, \,, f,, the roots
of (5.5), in the following way:

Mo = Ya + U8 — ) e =1, n=1.
Plainly |\,| = 8, = ¢* on the other hand, by virtue of (5.15)
B =)=,
thus the sequence 4 = {\,} is contained in the region
M=, 0<Rerx=<Imx.

Accordingly there exist constants & > 6 > 0 independent of 2 such
that

[N |

(5.16) 0 ol

IA

=6, n=1.

We calculate now the functions o, z in (5.6), (5.7). With the forego-
ing choice of \,, ¢, we plainly have

(11) Not necessarily unique.
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l)'n‘ ('elntl — et> < /"neznt — )\'neﬂnt
Aal (€] :
s sl + o)
D‘*n} [leznt‘ _ et >£ 6znt_e#nt
Aol (1€ e’
= plnie )
In view of (5.16), we obtain
(5.17) f(m(t) — e =< o(t) = @(m(t) + )
(5.18) g(m(t) — e') < 7(¢) = O(m(t) + €)

in ¢ = 0. The inequalities in the right-hand sides of (5.17), (5.18)
imply that the Cauchy problem for (5.2) is well posed in [0, oof. It
only remains to choose the sequence 2 in such a way that the inequ-
alities (5.10) are satisfied. Observe first that we may assume, without
loss of generality, that @(-) is nondecreasing. Define

(5.19) o, = (“’_(“g_ll n e”)" , n=1.

A moment’s observation shows that {w,} satisfies all the required
conditions. Let now ¢ = 1, n = [¢], the greatest integer <t¢. Taking
into account (5.17) and (5.14) we obtain

a(t) Z0(m(t) — e') = (m(n) — e”)
> g(w, — €") = 0" — e”) = o(n + 1) = o(t) .

The corresponding inequality for 7 is obtained in exactly the same
way.

REMARK 5.4. In the preceding example we have a, = MM, = \,,
b, = —(\, + 1) = —(\, + 1) thus Equation (5.3) has the special form

w'(t) — (A + Du/'(t) + Au(?) .

The operator A has a bounded inverse -then AD(A4) = E- but D, = D(A).
It is not difficult to see that the Cauchy problem for

(5.20) w'(t) — Au/(t) =0
is also well posed in [0, «[; now S(¢) = I, D, = E, but
7(t) = | T(@)| = (m(?) — 1)

and thus it can be forced to increase as rapidly as one wishes.
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6. The results in §’s2 and 3 can be generalized -at the price of
some complication in the notations but with essentially the same ideas-
to equations of order m. We sketch here the proofs of these gener-
alizations. The equation in question is now

(6.1) www+§Aww@=0

where A, ---, A,_, are closed, densely defined operators in E. A
golution of (6.1) -say, in [0, o[- is a function u(-) e C*™(]0, «[) such
that u*®(t) € D(4,), A,u(-)e CO(J0, =[), 0 <k <n — 1, and (6.1) is
satisfied everywhere. The Cauchy problem for (6.1) is well posed in
[0, o[ if and only if

(a) There exist dense subspaces D,, ---, D,_, of E such that for
every w,€ Dy, ++«, u,_ € D,_, there is a solution u(-) of (6.1) in [0, o]
with 4?0) = u,, 0 <k <n — 1.

(b) For every ¢ = 0 there exist constants K(t), --+, K,_,(t) < o
such that, for every solution u(-) of (6.1), 0 <s <t

u(e)| < 3 Kilt) [u910)] -

The formulation of the Cauchy problem for a finite interval [0, a]
is similar (see §3 for the case » = 2) and is therefore omitted. We
now have n propagators S,, ---, S,_.; S, is defined in D, by

Sit)w = ui(t)

where u,(-) is the solution of (6.1) with »/"(0) = 0,4, ,; the Kronecker
delta, (0 < k, I < n — 1) and extended to all of E by continuity. Just
as in the case n = 2 it can be proved that S, ---, S,_, are < (K)-
valued strongly continuous functions and that if «(-) is any solution
of (6.1) in [0, o[ then

(6.2) um:g&www.

THEOREM 6.1. Let the Cauchy problem for (6.1) be well posed
i [0, co[. Assume that for every ue E,
Si(-)u € CH([0, ), S5V (t)u € D(A,) and A,S; (- )u

n—1

is continuous in [0, <[, 1 <k <n — 1. Then there exist constants
Ky ooy Ky Wy oo+, 0,_, < oo such that

(6.3) lu(t)| < ZKe lw®(0)], t=>0.

The proof of Theorem 6.1 can be carried out in a series of steps
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imitating those in the proof of Theorem 2.1. They are as follows.
LEMMA 6.2. Let f(-) belong to CM([0, «<[). Then (a)
(6.4) ult) = S:Sn_l(t — $)f(s)ds
18 a solution of
(6.5) wn(t) + :Z;;Aku"”(t) — F(t)

with w(0) = -+« = u"20) = 0. (b) If v(-) is any other solution of
(6.5) then

(6.6) o(t) = :_Z::Sk(t)v""(()) + u(t)
u(+) defined by (6.4).
As in Lemma 2.2 we begin by observing that, if weD,_,
AS,_(tu = —Z ASE (w — S ()u .
Integrating,
S wa(S)U = ——Z AS () — St (u + w .
This, and the hypotheses in Theorem 6.1 imply that
(] 5. (s ) < D)

and that

U = A S, (s)ds + 5 4,807 )

+ SV =1, t=0.
Writing, by integration by parts

u(t) = g:Sn_l(s) F(0)ds + S:(S:—ssﬂ_l(r)d‘r‘) F(s)ds

and differentiating, we obtain

uh(t) = 8 k*)<t>f<0>+§ E(E — ) f(s)ds

1 <k < n. Finally, inserting %(-) in (6.5) the right-hand side equals
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U)f(0) + S:U(t — 8)f!(s)ds

as claimed. Part (b) follows exactly as for second-order equations.
The result of Lemma 6.2 can be used as their analogues in §2

to prove

LemMA 6.3. (a) Let we D(A,). Then
(6.7) Sityu = —S,_.(H)Au .

(b) Let ueD,_ NDA),1=k=n—1. Then
(6.8) Siu = S,_(thyu — S,_,(H)Au .

COROLLARY 6.4. (a) D, = D(A,). (b) Ni=D(A,) is demse in E.
(¢) D, 2 D(A,) N D(A), D, 2 D(A) N D(A) N DA, -+, D,_, 2D =
Nz D(4,). ) If we D,

(6.9) mtw + Z SE@)Au =0.

LEMMA 6.5. (a) P(\) = \" + S5z NfA, 1s pre-closed for all .
(b) There exist constants a, B = 0 such that P(\) is one-to-one for

(6.10) Ren = a + Blog(glx|k>.

The operator R(\, @) of §2 is defined here by means of the
formula

(6.11) RO\, @y = Swe““@(t)Sn_l(t)udt

where ¢ is now a n-times continuously differentiable function with
compact support and such that @(0) = 1. It can be easily seen that
R(\; o) & D; moreover, if u <€ E,

POVRO, )i = u + g MMt pyudt

(6.12)
= u + M\, p)u
where now
Mt 9) = 3 (e OS0
(6.13) ‘;_ g
+ S5 (Berrasno .

Observe that if j <k — 1 (as in 6.13)
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__31 2)'St(t — 818 ¢ (sJuds
— a1

() —
S (6w 7

then it follows from the hypotheses in Theorem 6.1 that A,S{,(-) is
a & (F) -valued, strongly continuous functions- thus the same is true
of M(t, ). The operator R(\) is defined again as

(6.14) RO = RO, o)(I + M(N, @)™

for Re\ = w, @ such that (2.18) is true. Once proved- as in §2, but
now making use of Lemma 6.5- that R(\) = P(\)™' in Rex = @ we
construct the “right-handed” representation of R(\), namely

(6.15) RN = (I + N\, 9)'R(v; @)
Here N(\, ¢) is the Laplace transform of N(¢, @); N(t, @) is defined
by the formula
N oy = 5 (e 0Su0u
n—1 k—1
+ 53 (Mer-r0se. 0w

for ue D = N%zt D(4,). To show—as we must—that N(-, ) has a
& (E)- valued, strongly continuous extension to all of £ we go back
to the identities (6.8). According to them S{,(t)A.,, 5 <k — 1 (say,
with domain D) has a bounded extension to all of E (namely,

STLOAL = S — ¢ @)

which implies the desired property of N(-, ). Then functions _#Z
and _#~ are defined in the same way as in § 2, that is Z (¢, @) =
2:=1(_1)nM(t: ¢)*n’ M(t’ @) = Z:_l(—].)”N(t, @)*n; theY are g(E)'
valued strongly continuous functions satisfying

(6.16) | AZ (L, )| = K'e”?, | 47(L, p)| < Ke**,

t = 0, for convenient constants K, K’, w, . The propagator S,_,
satisfies

(6.17) S,a(t) = ORI+ 47, 9))*(@S._)(t)
and
(6.18) S,a(®) = (@S, ) *O QI + AZ(t, 9)) -

Equation (6.16) can be used, together with Lemma 6.3 (b) to recon-
struct the propagators S, S, ---, S,_, from their values in the support
of ¢. In fact, we get from Lemma 6.3 (b) that
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Si(t) = SyF0() + _Z S (OA;

0

IA

k< n — 1. Consequently,

St) = ORI+ A (t, @) *(@psn_l)m—k—n
(6.19)

+ SIS T4, ),
i=k+1

0<k<mn—1. Equations (6.17)-(6.19) are used to prove that S, ---,
S._. increase at most exponentially at . This proves Theorem (6.1).
Observe that, using (6.17) the same property can be proved of S7’,(¢)4,,
j <k — 1; on the other hand, (6.18) can be used to show exponential
increase of A,SY (t),7 <k — 1.

The results in §3 can be generalized-essentially with the same
methods used to generalize the results in § 2-to equation 6.1. We
limit ourselves to state the following.

THEOREM 6.6. Let the Cauchy problem for (6.1) be well posed
in [0, a]. Assume that (a) Dy is dense in E. (b) For every uec E,

Si(-)u e C([0, a]), S;= (Hu e D(A,)

and A SE(HueCO(0,al),l £k <n — 1. Then the Cauchy problem
for (6.1) is actually well posed in [0, .

Here we have set Df = {ueD; AjuecD,1<k<n—1}
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