
PACIFIC JOURNAL OF MATHEMATICS
Vol. 36, No. 3, 1971

THE QUOTIENT ALGEBRA OF A FINITE VON
NEUMANN ALGEBRA

MASAMICHI TAKESAKI

We will prove the following: Let M be a finite von
Neumann algebra with center Z and A a von Neumann
subalgebra of Z. Let Ω be the spectrum space of A and
identify A with C(Ω). Let ε be a σ-weakly continuous linear
map of M onto A such that ε(x*x) = ε(a%c*) ^ 0 for every
xeM, e(ax) — aε(x) for every a e A and xeM, ε(l) = 1 and
ε(x*x) Φ 0 for every nonzero xeM. For each ωeΩ, let mω

denote the set of all xeM with ε(x*x)(ω) = 0. Then mω is a
closed ideal and the quotient C*-algebla M/xnω is a finite
von Neumann algebra. Furthermore, if πω denote the
canonical homomorphism of M onto Λf/m», then πω(N) is a
von Neumann subalgebra of M/mω for every von Neumann
subalgebra N containing A.

In [8], [3] and [5] it was shown that the quotient C*-algebra of
a finite von Neumann algebra by any maximal ideal is actually a finite
factor. This led us to the algebraic reduction theory for finite von
Neumann algebras, which is free from the separability restriction in
the direct integral reduction theory. In this paper we will show that
the above result still holds for certain ideals, not necessarily maximal.
Namely, we will give a straightforward proof for the following.

THEOREM. Let M be a finite von Neumann algebra with center
Z and A a von Neumann subalgebra of Z. Let Ω be spectrum space
of A and identify A with C(Ω). Let ε be a o-weakly continuous
linear map of M onto A such that ε(x*x) = ε(xx*) ̂  0 for every
xeM, ε(ax) — aε(x) for every aeA and xeM, ε(l) = 1 and ε(x*x) Φ 0
for every nonzero xeM. For each ωeΩ, let mω denote the set of all
xeM with ε(x*x)(β)) = 0. Then mω is a closed ideal and the quotient
C*-algebra M/mω is a finite von Neumann algebra. Furthermore, if
πω denote the canonical homomorphism of M onto M/mω, then ττω(N)
is a von Neumann subalgebra of M/mω for every von Neumann sub-
algebra N containing A.

Before going into the proof, we observe that there exists such a
map ε if Z is σ-finite. Since M has the b| -operation, it suffices to
show that there exists a σ-weakly continuous faithful projection of norm
one from Z onto A. If Z is σ-finite, then Z admits a faithful normal
state φ. Considering the cyclic representation of Z induced by φ, we
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may assume that Z acts on a Hubert space Sίf containing a vector
ξ0 such that (xξ01 ξ0) = <p(x), xeZ. Let e be the projection of έ%f
onto [Af0], Then e is an abelian projection in A' with central sup-
port 1. Note that the center of A' is A itself. Then there exists
an isomorphism θ of eA'e onto A such that 0(#β) = x for every ί c e i
because A is the center of A'. Put ê (a ) = ^(βxe) for every x e Z.
Since β is not orthogonal to any nonzero projection in Z, ez has the
required properties. As the composed map of this εz and the fc|-
operation in M, we get a desired map ε. Hence, the situation in the
theorem is always presented for any von Neumann subalgebra A of
Z if Z is σ-finite.

The proof of theorem. We will prove the assertion for the sub-
algebra N which implies immediately the former assertion.

Let τω(x) = ε(x)(co), x e M. Then τω is a finite trace of M with
the left kernel mω. Let {TΓ, ^g^, ς0} be the cyclic representation of M
induced by τω. Since π has the kernel mω, π induces a faithful re-
presentation π of the C*-algebra M/mω. Since π o πω(N) = ?r(iV), it
suffices to show that 7r(iV) is a von Neumann algebra. Since the
functional τω(x) = (xξo\ξo), xeπ(M)", is a faithful trace on the von
Neumann algebra π(M)", ξQ is a cyclic and separating for π(M)n.
Let SN denote the unit ball of JV. Then by Kaplansky?s density
theorem π(8N) is strongly dense in the unit ball S% of the von
Neumann algebra N = π(N)" generated by π(N). Since the map
x 6 π(M)" —> xξ0 is injective, if π(SN)ξ0 = S]£o, then we have π(SN) =
S%; hence JV - π(N)o

Therefore, we shall prove that π(SN)ξQ is complete. Let {xn} be a
sequence in SN such that

lim \\π(xn)ξ0 - π(a?w)f0|| = 0 .

n,m—>oo

Considering a subsequence of {a?ft}, we may assume that

II π(xn)ξ0 - π(xn+1)ξ \\< 2~n , n - 1, 2, . . . .

In other words,

ε((xn ~~ xn+1) * (xn - xn+1))(ω) < 4~n , π = 1, 2, . . . .

Let {Un} be a decreasing sequence of neighborhoods of ω in Ω such
that

for every cr e Z7ft, ̂  = 1, 2, . For each n = 1, 2, , let βΛ be the
projection of A corresponding to the closure of Un. Then en{ω) = 1
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for n = 1, 2, . Putting yx = x, and yn = βnα?w + (1 - O2/w-i for
n = 2, 3, by induction,

?o = π(a»)£o , rc = 1, 2, .

Now, for any normal state <ρ of A, put τψ(x) — φ o e(x), xeN. Then
τφ is a normal finite trace of N with the support s(φ) e A, where s(φ)
means the support of φ in A. By the inequality:

Tφ((yn - Vn+l) * (Vn ~ Vn+l)) = Ψ ° S((Vn ~ Vn+l) * (Vn ~ 2/ +i)) < 4 ^ ,

^ = 1,2, •••, {yns{φ)} converges σ-strongly to yφeSN because the σ-
strong topology in SN Π Ns(φ) is induced by the metric d defined by
d(x, y) = τφ((x -y)*(x- y))u\ x,yeSNf) Ns(φ). Let {<Pi}i&I be a

maximal family of normal states of A with orthogonal supports.
Then ΣtieMΨi) = 1. Let y = Σ ί e / ^ . e S * . Since d/ns(y.)} converges
σ-strongly to s(^<)i/ = yφ. for each i e /, {yn} converges σ-strongly to
y. Now we have, by the triangular inequality,

e((yn - yn+P) * (yn - ^ + P ) ) 1 / 8 ^ *2e((i/ fc - %+ ι) * (y
k

for w, P = 1, 2, . Hence we have

e((y, - V) * (y. - y)f<% = lim ε((yn - yn+p) * (y. - y%+,)yι* £ 2-+ 1 ,

so that

li 7r(^)ί0 - π(y)ξ0 ί| = e((»n - y) * ( ^

hence

lim π(yn)ξ0 =

Therefore, the given Cauchy sequence {τϋ(xn)ξ0} in π(SN)ξQ converges to
π(y)ξQ e π(SN)ξ0' Hence π(SN)ξ0 is complete, hence closed in έ%f. This
completes the proof.

By [7], we should remind that if M is a von Neumann algebra of
type Πx and if ω is not an isolated point of Ω then M/mω does not
admit nontrivial representation on a separable Hubert space even if
M does have faithful normal representation on a separable Hubert
space.

Suppose now A is σ-finite and ω is not an isolated point of Ω.
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Suppose that any nonzero projection eeN majorizes a projection feN
such that ε(/) = s(e — / ) . Then we claim that the von Neumann
algebra πω(N) does not admit a faithful separable normal representa-
tion.

Let {en} be a decreasing sequence of projections in A converging
<7-strongly to zero such that en(ω) — 1 for n— 1, 2, •••. Such a se-
quence does exist by the nonisolatedness of o) and the σ-finiteness of
A. Let fn = en — en+ί for n = 1, 2, . By the assumption for JV,
there exists orthogonal projections p1Λ and p?t2 in iV such that fn —
ί>Γ,i + PΓ,2 and ε(pffl) = ε(p*2) = J/ n . Suppose we have found projections
{p^: i = 1, . . , fc,./ = 1,2, - , 2*} such that

(1) for fixed i, {plf. j = 1, •••, 2*} are orthogonal;
(2) V™ — V™ ~h V™ •'

{*) ε(Pi,j) = * Jn

By the assumption for N, we can find orthogonal projections {Pi+UJ :
j =1,2, « ,2ί+1} such that

For each integer i, put

2n

Then we have u\)k = / Λ and for different ix and i2, un>hun>i2 is the
difference of two orthogonal projections p and q such that e(p) =
«(«) = έ/Λ; hence ε(wΛfίlwΛ,i2) = 0 if ^ ^ i2.

To each real number s we associate a sequence {i8,n} of integers
such that

lim hi± = s .

If s =5̂  ί, there is an π0 such that i8>w Φ it>n for every w ^ ^ 0 . Put
oo

us = y\ un i
n = l

Then we have ε(usut)(l — eWo) = e(usut). Therefore we have

7«(wϊ) = 1, ^ω(^ s^ί) = 0 if s Φ t .

Therefore {π(ws)f0} ^s a continuum of orthogonal vectors in [π(N)ξQ].
Therefore, the standard representation of the von Neumann algebra
πω(N) is not separable. Thus πω(N) does not admit a faithful normal
separable representation.

Now, let A and B be two abelian von Neumann algebras with
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no minimal projections. Let C be the tensor product i ® δ o f 4 and
B. Then A and B are regarded as subalgebras of C. If B admits a
faithful normal state ψ, then there exists a faithful normal projection
ε of norm one of C onto A defined by

= O, φ >

for every φeA*. This map has the property:

ε(α® 6) = 9>(δ)α, α e 4 , 6 € β .

If A is ί7-finite, then C/mω is an abelian von Neumann algebra, with
no separable faithful normal representation. It is easily seen that the
map πω is σ-weakly continuous on B; hence πω{B) is a proper von
Neumann subalgebra of C/mω if B has a faithful separable normal
representation. Therefore, the pathology that the component algebras
are much larger than the synthetic algebra does oocur even in the
abelian case.
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