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TWO UNIFORM BOUNDEDNESS THEOREMS

JAMES D. STEIN JR.

A geodesically convex space is a metric space in which
each two points can be connected by a unique segment (a
path of minimal length). An affine transformation between
two geodesically convex spaces is a map which takes segments
into segments. It is shown that, if the domain is complete,
a pointwise-bounded family of continuous affine transforma-
tions is uniformly bounded. Under a mild additional hypo-
thesis, the following stronger theorem holds: if

^ = {Tσ\AeA]

is a pointwise-bounded family of affine transformatons and Ta

is continuous on a closed geodesically convex Sa with

n sa Φ 0 ,
Aea

then 3<*i, - -,an such that J7~ is uniformly bounded on

Let (X, d), (Y, df) be metric spaces, and ^~ = {Ta\ae A] & collec-
tion of maps from X to Y. We say ^~ is pointwise-bounded if, for
fixed x, y e X, sup {d'(Tax, Tay) \ a e A) is finite. If xoe SQ X, we say
^~ i s u n i f o r m l y b o u n d e d o n S if &vp{d'(Tax, Ta, xQ) \xe S, ae A} i s
finite. A uniform boundedness theorem is one in which uniform bou-
ndedness (for some family ^~) is deduced from pointwise-boundedness.

Let Y: [0, 1] —* X be continuous, 0 = £<><•••< in = l a partition
P of [0, 1], define /{Ί, P) = Σ U Φ W , 7(^-0), and define s(i) to be
the supremum over all partitions P of the s(y,P). For x,yeX,
define dg(x, y) = inf {/{Ί) \Ύ: [0, 1] -+X, τ(0) = a;, 7(1) = y}; this is the
geodesic or intrinsic distance between x and y. dg is a generalized
metric, and 7 is said to be a segment from α? to y if

7(0) - a, 7(1) - y ,

and

DEFINITION 1. X is said to be geodesically convex if for any
x, y in X there is a unique segment from x to 2/. We denote by
Φg(x, y, t) the intrinsic parametrization of this segment (if 0 <̂  t ^
s ^ 1, dg(Φg(x, y, ί), Φff(a?, 2/, s)) = (s - ί)dα(a?, y); T is said to be an affine
map between geodesically convex spaces if T(Φg(x, y, t)) — Φg(Tx, Ty, t).

A term often used for a geodesically convex space is a space with
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unique segments. Throughout this paper we assume d = dg.
Our first theorem is a generalization to geodesically convex spaces

of the classical Banach-Steinhaus Theorem.

THEOREM 1. Let (X, d) be a geodesically convex complete metric
space and let (Y, d') be geodesically convex. Let ^~ — {Ta\ae A} be a
pointwise-bounded family of geodesically affine maps from X to Y,
each of which is continuous. Then for each x0 e X,

sup{d'(Tax, Tax0)\aeA, d(x, x0) ̂  1}

is finite.

We shall need the following lemma.

LEMMA 1. For each ae A, zoe X and p > 0,

r(a, zo, p) = sup {d'(Tax, Taz0)\d(x1 z0) ̂  p)

is finite.

Proof. By continuity of Ta at z0, 3δ > 0 such that

d(x, z0) <δ=* d'(Tax, Taz0) < 1

we can clearly assume δ < p. If x e X, d(x, z0) ̂  p, \etz — Φg(z0, x, δ/2p),
then d(z0, z) = δ/2pd(z0, x) < δ, so d'(Taz0, Taz) < 1. But

Γβ(Φ,(3o, x, δβp)) = Φ9(Taz0, Tax, δ/2p) ,

and so d'(T*z0, Taz) = δ/2pd'(Taz0, Tax) < 1, so d'(TazQ, Tax) < 2p/δ.

For purposes of simplicity, we prove the following lemma.

LEMMA 2. Assume the conclusion of the theorem is false. Let
M > 0, xl9 , xn e X and Tl9 , Tn e ^ be given, with d(x0, xk) <
1(1 <: k ^ n). Then lxn+1 e X, Tn+ι e ̂  with d(x0, xn+1) < 1, d(xn, xn+1) <
1/2W+1, d'(Tn+1xn+1, Tn+1x0) > M, and

d\Thxn, Tkxn+ι) < l/2^+1

for 1 <Ξ k ^ n.

Proof. For x e X, let S(x) = sup {d'(Tax, Tax0) \aeA}. Let

a = 1/3 min (2—VflL, xn, 2)~\ ., 2~"^r{n, xn, 2)~\ 2 — \ 1 - d(xn, α?0)) ,

then α > 0. If the theorem is false, then for any K > 0 there is a
^ 1 with <Z(α?0, z) < 1 and a Te^ with iΓ < d'(Tx0, Tz), consequently
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K < df(Tx0, Tz) ^ d'(Tx0, Txn) + d'(Txn, Tz) ^ S(xn) + d'(Txn, Tz).

T h i s m e a n s t h a t w e c a n a l w a y s find a ^ e l a n d T e jβ~ w i t h

d(x0, z) < 1

and d'{Txn, Tz) arbitrarily large. Having defined α, choose yeX,
T(= Tn+1) e ^ with <%, x0) < 1, adr(Txn, Ty) - S(xn) > M, and let
%n+i = <&*(#*, V, OL). Then d(xn, xn+1) = ad(xn, y) ^ 2~n~1. For 1 ^ k <Ξ ^,
we have

1) = d\TkΦg(xny y, 0), ΓΛΦ,(a?w, T/, α))

= d'(Φ9(Tkxn1 Tky, 0), Φ , ( T A

= ad'{Tkxn, Tky) ^ αr(ft, α?w, 2)

We also have

a?Λ) + d(Φg(xn, y, 0), Φ,fe, y, a))

»Λ) + «d(αw, 2/) < d(.τ0, xn) + 2α

(a;0, xn) + 1 - d(^0 ? ^ J

Finally,

ad'(Txn, Ty) = d'(Γa;n, Γa;w+1)

g d'(Γa;w, Tx0)

^ S(xn) + d'(Γa?0, Γfijn+1) =^d'(TxQ, Txn+1)

^ αd(Tx%, Γi/) - S(xn) > M,

completing the proof.

We return to the proof of the theorem. Assume the theorem is
false. Then lxλ e X, T, e j ^ ~ with

d(xQy xλ) < 1, d ' ( T Λ , T,x,) > 2 .

Having chosen xL, •• , x f t e l , TΊ, , ΓΛ G ̂  with

d(x0, xk) < 1(1 £k^n) ,

by Lemma 2 choose a;w+1 e X, Tn+ί e J^ with d(α?0, xn+i) < h d(xni xn+1) <
2-*-1, d'(Tn+1x0, Tn+1xn+1) > n + 2 and ^ ( Γ ^ , Γ A + J < 2— L for 1 ^ fe ^ w.
Since d(xn, xn+1) < 2"9*"1, the sequence {xn\n = 1, 2, •} is Cauchy
(n < m=* d(xn, xm) < Σ Γ i 2~/b~1); by completeness ^ - > x e l , By con-
tinuity of Tn we have limm_TO d'(Tnx, Tnxm,rl) = 0, so
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letting m —> oo we obtain

d'(Tnx0, Tnxn) S d'(TnxQ, Tnx) + Σ d'(Tnxk, Tnxk+1)
k^n

< d'(T%xB, Tnx) + Σ 2-'-1 < d ' (T Λ , Tnx) + 1 ,
k--=n

since k^n=>d'(Tnxk, Tnxk+ι) < 2rk~\ So

n + 1 < d ' ( T Λ , ΓΛα;Λ) ^ ώ r ( Γ Λ 7 Tnx) + 1 - d r ( T Λ , Γna;) > n ,

contradicting the pointwise-boundedness of J^7

We now make an additional hypothesis, which will enable us to
prove a stronger version of this theorem. Let Φ — Φg.

DEFINITION 2. If 0 < a < 1, define

Λf(α) = sup {d(Φ(xy y, a), Φ(x, z, a))/d(y, z)\x, y, ze X, y Φ z) ,

and define M'(a) similarly in Y. Note that, if M(ά) < oo, then

x, y, z eX=>d(Φ(x, y, a), Φ(x, z, a)) ^ M{ά)d{y, z) .

For the remainder of this paper we shall make the following ass-
umption: 3a: e (0,1) such t h a t both M(a) and M'(a) are finite. This
a will be fixed from now on.

D E F I N I T I O N 3. Let {xn \ n = 1, 2, . .} g X, and let x0 e X. Define

z[n) = φ(ajΛ, ajo, α), and for 2^k^n define 2;f} = Φ(xn+1-k, z[

k

nlv, a). Now
define yn = z^ for ^ = 1, 2, .

If X were a Banach space and xQ — 0, then we would have

3/» = Σ (1 - 0L)kxk .

In general, however, we have yn = Φ(xιy Φ(x2, , Φfe , ô̂  <x), , ̂ )>
which will henceforth be abbreviated Φ(.τ1? •••, Φ(a;w, α?0, <̂ ), •••, cή.

LEMMA 3. Given

{xn\n = 1, 2, . . . ) g l ,

aJô -X"* define {yn\n — 1, 2, •} as m Definition 3.
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d(yn, Vn-J ^ M{ay~ι{l - cήd(xn, xQ)

if n ^ 2.

Proof. Clearly, we have

d(yn, Vn~i)

= d(Φ(xί9 , Φ(xn9 xQy a), , ά)9 Φ(x19 , Φ(xn-19 x0, a)9 , a))

, Φ(xn, x0, a), , α), Φ(a?2, , Φ f o ^ , x0, α), , α))

^ ^ ^ , Φ(aΛ, a;0, α), a), Φ(xn-19 x0, a))

^ M(a)n~ιd(Φ(xny x0, a), x0)

y~ιd{xn, x0) .

LEMMA 4. Let S be a convex subset of X, p > 0, αmZ let xQ e S,
— {Tλ\Xe Λ} a collection of affine functions on X. If ^ is not

uniformly bounded on S Π S(x0, p), then given M > 0, ε > 0, we can
find a Te J^ and an xe S Π S(xO1 p) such that d(x0, x) < ε and

d'(Tx, Txo) > M.

Proof. We can assume without loss of generality that ε < p.
Choose Te^yeSf] S(x0, p) such that d'{Ty, Tx0) > Mp/ε. Let x =
Φ(x09 y9 ε/p); xeS b y t h e c o n v e x i t y of S. N o w

d(x9 Xo) = (ε/p)d(y9 xQ) < ε ,

and

d'(2X T^o) - df{TΦ{x,, y9 ε/p), Tα;0)

- d'(Φ(Tx09 Ty, ε/p), Γx0)

- ε/pd'(TxQ, Ty)> M,

completing the proof.

The next lemma will be critical in proving the desired theorem.

LEMMA 5. Let {Sn\n — 1, 2, •••} be a collection of closed convex
subsets of X, and let {Tn\n = 1, 2, •} be a collection of affine func-
tions on X such that Tn \ Sn is continuous for n = 1,2,, . Assume
that xn+1e Γϊk=iSk for n = 19 2, •••, and that d(xn, x0) is sufficiently
small to make {yn\n ~ 1, 2, •} (as defined in Definition 2) a Cauchy
sequence (we do this by requiring Σ"=i M{a)n~ιd{xni x0) to converge).
By completeness of X, let y — lim^oo yn. Then for each integer N,
TNy = lim^oo TNyn.
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Proof. Observe first that, if \imn^un = u (in either X or Y),
then lim^oo Φ(v, un, a) = Φ(v, u, a), as

d(Φ(v, un, a), Φ(v, u, a)) <£ M(a)d(un, u) —> 0 .

If n > N, let zn = Φ(xN+1, , Φ(xn, %o, ot), , α). As in Lemma
1, we can show that d(zn, zn^) ^ (1 — a)M{a)n~N~ιd(xni x0), and since
Σ~=i Mfay^diXn, x0) converges, we can define z = lim^eo 2%. Note that
n > N=>zne SN, as x^+1, * ,xneSN and >Ŝ  is convex. Since S^ is
closed, zeSN, and so TNzn-~>TNz by the continuity of TV|SΛ- If
n > N, we have

λ1 , Φ ( ^ , « w , a), • • • , «

, , Φ{TNxN, TNzni α),

and so

lim TNyn = Φ[ TNxly . . . , lim Φ(TNxN, TNzn, a),

v19 •••, φ(τNxN, lim

;19 , Φ(TNxN, TNz, a), . , a) .

Since yn = Φ(xu , Φ(x^ «w, «), •••»«) and

1/ = lim yn = Φ( x19 , lim <

we see that Γ ^ = Φ(TNx19 , Φ(TNxN, TNz, a), , α) = limn_co ΪV2/Λ.

It is now necessary to perform some calculations. Assume

x0 G X and {yn\n = 1, 2, •} is defined as in Definition 3. Now define

, Φ(xn, xO1 a), •••,«) = Φ(^/k, ^fc+i, Λ )

(for the purpose of these calculations, n will be assumed to be fixed)
for k S n — 1, ^% = Φ(xn, Xo, ot). We now have d(x0, Φ(xn, x0, a)) =
Λ(a?o, «») ^ d(α?0, Vn) + Σΐ=ί (dfe, «fc+1), as clearly z1 = ?/%. Observe fur-
ther that

fc, z
k+1
) = d(Φ(x

k
, z

k+1
, a), z

k+ι
)

Λ
, z

k+1
)

?0) + d(xQ9

for k < n — 1.
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We now prove some computational lemmas.

LEMMA 6. // k<*n - 2,

d(xQ, zk+1) ^ (1 + ά)d(xk+1, x0) + ad(x0, zk+2) .

Proof.

d(x0, zk+1) ^ d(zk+1, xk+ί) + d(xk+1, x0)

= d(Φ(xk+1, zk+2, a), xk+ί) + d(xk+1, x0)

= αrffe+i, zk+2) + d(xk+1J xQ)

^ a[d(xk+1, x0) + d(ίCo, s*+2)] + d(xk+1, x0)

LEMMA 7. If k <, n — 2, then

d(x0, zk+ι) ^(1 + a) Σ α^ίaJo, f̂t+i+i) + (1 - α ) 7 1 - ^ - 1 ^ ^ , a?w) .
0

Proof, lί j <^ n — k — 2, we shall verify the inequality

d(x0, zk+1) ^ (1 + a) Σ ^ώ(x0,

If j* = 0, this inequality is the conclusion of Lemma 4. Inductively,
assume it is true for j . By Lemma 6, we have

aj+1d(x0, zk+j+2) ^ aj+1[(l + a)d(xQ, xk+j+2) + ad(x0,

adding this term to the j t h inequality yields the inequality for j + 1.
When j — n — k — 2, we therefore have

d(x0, zk+ί) ^ Σ (1 + tf^'dOo, &̂+i+i) + α*""*"^^, zn)
i=o

= (1 + a) Σ

A consequence of Lemma 7 and a previous observation is that

d(zk, zk+i) ^ (1 - a)[d(ajfc, x0) + d(xQ, zk+ί)]

^ (1 - a)[d(xk, Xo) + (1 + a) Σ
ί=0

+ (1 - α ) ^ - * - 1 ^ , a?»)]

Now let 1 ^ fc ^ n — 1. We make the following definition for

^ f c ) = 1 - α it j = k

= (1 - tf2)^'-*-1 it k <j < n

= (1 - a) 2**-*- 1 if j = n .
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Then d(zk, zk+ι) ^ Σ]=k μΐ]d(xjf x0), and so

(1 - a)d(xQ, xn) = d(x0, Φ(xn, x0, OL))
91 — 1

^ d(x0, yn) + Σ d(zk, zk+1)

k=i \j=k

( Σ ")(= d(x0, yn) + Σ ( Σ μl")d(xk, %o) + Σ /#'<*(»„ So)
fc=l \J—3 / j—l

li l^k^n-1, let /Si = ΣJ=iμίS), and let

i8. = Σ i " " ' - (1 - α) .

Obviously /9&>0 if 1 :g & rg % — 1, and also

Σ μ? = (l - ^)2 Σ α""'""1

= (1 - «)2 Σ «3'

= (1 - «)2[(1 - α-^/α - a))

= (1 - α)( l - α*1-1) < 1 - a ,

and so /3n < 0. Since this calculation has been performed for the

integer n, we shall relabel the constants just obtained β[n\ •••, βιχ}.

The last inequality proved shows t h a t

0 g d(xa, v%) + Σ βln)d(xΰ, xk) ,
k=i

which implies t h a t d(xQ, yn) ^ (-βίn))d(xQ1 xn) - Σ ϊ = ί βln)d(xQ, xk). A

reexamination of the work done subsequent to Lemma 3 shows that,
if T: X-* Y is affine, then

d'(Tx0, Tyn) ^ {-β^)d'{Tx«, Txn) -

We have therefore proved the following:

LEMMA 8. Let j^~ — {T2\XeΛ} be a pointwise-bounded family of
affine functions from X into Y, and let {xn\n — 1, 2, •} be given in
X, {yn\n = 1, 2, •} as in Definition 2. If

S(x) = sup d'{Tx, Tx0) I Te

'(T^0, Γyn) ^ (-^w)K(Γa?o, Txn) - Σ J

Proof. Immediate from previous work and the fact that
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d'(Tx0, Txk) ^ S(xk)

for all T e j^7

We come now to the desired theorem.

THEOREM 2. Let (X,d),(Y,d') be spaces with unique segments,
let X be complete, and assume there is an ae(0, 1) such that M(a),
M'{a) are finite. Let ^ — {Tλ\Xe Λ) be a pointwise-bounded family of
affine maps from X into Y, and let Sλ be a closed convex subset of x
such that ΓixeήSx^ φ and Tλ\Sλ is continuous for each XeΛ. Then
3λ1? •••yXnQΛ such that J^ is uniformly bounded on ΠJ?=I &v

Proof. Let ^ e f l ^ S , p > 0, and assume that ^ is not uni-
formly bounded on the intersection of S(x0, p) and any finite intersec-
tion of the {Sλ\XeΛ}. We assert that we can prove the following:
given xly , xn e X, T19 , Tne ^ with Tk \ Sk continuous, 1 <L k ^L n
and xk e Πϊ=i S3 for 2 ^ k ^ n, and given M > 0, let y19 , yn be
derived from x19 *—,xn as in Definition 3. Then we can find xn+1e
Γ)k=ιSk and Tn+ιe^ such that, if we let yn+1 be derived from
x±, •••, xn+1 as in Definition 3,

d(x0, Vn+d < V, d(yw yn+ι) < l/2n+\ d'(Tn+1yn+1, Tn+1x0) > M,

and d'(Tkyn, Tkyn+ι) < l/2*+1 for 1 ^ k ^ n.
Since x0 e ΠSE=i Skf choose 3k (1 <, k ^ n) such that x e Sk,

d(x, x0) <dk=* d'(Tkx, Tkx0) < l/2%+1(l - a)M'(a)n

then if we define y = Φ(xly , Φ(xn, φ{x, a?0, α), ^) , , a), by Lemma 3
we have x e Sft, d(x, a;0) < δ7c => d'{Tkyn, Tky) < 1/2W+1. Now let

7 - 2-1 min (p, δίf , δ,, (p - d(x0, yn))/(l - a)M{a)% 1/(1 - a)M(a)*2»+ί) .

Finally, by Lemma 4 choose xn+i^Γ\k=iSk and Γ(=Γ Λ + 1 ) e ^ ' with
d(a?0, » +i) < 7 and ( - / ^ K ^ o , Γa?n+1) > M + Σ L ^ i ^ S f e ) . Define
2/Λ+1 — Φ(xly , Φ(a?»+i, ̂ o, oί), , α:) We have already observed that
1 ^ k ^ π => d'(Γfc2/n, Γ4yn+1) < 1/2W+1. Now by Lemma 3

d(yn, yn+ί) ^ (1 - a)M(a)*d(x0, xn+1) < l/2% + 1 ,

and also

d(x0, Vn+d ^ d(x0, yn) +

£ d(x0, yn) +

< d(a?o, Vn) + (P - d(x0, yn))

= p .

By Lemma 8 we see that
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d'(Tyn+1, Tx0) ^ (-/3W»)d'(Tx0, Txn+1) - ± /3r+1)Sfe) >M.
fc = l

Construct {yn\n = 1, 2, •} by this procedure to insure that

O0, ynΛι) < p, d(yn, yn+1) < 1/2W+1

and choose {Tn\n = 1,2, •}s_^ with d'(Tn+1yn+1, Tn+1xQ) >n + 2 and
W*2/n> Γti/Λ+1) < l/2*+1 for 1 ^ ft ^ n. Now {τ/J rc, - 1, 2, ...} is Cauchy,
so let y = limbec yn. By Lemma 5, for each integer n we have

Tny - lim Tnyk ,
n—>oo

and so far any n we have linage, d'(TΛy, Tnym+1) — 0. So

d'(Tnx0, Tnyn) ^ d'(Tnx0, Tny) + d'(Tny, Tnyn) £

^ ά'(Tnx0, Tny) + Σ,d'(Tnyk, Tnyk+1) + d'(Tny, Tnym+ι)

as m —> oo we obtain

^ ( T Λ , T ^ ) g d'ίΓ^o, Tny) + Σ d'(ΓΛ2/t, ΓA+1)
k=-n

< d'{Tnxΰ, Tny) + Σ 2-"-1

< d'(Tnx0, Tny) + 1 ,

since k ^ n => d'(Tnyk, Tnyk+1) < l/2*+1. So

n + l< d'(TnxQ, Tnyn) ^ d'(Tnx0, Tny) + l=>d'(Tnx0, Tny) > ^ ,

contradicting the pointwise-boundedness of ^ and completing the
proof.

In conclusion, although spaces such that M(ά) is infinite for every
a e (0, 1) are highly pathological, it would be nice to know whether
or not the restriction that some M(ά) and Mf{a) be finite can be
removed.
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