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HOMOLOGICAL ALGEBRA OF STABLE
HOMOTOPY RING =, OF SPHERES

T. Y. LIN

The stable homotopy groups are studied as a graded ring
7« via homological algebra, The main object is to show that
the projective (and weak) dimension of a finite type 7.-module
is o unless the module is free, As a corollary, a partial
answer to Whithead’s corollary to Freyd’s generating hy-
pothesis is obtained.

1. Introduction and statement of main results. It is well-
known that the stable homotopy groups of spheres form a commutative
graded ring 7w, [20]. This paper is our first effort towards the
investigation of the homological properties of the stable homotopy
ring 7,. In this paper we have completed the computations of all
the homological numerical invariants of finitely generated type. The
nonfinitely generated type will be taken up in forth-coming papers.

The paper is organized as follows: The introduction is §1. In
§ 2 we give a brief exposition about the theory of graded rings, which
are needed in later sections. §3 is primarily a preparation for §4.
Here the finitistic global dimensions of the “p-primary component” 4,
of m, (precisely, 4, is a ring obtained by localizing 7, at a maximal
ideal) are computed, and a geometric realization of 4, is constructed.
§ 4 is the mainbody of this paper, here we prove Theorem 2 and
derive from it Theorems 1, 3, and 4. We would like to suggest
that the reader, after §1, go directly to §4 and refer to the rest
of the sections when necessary.

The author would like to thank Professor W. Massey for his
encouragement and fruitful discussions.

The main results are:

THEOREM 1. Let A be a locally finitely generated (i.e., there
are only finitely many generators at each degree) w.-module having
finite projective, as well as weak, dimension. Then A s a free
w.~-module and hence is realizable as a stable homotopy module 7, (Y)
by a wedge Y of spheres.

In [7] Freyd propose a conjecture, known as the generating
hypothesis, which asserts that a map between finite CW-complexes,
which induces the zero map on stable homotopy groups, is stably
null-homotopic. A consequence of this conecture, due to G. Whithead,
asserts that the finitely generated stable homotopy module 7,.(X) of
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a finite specturum is a stable homotopy module of a wedge of spheres.
Theorem 1 implies that a finitely generated stable homotopy module of
finite projective dimension is a stable homotopy module of a wedge
of spheres. Thus Theopem 1 proves “Whithead’s corollary to Freyd’s
generating hypothesis” with one additional condition.

THEOREM 2. Let Y be a connected spectrum having o finite
skeleton in each dimension. Then the projective, as well as weak,
dimension of . (Y) as a mw.-module is infinite unless Y s a wedge
of spheres.

In the notation of § 2, 3 below, we have.

TuEOREM 3. (i) f.P.D(w,) = f«.P.D(x,) =0 < F.P.D(w,) # 0
(ii) f.W.D(z,) = f~.W.D(x,) =0 < F.W.D(x,).

It is well known that the projective dimension of a module over
the Steenrod Algebra (mod p) is either 0 or c. Theorem 3 implies
that an analogous situation also occurs in the stable homotopy ring,
when a finiteness condition is imposed. For f~.P.D(z*)=0 means that
the projective dimension of a locally finitely generated 7,-module is
either 0 or co. Note that the finiteness condition cannot be removed.
For F.P.D(r,) > 0 implies that there are some =.-modules having
projective dimension = 1. In fact, in [14] we show that the only pro-
jective dimension of mw.-module is either 0, 1, or <o, equivalently
F.P.D(z,) = 1.

THEOREM 6. The projective, as well as weak, dimension of an tdeal
imn T, 1s infinite.

This theorem shows that 7, is a very nonhereditary ring.

Since we are working with the stable theory, a good category will
be helpful. Therefore we will freely use Boardman’s stable category
of (pointed) CW-spectra. [6].

CONVENTION:

(i) All the spectra X are assumed to be connected, i.e., there
is some integer n, such that z,(X) = 0 for n < n,.

(ii) All the modules are assumed to be bounded from below, i.e.
there is some integer #, such that A, = 0 for all n < n,; see § 2.3.

(ili) We will not distinguish between a map or its homotopy
class and a spectrum or its homotopy type.

2. Graded rings. The purpose of this section is to give a brief
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exposition about the theory of graded rings, which are needed in
later sections. First, we define a graded ring and set up the category
of its modules; also we recall here a few terms and facts about homo-
logical algebra. Secondly, we briefly discuss a graded version of the
theory of Noetherian rings: Since the finitely generated condition is
too strong for homotopy [10], we relax the finiteness condition and
arrive at a generalization-called a locally Noetherian ring [16]. Then
we prove some folk theorems about such rings. These theorems are
standard in the ordinary Noetherian theory of rings, yet the graded
versions seem never to have appeared in print. Thirdly, we review
some facts about the localization. Finally we introduce an operation
on graded modules—the lifting of a module. This operation gives
us a clearer view of graded free modules, and implies clearly the
realizability of free 7.-modules and mappings between them.

I. First let us recall some definitions.

DEFINITIONS 2.1. A graded ring R is a sequence of abelian groups
R, for all NONNEGATIVE integers n = 0 together with homo-
morphisms R, X, R, — R,., (which we call multiplication) satisfying
associativity and distributivity. We always assume the existence of
a multiplicative identity element 1 in R,.

A graded left R-module A is a sequence of abelian groups A, for
ALL integers n, together with homomorphisms R, &. A,, — A, .. (Which
we call scalar multiplication) satisfying the usual module identities.

A graded ring is said to be commutative (in the graded sense)
if a-g=(—1)"™B-a for «c R, and Be R,. The integer n will be
called the degree of « and denoted by deg «.

From now on, all rings will be assumed to be commutative (in
the graded sense); all modules, ideals and properties will be assumed
to be two sided unless they are specifically called otherwise. All
modules, rings and ideals are graded.

An R-module map f: A— B of degree d is a sequence of maps
f:A,— B,., such that for ac R, and zec A4, flar) = (—1)™af(x).

Topological Examples. 2.2. Let @, = 7,(S° be the nth stable
homotopy group of the 0-sphere spectrum. Then the collection 7, =
{z,, n = 0}, with composition of maps as multiplication, is a graded
commutative ring [20].
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Let X be a spectrum, then the collection of stable homotopy
groups 7. (X) = {7 (X), — <n < o} is a graded 7,-module with
composition of maps as scalar multiplication. Similarly a stable coho-
motopy group 7*(X)={n"(X), — o0 < n < =} is a graded left 7,-module.
Moreover, since w, is commutative, a right 7z .-module can be changed
into a left m,-module by standard sign convention. Thus throughout
the whole paper we will omit the term left or right, and leave the
reader to interpret it properly.

Next we will recall some notions from homological algebra.

DEFINITIONS. 2.3. Let _Z(R) be the category of R-modules
bounded from below; that is, (i) the objects are the R-modules
A ={A,; — » < n< o} such that there is an integer n, with 4,=0
for all n < #n,, and (ii) the morphisms are R-module maps of degree
0. Let P.d,A and W.d,A be the projective and weak dimensions,
respectively, of the R-medule A in the category _~ (R) (Note that the
notions of projective and weak dimension are categorical in nature,
so it is important to require that everything is INSIDE THE
CATEGORY _.Z(R)). Following [3, pp. 478] or [9, pp. 48] we write

G.D(R) = Sup{P.dzA|Ae 7 (R)}
F.P.D(R) = Sup{P.dyA| Ac 7 (R), P.dzA < =}
f2.P.D(R) = Sup{P.dzA| Ac _# (R), P.dzA < o

and A is locally finitely generated}
Sf.P.D(R) = Sup{P.d,A|Aec _»(R), Pd,A <

and A is finitely generated}, where “Sup” stands for the supremum,
and “locally finitely generated” means that there is a set of generators
which consists of only FINITELY MANY generators EACH DEGREE.
(see 2.6 below). Similarly we can define F.W.D(R), f«W.D(R) and
f-W.D(R) by replacing P.d,A with W.d,A. (The notations G.D, F.P.D,
f.P.D are standard, while f~P.D is introduced here; the “fr” stands
for “finite dimension and locally finitely generated”).

Let us recall

PrRoPOSITION 2.4. Let 0—A'—A—A"—0 be a short exact sequence of
R-modules. Then if A is projective and A" is not, P.d,A’=P.d ;A" —1.

COROLLARY 2.5. F.P.D(R)# 0 (or f-.P.D(R) = 0) implies that
there is a module A with P.dzA = 1.

Proof. By definition F.P.D(R) = 0 (or f~.P.D(R) + 0) implies that
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there is a module, say B, such that P.d,B = n < . Let
0—B— Ry« P, e—+++«—P,—0

be a projective resolution. Then we can break the resolution into
short exact sequences

Oé_B‘_——PO‘_—KO(—_'O
0—K,«—Py —K;;, —0,0=1=n—2

O«_Kn—ze—inl‘——pn(——O .

By Proposition 2.4 we get P.d.K,= 1. Taking A = K, finishes the
proof.

II. We also need a graded version of Noetherian rings.

DEFINITIONS. 2.6. An R-module A is said to be locally finitely
generated if there is a set X of generators such that (i) XN A4, is
a finite set and (ii) there exists an integer =, such that X N A4, =
empty set for m < n,. (Note that if Ae_»(R),i.e., A is bounded from
below, then condition (ii) is automatically satisfied)

An R-module A is said to be locally Noetherian if every sub-
module is locally finitely generated. A ring is locally Noetherian if
it is locally Noetherian as a module.

There is a simple criterion for locally Noetherianness

ProrosiTioN 2.7. R is locally Noetherian if and only if R, 18
an ungraded Noetherian ring and each R, is a finitely generated
Ry-module.

Proof. To prove necessity, let I, be an ideal of R,. Then I =
I, U (U,2 R,) is an ideal of R and hence, by assumption, is locally
finitely generated; therefore I, and each R,, » = 1 are finitely gener-~
ated. Thus we establish the necessity. Sufficiency holds because if
I is an ideal of R, then, by locally Noetherianness, each I, is a
finitely generated R,-module.

Topological example 2.8. The stable homotopy ring 7, is a locally
Noetherian ring (by Serre’s theorem and 2.7). The stable homotopy
module is locally Noetherian if X is a connected spectrum having a
finite skeleton in each dimension. (see 2.9 (i) below).

Most of the (ordinary) Noetherian theorems can easily be rephrased
to get valid graded versions. The following proposition is a graded
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version of a standard Noetherian theorem.

ProposiTioN 2.9. (i) A locally finitely generated module over a
locally Noetherian ring is locally Noetherian. (ii) A locally finitely
generated flat module of a locally Noetherian ring is projective.

The author learned this proposition from P. May in a course on
homological algebra [16]. Since the proposition seems not to appear
in print, we reproduce the proof here.

Proof. (i) The proof is almost the same as in the ungraded
case. First let us note that a quotient of a locally Noetherian module
is locally Noetherian; also let us observe that a locally finitely gen-
erated free module of a locally Noetherian ring is locally Noetherian.
Then, since every locally finitely generated R-module 4 is a quotient
of a locally finitely generated free R-module, so the module 4 is
locally Noetherian.

(ii) Let A be a locally finitely generated R-module, then there
is a locally finitely generated free R-module F such that

0—-K—-F—-A—-0

is exact. Since R is locally Noetherian, so by (i) F is locally
Noetherian; hence K is locally finitely generated. Thus, in order to
prove that A is projective, it is sufficient to prove the following
Lemma.

U
LEMMA 2.10. Let 0K F—A—0 be a short exact sequence
of R-modules, where A is flat, F is free and K is locally finitely
generated. Then the sequence splits, hence A is projective.

Proof. Without loss of generality, we can assume, since A, F
and K are bounded from below, that A, F and K have no nega-
tive degrees (i.e. F;=K,=A,=0 for ¢<0). We will prove
this lemma by constructing ¢: F—K 3¢y =1: Let F(q) be
the submodule generated by F;, 7 =<¢ and define K(g) similary.
Observe that (K(q)) = F(q). We will define ¢(q): F(¢q) — K(q) induc-
tively to satisfy é(¢)yv =1 on K(g). We start with ¢(—1) = 0; we
suppose that » = 0 and ¢(r—1) has been defined. In order to con-
struct ¢(n), first we remark that if ze K,, then there exists a map
A F(n) — K(n) such that (i) My =1 on K(n—1) + Rx and (ii) A =
é(n—1) on F(n—1). To prove this remark, let {y,} be a basis for F
and suppose that (x) = >, 7;,%;,, Where 7;, ¢ R and y;,€{y,;}. Let
I be the left ideal generated by {7,,}. Then, since A is flat, we
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have IF' N K = IK (see the Sublemma 2.11 below). So & = >, 7,k
for some k;,e¢ K. If v, ke K(n—1), then 7;, -k; = o(n— 1)y (7;,k;,).
Define \ by

A =¢(n—1) on F(n—1);

My;,) = ki, if y;,eF,, 7;,€ Ry and 7;, # 0; and \y,) =0, if y;e F,
and dose not appear in {y;,}. Then My (x) = x, and this proves our
remark.

Proceeding inductively, suppose that \,;: Fi(n) — K(n) can be
constructed so as to satisfy

N, . = ¢(n—1) on F(n—1); and for any x, -+, 2,.,¢ K,,
Ayoor=1on K(n—1) + Rx, + -+-- + Rx,.

Suppose given x,, %, «--, 2,€ K,. Construct » as above for K(n—1) +
Rz, and construet ., as assumed possible, for K(n—1) + Rw, + -+ +
Rw,,, where w; = x, — Mjr(x;). Now define M,= A, + N — M\,
Then

Ay=6(n—1) on F(n —1);
and
Aop(@) =2, 0=1=4

Since K is locally finitely generated, it follows that we can construct
é(n). Since F = U, F(n), we can find ¢: F— K such that ¢ = 1.
This completes the Lemma.

The only thing left is to show

SUBLEMMA 2.11. The following are equivalent

(i) A is a flat R-module

(ii) For every ideal I of R, and for every short exact sequence
0—-K—>F—>A—0 with F free, we have IF N K = IK.

Proof. Consider the following commutative diagram

0—Torf (4, R/I) — KRy RII— F Ry R/[I — AR, R/I— 0

L
PR B S

IK IK F TA

Note that the top horizontal line is exact since it is a part of a
long exact sequence of the functor Tor; and the bottom line is easily
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seen to be exact. The right three vertical arrows are the natural
isomorphisms induced by scalar multiplication. Hence

KNIF - popr (4, RIT) .
1K
Thus
KOIF o qopr 4, RIT) = 0
1K

if and only if A is flat. Or equivalently, KN IF = IK if and only
if A is flat.

The next propositions are also standard in Noetherian theory
(though the ring need not be locally Noetherian, the locally finiteness
conditions are essential).

ProrosiTiON 2.12. (graded Nakayama Lemma)

The following conditions on an ideal I in R are equivalent

(i) IcdJ = the Jacobson radical of R.

(ii) Let A be a locally finitely generated R-module and H be a
submodule of A. Then H + IA = A implies that H = A.

(iii) Let A be a locally finitely generated R-module. Then IA =
A implies that A = 0.

Proof. Before we start to prove the equivalence, let us first
observe that every proper submodule H of a locally finitely generated
R-module 4 is always contained in a proper maximal submodule:
Suppose H # A ={4,; — co <7 < c}. Then we will construct a
proper maximal submodule G> HCG& A. Let m —1 be the highest
degree such that H,_ , = A,_,. Since A is locally finitely generated,
A, is finitely generated over R, (= the 0th component of R). Then,
by Zorn’s Lemma, we can find a maximal proper R,-submodule K
(of A,) containing H,. Let G be an R-submodule defined by

o (A,, if n+m

"E, ifa=mn.
It is not difficult to see that G is, indeed, an R-submodule (Let
H™Y be the subset consisting of all H*, n < m — 1. Then, by
construction, H™ ™" = G™ ™ = A™ Y, Since R-H™Yc H, we have
R.G™ " Hc G. Therefore R-GC G. Thus G is, indeed, & sub-
module). The maximality of G (as R-submodule) follows immediately

from the maximality of E as R,submodule of A4,,.

Now with this observation, we are ready for proving the



HOMOLOGICAL ALGEBRA OF STABLE HOMOTOPY RING =3 OF SPHERES 125

equivalences.

(i)=(ii). First we note that J-A C J(A) = the intersection of
all maximal submodules (Since J(A) is the set of elements of A
belonging to the kernels of all homomorphisms of A into simple
R-modules, and J annihilates all simple R-modules). Next let us
assume, to the contrary, that H == A. Since A is locally finitely
generated, by the previous remarks, there is a proper maximal
R-submodule G containing H. Since [-AcCJ-ACJ(4), we have
I.AcCG. Therefore IA + HC G # A; contradiction. This establishes
the implication (i) = (ii)

(ii) = (iii). Take H = 0 in (ii); we get the conclusion.

(iii) = (i). If B is a maximal ideal, then, by (iii),
I.(R/B) = 0. In other words, BDI-R = 1. Since B is arbitrary,

I J = the Jacobson radical of R = the intersection of all the maximal
ideals.

ProposITION 2.13. Let C(R) S _#Z (R) be the full subcategory of
locally finitely gemerated projective R-modules. Let I be an ideal of
R contained in the Jacobson radical of R. Set R = R/I and write
A= AQRQr R = A/IA for Ae _#(R). Then

"' C(R) — C(R))

18 a full additive functor satisfying the following property: If f: P—Q
is a morphism in C(R) such that f': P"— Q' 1is an isomorphism in
C(R)), then f 1s anm isomorphism. (This proposition is the graded

version of [5, proposition 2.12, p. 90] and the proof is essentitally the
same.)

Proof. Given f’: P’—@Q there is an f: P—Q making the diagram
f

P—I ¢
b

commute. This is because P is projective and @ — @’ is onto. Thus
the functor ’ is full. If f’ is onto, then it follows from the
Nakayama Lemma 2.12 (i) (since @ is locally finitely generated)
that f is onto. The projectivity of @ now implies that f is a spilit
epimorphism. It follows that H = Ker f, being a direct summand
of P, is locally finitely generated. Now since Ker f' = 0, H' = 0; or
equivalently H/I-H=0. By the Nakayama Lemma 2.12 (iii), we get
H = 0. This proves the proposition.

COROLLARY 2.14. (i) A locally finitely generated projective (or
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flat) 7. -module A is free.

(ii) A locally finitely generated projective (or flat) module A
over a local ring (= locally Noetherian ring with unique maximal
ideal) is free.

Proof. (i) Observe that the Jacobson radical of =, is =. =
{m,, > 0}. Take I=m. as above. Then =z, =7, /r. =z, is iso-
morphic to the ring Z of integers, so A’ec C(Z) is free. By Propo-
sition 2.13, A is free.

(ii) Take I = the Jacobson radical (= the unique maximal ideal)
above. Then R’ is field, so A’ is free. By Proposition 2.13, A is free.

THEOREM 2.15. (i) If Ae _~Z(R) and P.d;A =mn < =, then
there is a free resolution of length m, i.e., the sequence

0 A F, F cee F, 0

is exact and each F'; is free.

(ii) Let R be the stable homotopy ring w, or an arbitrary local
ring; and let A be a locally finitely generated module. Then P.d A=
n < co implies that there is a locally finitely generated free resolution
of length m, 1.e., the sequence

0 A F, F, e F, 0

is exact and each F; is a locally finitely generated free R-module.

Proof. (i) By assumption P.dzA = n < oo, there is an exact
sequence

dn-—l dn

0 A F, F, <o F, K, 0

such that F; are free and K, is projective. By the Eilenberg Lemma
[4, pp. 24], there is a very large free module, say F, such that
K,® F is a free module. Then the following sequence

d'n—1
..

0c—Ac—F, F OF) & (K, ®F)—0

is a free resolution for A, where d, =d, P 1, (1 is the identity
map on F), d,_, =d,_,P0 (0 is the zero map F — F,_,); and d} = d,,
0=<17=<n%n — 2. This proves (i).

(ii) By Corollary 2.14, any projective resolution is a free reso-
lution. The proof that the resolution is locally finitely generated is
similar to the ordinary Noetherian case.

III. The localization can also be carried over to the graded
commutative ring R. (Note that since the ring R is not strictly
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commutative, some special care has to be taken [18]). For simplicity
we will assume that the elements of the multiplicative system S (con-
taining 1 but not containing 0) are of degree 0, i.e. SC R, Let
R & S be the Cartesian product, then we will write

(@,8) ~(a',s') if FteSat-(as’ —a's)=0

where (a, s) and (a/, s’) are elements of R x S. It is easy to verify
that this is, in faet, an equivalence relation. Let the equivalence
class to which (a, s) belongs be denoted by a/s and be assigned a
degree, deg a/s = deg a. We will denote by R the totality of the
equivalence classes. As in the ordinary case, we can make Ry into
a ring by introducing the sum and product with the usual formulas.
Moreover there is a natural map

R”_‘)RS

which sends @ to a/1 (Note that this map, in general, is not a
monomorphism). We will call this map a natural embedding (abuse
of language). With this natural embedding we can turn R into an
R-module.

We also can consider the localization of a module. Let A be an
R-module, then the localized module is defined to be As = A QK.

PROPOSITION 2.16. If A is a flat R-module, then As 1is flat
R-module, in particular Ry is a flat R-module.

The proof of this proposition can be found in [17, pp. 170,
Lemma 2].

IV. Finally we recall

DEFINITION 2.17. Let A={4,,— < n < «w}ec #Z(R). Let LA=
{(LA),, — < n < o} to be the R-module such that (i) (LA),=A4,_,
as Abelian group and (i) 7v-La=(—1)"¢*"L7a, where 7€ R and ac A.
Inductively we define L, A = L(L,,A).

It is easy to see that L, R is a free R-module with one single
generator L,1 (1 is the identity in R) at degree ~. Note also that
a free R-module F' is a direct sum of the form L/ R i.e., FF= >,
(L, R).

In the case m, is the ring, then L, x, is just the stable homotopy
module 7,(S%) of the ~-sphere. Thus we have a theorem analogous
to [2, §3, Theorem 8], namely,

THEOREM 2.18. Let Fe _Z(m,) be a locally finitely generated
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free mw .~module. Then there exists a wedge N of spheres, which has
only finitely many spheres at each dimension, such that

(i) 7w (N)= F as w,.-module; and

(i) m(N, X) = hom,, (F, 7.(X)) for any specturum X, where
(N, X) is the homotopy classes of maps from N to X, and hom..
(F, 7.(X)) is the homomorphism of degree 0 from F to . (X).

3. The p-primary component of 7,. Identify 7z, with ring Z
of integers. Let M, be the maximal ideal of w, generated by the
prime p and w,, where 7, are the elements of degree > 1. The
complement of M, is obviously a multiplicative system of degree 0;
hence, by §1. III, upon localizing at this multiplicative system we
get a local ring 4, which, as 7,.-module, is flat. The main objects
of this section are (i) to compute the finitistic global dimension of
A,; and (ii) to realize 4, as a stable homotopy module of some
spectrum L,.

I. The finitistic grobal dimension of 4,.

Before we state the main theorem, recall the theorem of Kervaire-
Milnor [11].

THEOREM 3.1. For each prime p and positive integer j, there
exists ae A, such that p'+a =0 and p"-a +# 0.

Let the notation be as in Definition 2.3. Then our main theorem
in this section is the following

THEOREM 3.2. (i) f.P.D(4,) = f<.P.D(4, =0 < F.P.D(4,) + 0
(il) f.W.D,) = f~.W.D(4,) = 0 < F.W.D(4,).
This theorem shows that the conjecture stated in [9, pp. 62, (2)]
should exclude the case f.P.D = 0.
The proof of this theorem follows that of Lemma 3.3 and 3.4 below.

LEMMA 3.3. f.P.D(4,) = f~.P.D(4,) = 0.

Proof. By definition, it suffices to prove f~P.D(4,)=0. In order
to prove this, let us assume, to the contrary, that fAP.D(4,) > 0.
Then from Corollary 2.5 there is a locally finitely generated 4,-module
A of projective dimension one. Moreover since 4, is a (locally
Noetherian) local ring, by Theorem 2.15. (ii), we have a free reso-
lution

0 A F K 0
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with K and F being locally finitely generated. Also we can choose
K and F so that K< M-F, where M is the Jacobson radical (= the
unique maximal ideal) of 4,. For, let {a;} be a minimal generating
system of A, let F' be a free module with generators {x;} (where
deg z; = deg «,), and let ¢ be a map sending z; to a;. Now > a;
is in K if and only if 3 a;a, = 0. Suppose «, is not in M. Then «,
is a unit. Thus a,= —a;* s, a;e;), which contradicts the minimality
of {a;}. Hence «, and similarly «; must be in M. Therefore K is
containd in M.F which is a direct sum @, {M;|M; = M}. Since K
is free, then K< M.F implies that L 4, c @, {M,;|M; = M}, where
L,A, is the ring 4, with degree lifted by - (see Definition 2.17).
Then we have

L = (my My «++, m,), meM.

This implies that the annihilator of m;(i=1,2, ..., %) is also an
annihilator of L 1, and therefore is zero. We will now show that
the annihilator of {m,} is not zero.

Let my, -+, m;, be those m; with degree = 1. Let p’ be the
maximum additive order of m, «.-, m;. From Theorem 3.1, there
is ge 4, such that p?-8+# 0 and p*'-8 = 0. Write p’-g8=74,. Then
obviously g,-m;, = g-p’em; =0, fork =1, ..., s, and p-53, = 0. Note
that the elements of degree 0 in the Jacobson radical M of 4, are
of the form t¢p/q, where p and g are relatively prime. Thus gB,-m; =
Botolq = tlqg-p-B, =0 for j+# 4, +--, 7. This shows that g, =+ 0 is
a nonzero annihilator of m,;, ¢ =1, .-+, n. Hence the annihilator of
L1 is nonzero; contradiction. This concludes the proof of the lemma.

To prove the strict inequality of the theorem, we prove

LEMMA 3.4. Let R=1{R,, n = 0} be a nonnegatively graded com-
mutative ring. Then F.P.D(R) =0 implies that R, the Oth com-
ponent of R, 1s an ungraded perfect ring.

Proof. From the proof of [3, Lemma 1.3], we see that F.P.D(R)=
0 implies that every decreasing sequence of principal ideals aR <
ao,Rs - S a0 a,R< -+ is finite, (deg «; = 0). But observe that
since we have chosen deg «; = 0, every principal ideal «, -+ a, R of R
gives rise to a principal «, --- a, R, of R,, and vice versa. Thus the
finiteness of the decreasing sequence {a, --- a,R} implies that of {«, - --
a,R}. Then, by [3, Theorem P], R, is an ungraded perfect ring.

Proof of Theorem 3.2. The 0th component of 4, is just the local
ring Z(p) obtained by localizing the ring Z of the integers at the
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prime ideal pZ, and Z(p) is obviously not a perfect ring. Thus we
conclude from Lemma 3.4 that F.P.D(4,) + 0. Since 4, is locally
Noetherian, by Proposition 2.9. (ii),

feW.D(4,) = f.W.D(4,) = f4P.D(4,) =0,
while from its definition F.W.D(4,) = 0. Thus we prove the theorem.

II. Geometric realization.
The purpose of this section is to prove the following theorem.

THEOREM 3.5. There exists a spectrum L, such that m,(L,) = 4,
as a T.~module.

The proof of this theorem is broken into lemmas.

Let q,, Q5 *++, q;, -+ be all the prime integers except p. Let Q;
be the multiplicative system Q;={1, ¢, ¢}, --+, q%, +-+}, and (@,, -+, @,)
be a multiplicative system generated by @;, 1 =1,2, -+, n. Since
we have identified the ring Z of integers with 7, each @, and hence
(@, +--, Q,) are multiplicative systems (of degree 0) in 7,. Hence,
by §1. III, we have a sequence of local rings i.e.,

7.(Q) is m, localized at @,
T.(Q, Q) is w, localized at (Q, Q)

Te(Qy @ +++, Q,) is 7, localized at (@, @y, +++, @,) -

Note that the ring Z = m, is still naturally embedded in each
T.(Q) Qs +-+, Q). Thus it is legitimate to regard, say @,;, as a
multiplicative system (of degree 0) in 7. (@, @, -+, @,). Hence we
have the following lemma:

LEMMA 3.6. 7,(Q, @ <+, Q.1) s the local ring obtained by
localizing T, (Q, +++, Q) at Qu+,y and hence

(1) 77:*(Qu ct Qn+1) = E_)m n'*(Qn °t Qn)

where the direct limit “lim” is taken over the direct system:

Int1 Qn+1
Te(Qu + ooy Q) — (@, +v 0y Q) — voee

wn which q.., 18 multiplication by the prime q,.,.

Note also that there are natural “embedding” arising from
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localizations (see § 1. III)
fn: ﬂ*(QU sz crey Qn) — x*(Qu QZ) tt Qn-H)y n Z 0

where, n = 0, 7,(Q,, Q, -+, Q,) is interpreted as w,. (The f, are not
necessarily monomorphisms; see §1. III).

From the construction of localization it is not difficult to see
that we have the following lemma.

LEMMA 3.7. The sequence {w, (Q, <+, Q,), fuln =0,1,2 -} is
a direct system of w.-modules, with direct limit

(2) AP:limﬂ*(Qla "'7Qn)'

Next we will construct geometric objects realizing these =«,-
modules, namely,

LEMMA 3.8. There exist a sequence of spectra {#,} and a se-
quence of maps {g,: &, — L.} such that, for n =0

T[x(b%m) = TC*(QU QZy ) Qn) ’
and
(g%)* = f‘n: ﬂ*(Qu Q21 tt Qn) — ﬂ’-*(Qly M ’Qn+1)

where f, is the map in Lemma 3.7.

Proof. Take &°= S° be the O0-sphere spectrum. Assume in-
ductively that the spectrum &%, is constructed such that

ﬂ*(%) = ﬁ*(Qu M) Qn) .
Then we are going to construct &,,, such that
n*(o%z+1) = ﬁ*(Qly ety Qn+1) .

Namely, consider the following directed system

7

(3) .,%L dn ,%,L adn e qn %

where ¢/, is the identity map multiplied by the prime ¢, (which is
the mth prime listed in the beginning of this section § 3. II). Then,
by [6, pp. 22, 4.5], the directed system (3) gives rise to a spectrum
.. and a filtration {Y;} of &,., such that, for each ¢, there is a
homotopy equivalence



132 T. Y. LIN

and such that there exists a homotopy commutative diagram

qh qn an

-k

Y, C Y, C seer C Yoo

Thus, since the direct limit behaves well with respect to the stable
homotopy group [6, pp. 21, 4.5], we have

(5) T, (L) = (lim Y;) = lim7 (Y)) = lim 7, (%)

where the first direct limit “lim” is taken over the bottom line of
the above diagram (4), and the last “lim” is taken over (8). Note

that we are assuming inductively that 71':(:%)27?*((21, «++, Q,). Hence
(5) and Lemma 3.6, (1) imply that

775;(%—%1) = ﬂ'*(Ql‘ % Qn+1) .

Thus we have constructed .&,,,.
Note that there is a natural projection

O L =Y, — &, =1limY,;
which obviously induces a map

7[*(%) = ﬂ-*(YL) =T i = lim ﬁ*(%)
that is just the map f,. Thus we complete the proof of this lemma.
3.9. The proof of the Theorem 3.5.

Consider the directed system

go g1 gn

(6) A A .

which is constructed in Lemma 3.8. Then again by [6, pp. 22, 4.5],
this directed system gives rises to a spectrum L, such that

(7) 71'*(L,,) = lim 71'#(;%”)
where lim is taken over (6). Then, by Lemma 3.8,

ﬂ*(Lp) = IEEI T[*(Qly ct Qn)y
and by Lemma 3.7

ﬂ*(Lp) = Ap .
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Thus we have constructed a spectrum L, such that = (L,) = 4,,
and this completes the proof.

4. Stable homotopy ring. This section is the main body of
the whole paper. The main theorems will be proved in first part,
modulo a key computation. The key computation is in Theorem 2;
we will prove this theorem in the second part.

I. First let us prove

THEOREM 4.1. Let A be a locally finitely generated . ~module
having finite projective, as well as weak, dimension. Then A s a free
.~-module and hence is realizable as a stable homotopy module 7. (Y)
of a wedge Y of spheres.

REMARK. The condition that A is locally finitely generated is
necessary, see Theorem 4.4 below.

Proof. This theorem essentially depends on the next theorem,
so we will give a proof modulo Theorem 2:

Let A be a locally finitely generated m,-module. Then we will
show that P.d. A < o implies that A is a free m,-module. From
Corollary 2.5, we see that it is sufficient to prove this for the case
P.d. A <1. Let

0Oe—Ade—F < e o

be a locally finitely generated free resolution (by Theorem 2.15 (ii)).
Then, by Theorem 2.18, we can realize F, F, and d, by wedges of
spheres N,, N, and a map f: N,— N,; that is, 7, (N,) = F,, 7,.(N) = F,
and d, = f,. Let C; be the mapping cone of f, then C; has a finite
skeleton for each dimension (since N, and N, were chosen to have
only fiinitely many spheres at each dimension). Since the map d,=f,
is a monomorphism, the Puppe sequence (of the mapping cone sequence
N, — N, — C;) reduces to a short exact sequence
0 — 7,(C;) — 7o (N) 25 7, (N) — 0
Ul Ul
F, F,

Comparing this with the other sequence above (i.e. the free resolution
of A), we conclude that 7 ,.(C;) = A; hence P.d_(7.(Cy)=P.d A<1.
On the other hand, from the next theorem (See Theorem 2 below),
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Pd A =Pd. (r,(Cs) =0 or co. Therefore we have P.d_(7.C)) =
P.d. A = 0; hence, by Corollory 2.14 (1), A is free; and by Theorem
2.18 it is realizable by a wedge of spheres. This proves the theorem.

The proof of the next theorem is very long so we will only state
the theorem here; the proof will be given later.

THEOREM 4.2. Let Y be a connected spectrum having a finite
skeleton at each dimension. Then the projective, as well as weak,
dimension of 7, (Y) as w.-module is infinite unless Y is a wedge of
spheres.

THEOREM 4.3. (i) f.P.D(z,) = f4#P.D(x,) =0 < F.P.D(xt,) # 0
(ii) f.W.D(x,) = f~W.D(x,) = 0 < F.W.D(z,) .

Proof. f.P.D(z,) = f«.P.D(x,) = f.W.D(z,) = f~W.D(x,) =0
follows from Theorem 4.1. F.W.D(w,) = 0 follows from the defini-
tion. F.P.D(w,) > 0 follows from Lemma 3.4.

THEOREM 4.4. There is a stable homotopy module w, (X) such
that P.d. (7. (X)) = 1.

Proof. By Theorem 4.3, F.P.D(z,) > 0. It then follows from
Corollary 2.5 that there is a =,-module, say A4, such that P.D_ (4)=1.
Let

0 A F, F, 0

be a free resolution of A, which exists, by Theorem 2.15, (ii). Then,
by Theorem 2.18, we can realize F,, F, and d, by wedges of spheres
N,, N, and a map f: N,— N,, i.e., 7, (N)=F, 7, (N) = F, and f, =d,.
Let Llf—»No—> C; be the mapping cone sequence of f, then the Puppe
sequence reduces to a short exact sequence

0 — 7, (Cy) — 7, (N <2 2 (N) —0,

since f, =d, is a monomorphism. By comparing the two short exact
sequences, we see that 7,(C;) = A. Setting X = C, finishes the
proof.

REMARK. From [14], we can show that the spectrum L,, which
is constructed in Theorem 3.5, is such a spectrum.
From Theorem 4.3 and [3, Corollary 5.6], we have

THEOREM 4.5. (1) Ewery finitely generated proper ideal of w,
has nonzero annihilator
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(ii) A finitely generated projective submodule of a projective
module is always a direct summand.

THEOREM 4.6. The projective as well as weak, dimension of an
ideal in w, is infinite.

Proof. Let ICr, be a proper ideal. Let us assume that W.d. I <
P.d.I < . Then, by Theorem 4.3, P.D.I = 0; and by Corollary
2.14, I is free. Thus the annihilator of I has to be zero and this
contradicts Theorem 4.5. Therefore P.d. I = co.

THEOREM 4.7. Let ,7, be the subring of m,. consisting of m, and
p-primary component of w,, m = 1. Then the global dimension of
2T 18 infinite.

Proof. From the “slide product” (e.g. see [1] or [12]) represen-
tation of functor Tor, it is easy to see that the functors Tor (—, Z,)
and Tor?™(—, Z,) are equal. Since Z,, the integers mod p, has weak
dimension equal to <, so there are infinitely many = such that,
Tor?™(—, Z,) #+ 0. Hence G.D(,w,) = .

II. Next we will devote ourselves to the proof of Theorem 2.
First let us recall a Kunneth type theorem for stable homotopy
groups as a generalized theory. The details are in [1] or [12]. Let
W A Y be the smash product and let 7. (X, W) be the graded abelian
group of the stable homotopy classes of maps from X to W. Let
he: X*— Y be a family of maps, and let \/,X* be the wedge of X*'s.
Then there is a map

h: Xe—Y
such that its restriction on X* is h,, i.e., h| X* = h,. We will call
this map & the wedge of h, and denote it by & = V k..
THEOREM 4.8. Let X, Y, W be spectra. Then there exist spectral
sequence {E7, .} and {E%, .} with
Ei, x Torx*(ﬂ:*(W): ﬂx(Y)) ;
E:, = Tor™(z, (W), 7*(X))

and if X is a finite spectrum and Y, Z are cownected spectra, them
both spectral sequence converge

b, % zﬂ*(W/\ Y) 5

E'Z;, « == T (X, W).



136 T. Y. LIN

Moreover the spectral sequences are fumctor of their arguments and
the filtrations
FecF'cvo CF"eer s UF"=a,(WAY);
FocFc..clre..;UF"=n,X, W),

which satisfy
F’n/Fm_1 = Ef,x
I%L/FM-1 = EN';C,'* ’

are given by

Fr=Kerifr WANY)— 7 (W, A Y)};
Fr = Ker{m (X, W) —> (X, W,)},

where W, s defined inductively as follows: Let W_, = W, and
assume that W, is defined. Let {g,: S"*— W,} be the set of generators
of T (W,) as a w~module. Let M,.,=\/,S™, and let fri,=\ ofa: M, —
W, be the wedge of maps 9,. Then W,., 1s defined to be the mapping

cone of foire

ReEmark. Let 7,.(X) @7, (Y) be the tensor product over =,.'
Then the edge homomorphism of the spectral sequence {E7 .} in the
above theorem is a map

which sends f® g into f A g for ferx (X) and gen, (Y). We wil
call this map smash product (This map is stronger than the usual
“smash product”, because we require the tensor product be over ).

COROLLARY 4.9. If w (W) is a flat w -module, then the smash
product
(W) Qm (YY) — m (WA Y),

is an isomorphism.

COROLLARY 4.10. Let = (W) be a flat &, ~-module. Then all the
primary and higher order homology operations of degree =1 are all
zero on H, (W).

Proof. The notations are the same as Theorem 4.8. Since 7 (W)
is flat, the spectral sequence {E .} in the Theorem 4.8 has

1 Throughout the whole paper @ will always mean tensor product over the ring my.
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B, = Tori, (@, (W), 7, (¥)) = 0 n+0.

Hence
Er, =0, for n+#0.
In other words

Fo:F1:F2:...:UFi:7T*(W/\ Y)

or equivalently,
Fo=ag(WAY)=Ker{fr, (WAY) — (W, A Y)}.
That is,
T, (WANY)— 7w (W, \NY) is a zero map.

Then by the Puppe sequence of the mapping cone sequence M, —
W — W, (constructed in the statement of Theorem 4.8), we have an
epimorphism

T (M NY)— T (WA Y)—0.

Take Y to be the Eilenberg-MacLane spectrum K(G), then the above
epimorphism reduces to the epimorphism

H.(M; G) — H (W;G) — 0

where G is any coefficient group. Since M, is a wedge of spheres
(see Theorem 4.8), all the homology operations of degree = 1 are zero
on H,(M). Thus, by naturality of homology operations, all the
homology operations of degree =1 on H, (W) are zero.

Next we will look at the Spaniar-Whithead duality and its rela-
tion with cohomology (homology) operations. Let X be a finite
spectrum (roughly speaking, that is a spectrum with finite number
of stable cells; see [6, pp. 7, C. 7] for precise definition). Then, from
[6, pp. 33, K. 12] we can choose its Spaniar-Whithead dual DX to be
finite too. Then it is obvious to observe that.

LEMMA 4.11. Let X be a finite spectrum. Then X is a wedge
of spheres if and only if DX is.

Let us recall from [19] the cohomology operations. Let X be an
arbitrary spectrum, and let « be one of the lowest order nonzero
cohomology operations on H*(X). Then « can be represented as a
differential of the spectral sequence obtained from some Postnikov
system. More precisely, let
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E, E, . E,

|| 1

KO Kl Kn

be a Postnikov system, where K, are Eilenberg-MacLane objects. By
applying the functor 7z, (X, —) to the system we get a spectral
sequence witn E!, =7 (X, K,) = H*(X; K,). Then since « is the
lowest order nonzero cohomology operation (and hence has zero inde-
terminacy), the differential a representing this operation is a non-zero
group-homomorphism

a: HY(X; K,) — H*'(X; K,) .

Next observe that H*(X, K,)=r,. (DX A K,)=H,(DX; K,), by Spaniar-
Whithead duality (see [19]). Then the spectral sequence can be
written as

E.,=H"X; K, = H(DX; K,)

and hence « is a nonzero homology operation on H, (DX). Thus we
have proved the following proposition.

ProprosITION 4.12. Let X be a finite spectrum. Then there is a
nonzero cohomology operation of degree =1 on H*(X) if and only if
there is a monzero homology operation of degree =1 on H, (DX).

We need an algebraic Lemma on localization.

LEMMA 4.13. Let 6: G,— @G, be a nonzero homomorphism of abelian
groups from G, to G,. Then there is a prime integer p such that

0Q:Z(): G R, Z(p) — G Q, Z(p)

18 a monzero homomorphism, where Z(p) is the local ring obtarned
by localizing the ring Z of integers at the prime tideal pZ, and &,
18 the temsor product of abelian groups.

Proof. It is sufficient to show that there is a prime p such that
(Imd) ®, Z(p) = 0. Let CcImé be a cyclic subgroup of Imd, then
C&;Z(p)cImé ®, Z(p). (Note that Z(p) is a torsion free group;
hence the inclusion is preserved). Thus it is sufficient to show that
for any cyclic group C, there is some Z(p) such that C &, Z(p) = 0;
and this is obvious.

PROPOSITION 4.14. Let all the homology operations of degree = 1
be zero on H,(Y). Then the integral homology group H.(Y;Z) is a
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torsion free abelian group.

Proof. Suppose H, = H,(Y;Z) be the lowest dimension group
which has torsion. Let G be a group such that Tor*(H,, G) = 0. Let

d
(1) 0 pP—P, G 0

be a Z-free resolution of G. Then we have the exact sequence of
Tor:

Hm®Zdl Hm®P0

0=Tor*H,, P,) —> Tor*(H,,,G) — H, R, P,
— H, G, —0.

Since Tor?(H,, G) # 0, so H,X,d, can not be monomorphic. On the
other hand, the long exact sequence of homology groups associated
to (1) is

e Ho (Y, Q) Hy(Y, P) -2 H(Y, P) — e

Since P; are free, so H,(Y, P,) = H,X,P; and d, = H,®,d,. There-
fore d, = H,, ®,d, is not a monomorphism. Thus, by exactness, the
Bockstein operator @ is not zero. This proves the Proposition.

ProposITION 4.15. Let L, be the spectrum constructed tn Theorem
3.5. Then all the primary and higher order homology operations of
degree = 1 are zero on H (YY) if all the primary and higher order
homology operations of degree =1 are zero on H (Y N L,) for every
prime p.

Proof. Let us assume, to the contrary, that there are nonzero
homology operations of degree =1 on H,(Y). Let a be one of the
lowest order of nonzero homology operations of degree > 1. Then «
can be expressed as a differential of the spectral sequence of the
following exact couple

; ﬁ*(Y N E,) — %‘4 71'*(Y N E,_)

N /
N/
S7(YAK) = SH(Y; K,)

where {E,} is a Postnikov system and for each =, K, is an Eilenberg-
MacLane spectrum, Since « is the lowest order nonzero operation
(and hence the indeterminacy is zero), so the differential, which
represents this operation «, gives rise to a nonzero group homomorphism
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a' on Ej , — component, i.e.,

(2) a': Hy (Y; K,) = By, — Hy,(Y; K,,) = By,

pEAGY

is a nonzero homomorphism of groups. Observe that =, (L,) = 4, is
a flat 7,-module, therefore

Zﬂ:*(Y/\ En)®/1p—'_’27r*(y/\ En) ®/1p

N e
2T (YANK)Q4, =3 H(Y; K,) Q 4,

is still an exact couple.
Moreover, from properties of tensor product, it is readily seen that

H,(Y; K,)®4, = H(Y; K,) ®; Z(p), as groups,

where Z(p) is the ring Z localized at pZ. Thus the differential
a@ 4, of (3), when it is restricted to E;,,, is just a homomorphism
of groups

' Qz Z(p): Hy(Y; K,)) Q2 4(p) — H,(Y; K,,)) Q: Z(p) -

Then, by Lemma 4.13, we can choose a prime p such that

& @z Z(p) # 0.

In other words, there is some prime p such that the differential
(4) a®@4,+0

is not a zero differential in (3), since a Q 4,| E,,,., = &’ Q; Z(p).
Next, note that the exact couple (3), by Corollary 4.9, can be
written as

ZTC*(Y/\ En A Lp)—’zn'*(y/\ En N Lz’)
AN v
2T(YNK A L) =3 H(Y N Ly K,) -

Therefore the differential & of (5), which corresponds to the differ-
ential @ ® 4, of (3), is not a zero differential, i.e., by (4) we have,

0+a=a®4 qu(Y A Ly; Knl) - qu(Y A Ly; an) .

Moreover @ can be regarded as a homology operation (of degree = 1)
on H (Y A L,); thus & = 0 contradicts the assumtion of the propo-
sition. This completes the proof.

We also need a well known folk theorem about F. Peterson’s
work on detecting maps by cohomology operations (e.g. see [13]).
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THEOREM 4.16. A connected spectrum is a wedge of spheres if
and only if all the primary and higher order cohomology operations
of degree = 1 are zero.

Now we are ready for the proof of Theorem 2.

4.17. The proof of Theorem 2.

From Example 2.8 and Proposition 2.9, we see that it is sufficient
to show only for the projective dimension case. Let us assume that
P.d_ (7. (Y)) < . Then from standard homological algebra (e.g. see
[17]) we have

P.d, (7, (Y)® 4;) < oo .
By Theorem 3.2, f~P.D(4,) = 0. It then follows that
P.d, (7, (Y)&Q 4,) = 0.

Thus, by Corollary 2.14, 7. (Y)® 4, is a free 4,-module. Moreover,
by Corollary 4.9, we have

T (Y A L) =7(Y)®4,,

where L, is the spectrum constructed in Theorem 8.5, and 7w, (L,) =
A,. Thus 7, (Y A L,), a free A,-module, is a flat 7,-module. Then,
by Corollary 4.10, all the homology operations of degree =1 are all
zero on H (Y A L,); and this is true for every prime p. By Propo-
sition 4.15, all the homology operations of degree = 1 are zero on
H. (Y).

Since Y is connected, there is a homology decomposition, or co-
Postnikov system {Y,} (e.g. see [8])

Y,cY,,c.--CY,C-;UY,=W=Y

(6) [km Ikmﬂ Ik;
Nm Nm+1 Nn
such that
(i) H(Y;Z)=H(Y.;Z) q=mn
(ii) H(Y,;Y)=0 g>n

(iii) N, is the Moore space of type (H,..(Y), n)

(iv) Y,., = Y,UE,CN,, the mapping cone of k, .

(v) ki:H/(N,)— HJ(Y,) is 0.
Note that, in the last paragraph, we have shown that all the homology
operations of degree = 1 are zero on H,(Y). Thus, by Proposition
4.14, H (Y; Z) is torsion free. By the universal coefficient theorem,
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H(Y;G) = H(Y; Z2) Q: G -

Thus (i) and (ii) of (6) can be improved to

(") H(Y;G) = Hy(Y,;G) gq=mn

(i) H(Y;G) =0 q>mn.
Since all the homology operations (of degree = 1) are all zero on
H.(Y), by (') and (ii’), we see immediately that all the homology
operations of degree = 1 are also zero on H,(Y,) for every n. Thus,
by Proposition 4.12, all the cohomology operations of degree = 1 are
all zero on H*(DY,) for every m, where DY is Spaniar-Whithead
dual of Y. By Theorem 4.16, DY, is a wedge spheres for each .
Recall that, by assumption, Y has finite skeleton at each dimension.
Therefore we can choose each Y, in (6) to be finite. Thus, by Lemma
4.11 and the fact DDY,~ Y, [6, pp. 33, K. 12], we can conclude
that each Y, is a wedge of sphere (since we have just shown above
that DY, is a wedge of spheres). Thus, by Peterson’s theorem on
detecting map, we conclude that k,_, is null-homotopic; and this is
true for every n. Hence Y is a wedge of spheres.
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