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ABELIAN GROUPS WHICH ADMIT ONLY NILPOTENT
MULTIPLICATIONS

WILLIAM J. WICKLESS

Let <G +> be an abelian group. A ring R with additive
group ζR +> isomorphic to (G -f-> is a ring on G. G is nil
(radical) if and only if R2 = (0) (R is nilpotent) for all rings
R on G. It is shown that G is a mixed radical group if and
only if T is divisible and G/T is radical, where T is the max-
imal torsion subgroup of G. Thus, the study of radical groups
is reduced to the torsion free case. A torsion free group G
is of field type if and only if there exists a ring R on G such
that Q ® R is a field. It is shown that a torsion free group
of finite rank is radical if and only if it has no strongly
indecomposable component of field type. It follows that finite
direct sums of finite rank radical groups are radical. If G
is torsion free an element x e G is of nil type if and only if
the height vector h(x) = <mz> is such that 0 < m* < °° for
infinitely many i. Multiplications on torsion free groups all
of whose nonzero elements are of nil type are discussed under
the assumption of three chain conditions on the partially
ordered set of types. Two special classes of rank two torsion
free radical groups are characterized. An example is given
of a torsion free radical group homogeneous of non-nil type,
and a simple condition is given for such a homogeneous
group to be nonradical.

JL Radical groups-the torsion and mixed case* Several authors

([4], [7], [8], [9]) have studied abalian groups which admit only a
trivial ring structure. These are called nil groups.

We wish to consider a larger class of abelian groups—those
abelian groups which admit only a nilpotent ring structure. More
precisely:

DEFINITION 1.1. Let (G +> be an abelian group. A ring R with
additive group ζJR +̂ > isomorphic to ζG +)> is called a ring on G.

DEFINITION 1.2. An abelian group 6 is a radical group if and
only if whenever R is a ring on G we have Rk = (0) for some positive
integer k.

Hereafter we use the word group to mean abelian group. In [4]
it is shown that a torsion group is nil if and only if it is divisible.
The same theorem and proof hold with "nil" replaced by "radical",
so in the torsion case radical and nil groups coincide.
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For mixed groups we have the following simple result.

THEOREM 1.1. Let G be a mixed group with maximal torsion
subgroup T. Then G is radical if and only if T is divisible and GJT
is radical.

Proof. Let G be a mixed radical group with maximal torsion
subgroup T. T must be divisible, for otherwise G would have a
cyclic direct summand and would not be a radical group. Since T is
divisible we have G = Γ φ ί 7 , and clearly F must also be a radical
group.

Conversely, let G be a mixed group such that T is divisible and
G/T is radical. Assume G is (isomorphic to) the additive group of
some ring. Since T is torsion divisible we have T2 = (0); and because
T is an ideal in any ring on G, the given multiplication on G induces
a multiplication on G/T. Since G/T is radical we have (G/T)k = (0)
and thus G2k = (0). Hence, G is radical.

2* Torsion free radical groups of finite rank* It is clear from
§1 that the study of radical groups can be reduced to the torsion
free case.

In this section we use the results of [1] and [5] to obtain a
necessary and sufficient condition that a torsion free group of finite
rank be radical and to obtain some information about direct sums of
radical groups.

First we recall some definitions and results from [1] and [5].

DEFINITION 2.1. Let A and B be groups. A is quasi-isomorphic
to B(A ~ B) if and only if there exist subgroups A ' g 4 , δ ' g ΰ such
that A! = B' and A/A! and B/Bf are of bounded order.

In [5] it is shown that if A is a torsion free group of finite
rank, we have A ~ Aι © 0 Ax with each At strongly indecom-
posable in the sense that A{ is not quasi-isomorphic to a direct sum
of two nonzero torsion free groups. This is called a quasi-decomposi-
tion of A and the A< are called the strongly indecomposable com-
ponents of the decomposition. Moreover, it is shown that if A ~
A Θ * Θ At and A ~ Bι © φ Bn are two quasi-decompositions of
A into strongly indecomposable components, then I = n and with
suitable rearrangement, A{ ~ B{ for all i.

DEFINITION 2.2. Let G be a torsion free group. G is of field
type if and only if there exists a ring R on G with Q (x) R a field.
Here Q is the field of rational numbers, the tensor product is taken
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over the integers, and the ring multiplication on R is extended to
Q (x) R in the obvious way.

In [1] it is shown that if R is a torsion free ring of finite rank,
then R ~ Mv © φ Mk φ N where each M{ is a group of field type
and N is the maximal nilpotent ideal of R. (If R is nilpotent, then
R = N and no Mi appears.)

LEMMA 2.1. Let A and B be torsion free groups with A ~ B.
A is a radical group (is of field type) if and only if B is a radical
group (is of field type).

Proof. This is a special case of Corollary 2.7 of [1] and is easy to
verify directly.

The following theorem was suggested by R. S. Pierce.

THEOREM 2.1. Let A be a torsion free group of finite rank. A
is radical if and only if A has no strongly indecomposable component
of field type. (By our earlier remarks this will not depend on the
particular quasi-decomposition of A chosen.)

Proof. Let A be a torsion free group of finite rank which is
not radical. Then there exists a non-nilpotent multiplication on A.
Thus, we have A ~ Mλ φ © Mk © N, where N is the maximal
nilpotent ideal of A and each Af* is of field type. Since A is not
nilpotent at least one M{ occurs.

Now consider Mγ Φ (0) as a torsion free ring for which Q (x) Mι

is a field. Applying Corollary 5 of [6], we have Mλ~M"L

] φ ©
Ml1, where each Ml is a strongly indecomposable torsion free group
of field type.

For i ^ 2 we write each M% ~ Ml © - φ M\- and N^N, © - - ©
Nt where the M{ and the JV, are strongly indecomposable components
of the groups M{ and N. We note that A - Σ t , ΣKi θ M> φ
Σί.i ®-N* is a quasi-decomposition of A into strongly indecomposable
components for which each of the groups Ml, , Ml1 is of field type.

The converse implication follows immediately from Lemma 2.1.

COROLLARY. Let Al9 -> ,Ak be torsion free radical groups of
finite rank. Then A, φ © Ak is radical.

We note that the corollary is false for countable direct sums of
rank one torsion free nil groups. For a counterexample, choose a
sequence of subgroups of the additive rationals A ] C A 2 c •• c i f c c
••• such that H(Ak) = [ζk, k, •••, k, •••>]. Each Ak is torsion free
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nil of rank one. Let R = {avx + α2ar + + anx
n\a.ι e A,}. We make

R into a ring via the usual polynomial operations. Then R is a ring
on ΣΠ:iφ^4ΐ which is a Jacobson semisimple ring.

As in [4], if A is any torsion free group with aeA and pL, • ••,
pk, is the sequence of prime integers in their natural ordering,
we let h(a) = <(m/f)> with 0 g mk ^ for all k each mk being defined
by the condition p™kX — a is solvable in A, but ρΐhrl X — a is not
solvable in A. The sequence <mfc> is called the height vector of a
in A.

We define an equivalence relation on the set {h(a)\aeA} by
h(a) — <(m/c)> ~ <(%•)> — h(b) if and only if mk = nk for almost all k
and if mk Φ nk both mk and nk are finite. We let H(a) be the equi-
valence class [h(a)]. We say H(a) is nil if and only if H(a) = [<mΛ>]
with 0 < m/c < co for infinitely many k.

We call a group G homogeneous if and only if H(a) = H(b) for
any two nonzero elements α, beG. We set iϊ(G) = H(a), where a is
any nonzero element of G, and call H(G) the type of G. It is easy
to prove that if G is a homogeneous torsion free group and £ is a
torsion free group with E ~ G< then E is homogeneous and H(E) =
H(G).

THEOREM 2.2. Let A be a torsion free group of finite rank with
no strongly indecomposable component homogeneous of non nil type.
Then A is radical.

Proof. We combine Theorem 2.1 and the observation that if M
is the additive group of a ring with Q (x) M a field, then M is homo-
geneous of non nil type.

COROLLARY. For an arbitrary torsion free group G the following
conditions are equivalent:

(1) H(x) is nil for all nonzero x e G.
(2) All finite rank pure subgroups of G are radical.

Proof. 1 —> 2 is immediate from Theorem 2.2 and the definition
of purity. 2 —> 1 since H(x) is just the type of the rank one pure sub-
group of G generated by x, and it is well known that a rank one
torsion free group is radical (nil) if and only if it is of nil type.

We close this section with an interesting observation due to Pierce.

THEOREM 2.3. If A is a strongly indecomposable torsion free
group of finite rank and A admits one nilpotent nonzero multiplica-
tion, then A is radical.
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Proof. Let A be a group satisfying the above conditions. Suppose
A is not radical. Then A admits a multiplication of field type.
Applying Corollary 4.6 of [2], we have Q (x) Horn (A, A) is an algebraic
number field. But if A admits a nilpotent nonzero multiplication,
then Hom(A, A) has nonzero nilpotent elements—a contradiction.

3. Torsion free groups all of whose elements are of nil type*

DEFINITION 3.1. Let G be a torsion free group. We say all of
the elements of G are of nil type if and only if xeG, x -^ 0 implies H(x)
is nil.

The example following Theorem 2.1 shows that a group G with
all elements of nil type need not be radical. If such G is also of
finite rank, then by the Corollary to Theorem 2.2, it is radical.

As in [4], if α, 6 e A, A a torsion free group, we say H(a) ^ H(b)
if we can write H(a) = [<m/Γ>], H(b) — [</%>] with mk ^ nk for all k.
This defines a partial ordering on the set H = {H(a)\a e A}. It is
well known that if A is of finite rank, then H satisfies the ascending
and descending chain conditions.

In this section we study multiplications on groups with all ele-
ments of nil type, under the assumptions of three chain conditions
on H. We prove a lemma which will be useful throughout.

LEMMA 3.1 Let A be a torsion free ring with elements a, b of
nil type. Then H(ab) > H(a) or H{ab) > H{b).

Proof. Clearly H(ab) ^ H(a) and H(ab) ^ H(b). Let h(a) = <m,>,
h(b) = <>(>, h(ab) = <Zf>. If H(ab) = H(a), then lt = mt for almost
all t. Since lt :> mt + nt, then nt = 0 for almost all t such that
lt < c:°. So for all t, we have lt ^ nt, and for the infinitely many t
with 0 < lt < c , we have 0 = nt < lt. Thus H(ab) > H(b).

THEOREM 3.1. Let G be a torsion free group with all elements
of nil type and let H be the set of types of elements of G. Assume
that the lengths of all strictly ascending chains in H are bounded by
some fixed positive integer n. Then G is radical.

Proof. Let G be as above and assume that G is the additive
group of some ring. For all positive integers k, let Vk = {xeG\3,},
• , yk such that H{x) > H(y2) > > H(yk)}, and let Gk be the sub-
group of G generated by the elements of Vk.
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We have G = G, 2 G2 a a G* 2 is a descending sequence
of subgroups of G, and by Lemma 3.1 we note that G\ £ Gk+ι for
all k. Our hypothesis says that Gn+1 = (0). The result follows.

THEOREM 3.2. Let G be as in Theorem 3.1 and H the set of types
of elements of G. Assume that H satisfies the ascending chain condi-
tion. Then every ring on G is a Baer radical ring. (Divinsky, § 3.3.)

Proof. Suppose we have {defined a multiplication on G as above
for which β(G) Φ G, where β(G) denotes the Baer radical of G Let
T be the set theoretic complement of β(G) in G and V — {ye T\H(y)
is maximal in T). Let 1= {x + β(G) \ x + β(G) = Σ U V* + β(G), yi e V}.
It is easy to check that / is a nonzero ideal in the ring Gjβ(G) and
that P = (0). (Lemma 3.1) This is a contradiction, so we must have
β(G) = G for all multiplications on G.

THEOREM 3.3. Let G be a torsion free group with all elements
of nil type and H be its set of types. Assume that for all xeG
there exist elements xly , xx of G and positive integers nu , nt

such that x = xx + + xt and the length of any strictly ascending chain
in H starting with H(x,) is bounded by niy i — 1 I. Then any ring
on G is a nil ring.

Proof. Let G be as above. For all positive integers n, let Vn =
{x e G\ 3 no y2, , yneG such that H(x) < H(y2) < < H{yn)}, and
let Gn be the subgroup of G generated by the elements of Vn. We
have (0) = Gi S G2 S £ Gw £ is an ascending chain of sub-
groups of G. Applying Lemma 3.1, we have for any ring on G G\ £
Gn_! for all n ^ 2. The assumption of our theorem says that £7~=1

Gn = G. The result follows.

4. Rank two torsion free radical groups. In this section we
use the rank one groups defined in [3] to give a simple characteriza-
tion of two classes of rank two torsion free radical groups.

We recall some definitions and results from [3]. Let G be a
torsion free rank two group with independent elements x and y. Let
A = {a e Q\ ax + βy e G for some β e Q}, Ao = {a e Q\ax e G}, B = {β e
QI ax + βyeG for some a e Q], Bo = {βeQ\βy e G}. The rank one
groups A, Ao) JB, Bo are called the groups belonging to x and y respec-
tively. Clearly Ao g A , B o g B. It is shown in [2] that A/Ao ~ B/BQ

and that any torsion free group of rank two is essentially determined
by A, Ao, B, BQ and the isomorphism between A/Ao and B/Bo. Also if
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Ao <ϋ A, Bo S B are rank one torsion free groups with an isomorphism
θ: A/Ao-+ B/Bo, then G = {(a, β)\aeA,B0 = θ(a + Ao)} is a torsion
free group of rank two with componentwise addition having indepen-
dent elements x, y such that A, AQ; B, BQ are the groups belonging
to x and y.

THEOREM 4.1. A torsion group G of rank two is radical and not
nil if and only if there exist independent elements x, yeG such that
if A, Ao; B, BQ are the groups belonging to x and y, we have

(1) A, B, Bo are nil
(2) Λ S A s Bo S B
(3)

Proof. Suppose that G is a radical but not nil torsion free group
of rank two. Then there exists a multiplication of G such that G3 =
(0) but G2 Φ (0). It is easy to prove directly (see [1]) that for such
a ring on G we can find xeG such that x and x2 are rationally
independent. Let A, Ao and B, Bo be the rank one groups belonging
to x and x2 respectively. Let ae A. Then ax + βx2 e G for some β e
Q, whence <ra2 € G so a e Bo. Thus, we have AQ £ A. g 2?0 S -B. Also
if α# + /9#2e G then (αα? + /9^2)2e G, so for all ί r e i we have α2eBo+
This yields H(β0) ^ 2H(A).

Finally, we show A, Bo, B are nil groups. Let <&<> = ^(1), <&<> =
hjJX), <ii> — ΛB(1), < O — ̂ o(^ ) ^ e *^ e height vectors of the integer 1
in the four groups as indicated by the subscripts. Because of the
containment relation we have k\ <S k{ ^ l\ ^ lt. Since A/Ao = -B/β0 it
is easy to check that k{ — k* = l{ — l\ for all i, with the convention
00 — 0 0 = 0 , 0 0 — ^ = 0 0 ίor n finite. We note that H(A) must be
nil, for otherwise kt — 0 or kt = °o for all but a finite number of i.
This would imply that kt — k% l{ = ΪJ for all but a finite number of
i, and when ^ Φ k°i9 lι Φ l\ all are finite. But then G ^ i φ 5 and
A is not a nil (radical) group—a contradiction. Similar arguments
show that Bo and 2? are nil.

Conversely, let G be a torsion free group of rank two with
independent elements x, y and groups A, AQ; B, BQ belonging to x and
y satisfying Conditions 1 — 3 of our theorem. For any ring on G,
suppose y2 = ux + vy. Then for all β e Bo, (βy)2 = β2ux + /52t;i/, so
β2ue A-a, contradiction unless u = 0 since ίί(50) ^ 2ίί(A). Thus ?/2 =
vy. But 2?o is nil, so y2 — vy only if v = 0. Thus #2 = 0.

Now let xy = rx + £?/. For all βeBowe have #(/5#) = ?73# + ίjθ2Λ
so rβ G A. This is impossible unless r — 0, because i?0 and A are of
nil type and H(B0) ^ 2H(A). Thus α?y = ty. Similarly, yx = ϊy.

Finally, if #2 = 7ίc + 8y, then for all ae A ax + βyeG for some
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β and {ax + βy)2 = a2yx + sj/. Thus for all ae A we have α2γe A-
a contradiction unless 7 = 0 since A is nil. Hence x2 = δy. We see
that any multiplication on G must be nilpotent, so G is radical.
Using i 0 s 4 g 5 0 g ΰ and H(B0) 2> 2£Γ(A) we can define a non-zero
multiplication on G by specifying the products y2 — xy — yx — 0, #2 =
my for m chosen in the obvious way. This extends consistently to
all of G. Thus G is not nil.

DEFINITION 4.1. Let G be a torsion free group. G is a strong
radical group if and only if all torsion free homomorphic images of
G are radical.

THEOREM 4.2. Let G be a torsion free group of rank two. G is
a strong radical group if and only if for all rationally independent
elements x, y eG and rank one groups A, Ao; B, Bo belonging to x and
y, we have A and B are of nil type.

Proof. Let G be rank two strong radical with x, y rationally
independent. Let A, Ao; B, BQ be the groups belonging to x and y.
We note that A and B are homomorphic images of G via the homo-
morphisms θ and φ given by θ(ax + βy) = a, φ(ax + βy) — β. Thus,
A and B are rank one radical. Thus H(A), H(B) are nil.

Conversely, let G be torsion free of rank two and not strong
radical. Then there exists an onto homomorphism θ: G —> T, where
T is torsion free and not radical. If rank T — 1, choose 0 Φ t e T
and geG with θ(g) = t. Choose 0 Φ n e ker θ. Then ζg, n) is a
maximal independent set in G with rank one groups A, AQ; B, BQ such
that A = T. We have H(A) = H(T) is not nil.

If rank T = 2, G = T, and we can assume G is not radical. Since
G is rank two and not radical, we have G is of field type or G ~
U 0 V where U is a rank one group of field type. In the first case,
Theorem 5 of [3] says that we can find independent elements x, y
such that A and B are not nil. In the second case, it is easy to
construct a maximal independent set ζx, y) in G such that the rank
one group A belonging to x is not nil. This proves the theorem.

5* Torsion free groups homogeneous of non^nil type* In this
section we show that, even for groups of rank two, the converse to
Theorem 2.2 is false. We give a simple theorem giving one case in
which a homogeneous non-nil type group is not radical.

The following is an example of a torsion free rank two radical
group which is strongly indecomposable and homogeneous of type
[<0, , 0, •••>]. Let s = s0 + sj> + s2p

2 + be a p-adie unit which
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satisfies no polynomial with rational coefficients. Let Sk = s0 + sxp + •
s^ pk-\ (SQ = 0.) Let G = {{rjp\ r/p*Sk + ί) |r, ί e Z, (r, p) = 1}. G
is a rank two subgroup of Q 0 Q . By using Corollary 5 27 and
Theorem 8.6 of [1], it is not hard to show that G is strongly inde-
composable and radical. It is easy to check directly that G is homo-
geneous of type [<0, •••, 0, •••>].

If G is an arbitrary torsion free group with maximal rationally
independent set {x, yaj ae B}, let A(x) — {q e Q \ 3^ qn e Q, ax arΛ e
B with qx + q1yaι + + qnya% 6 G], A0(x) = {qeQ\qxeG}.

THEOREM 5.1. Let G be a torsion free group, homogeneous of non
nil type. Assume there exists a maximal rationally independent set
{x,ya,aeB} in G such that H[A(x)] = H[A0(x)]. Then G is not
radical.

Proof. Let G, A, Ao be as above. Since Λ>g A and H(A0) = H(A),
there exists a positive integer m with mA ϋ Ao. We can define a
non-nilpotent multiplication on G by

gg' = (qx + qλyai + + qnyan)(q'x + q[yΛl + + q'nVaJ = m2qqrx.
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