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INDUCED TOPOLOGIES FOR QUASIGROUPS AND LOOPS

KENNETH BACLAWSKI AND KENNETH M. KAPP

The concept of a [semi] topological quasigroup is defined
and the notions of induced groupoids and isotopes are extended
to the topological case. Necessary and sufficient conditions
are found in order for a continuously induced isotope of a
semitopological quasigroup to be a semitopological quasigroup.

Given an injection 7 of a topological space (A4, &) into
a set S acted on by a group, G, a topology .74 on S is intro-
duced in a natural fashion under which 7 is continuous. When
S=@ is itself a semitopological quasigroup and G is generated
by the left or right translations of Q the continuity or openness
of ¢ can be checked by comparing the topology .7, with
that of . In particular this method is applied in §3 to the
study of topologically invariant subloops.

1. Preliminaries; continuously induced isotopes. We recall
(cf. [2]) that a quasigroup (Q, -) is a closed binary system i.e., a
groupoid, where for any qe @ the left and right translations \,, 0,
both define bijections on @. Thus given a quasigroup (@, ) we can
define (ef. [2], [7]) the so called comjugate operations [, \ on the set
Q by ¢/b =a iff ab=c¢ iff a\c=b for a,b,cecQ. In the conjugate
quasigroups (@, /) and (Q,\) we will denote the left and right transla-
tions determined by ¢q € @ by\,, o}, A}, and o) respectively. (In general,
0¥ will denote the right translation determined by a relative to the
binary operation*.) A loop is a quasigroup with a two sided identity.
A conjugate operation need not be associative; viz. if G = (Z, +),
where Z is the set of integers then ¢/b = ¢ — b.

We now make the following definition (cf. [4], [5]):

DErFINITION 1.1. 1. A semitopological quasigroup [loop] is a triple
(@, -, .77) where (@, -) is a quasigroup [loop] and (@, .7") a Hausdorft
space in which the left and right (multiplications) translations, X,
0y, @, b€ @ are homeomorphisms of @ onto itself. We will write Q =
(@, +; o) is a s.t.q. [s.t.l.] in such cases.

2. A triple (Q, +; 9) is a topological quasigroup [loop] if Q is
a quasigroup [loop] and multiplication in @ and each of its conjugates
is continuous in both variables with respect to the same topology 7.
We will write @ is a t.q. [t.l.] in such cases.

One makes the obvious genralizations of a [semi] topological group
(s.t.g.) ([5], p. 28) to [semi] topological semigroup (s.t.s.) and groupoid
(s.t.gd.). We observe that a s.t.q. is homogeneous and that a s.t.g.
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is also a s.t.q.

It is easily verified that a topological quasigroup, @, is a semi-
topological quasigroup; indeed each conjugate of @ is a topological
quasigroup and hence also a semitopological quasigroup. Moreover a
topological group is a topological quasigroup and conversely any topolo-
gical quasigroup which is algebraically a group is a topological group.
(For proof, one need only consider the appropriate translations in a
conjugate quasigroup, e.g., M A = 1, while gh™ = g/k in a group G.)

We now extend the definitions of topism, etc., in [6] to involve
the topological structure of given s.t.gd.’s:

DErFINITION 1.2. 1. Let (4, -; ) and (B, *; &%) be two s.t.gd.’s.
A triple of maps (v; @, B) from A into B will be called a continuous
topism [isotopy] if v, &, and B are continuous maps [and bijections]
from A into B and (x-y)" = «*+y# for all 2, yc A. We will say that
(v; &, B) is a topological isotopy if in addition v, &, and B are home-
omorphisms.

2. Let (4, -; &) be a s.t.gd. and g, vy continuous maps of 4 into
itself. The continuously induced groupoid (A, o; )=(4, «; &, v; )
of A is the groupoid in which zoy = x*y* for each z, ye A. If g and v
are in addition bijections [homeomorphisms] we will say that (4, o; %)
is a continuously [topologically] induced (principal) isotope of (4, - ; ).

It is easy to see that a continuously induced groupoid of a [semi]
topological groupoid is itself a [semi] topological groupoid. Since it is
well known that any isotope of a quasigroup is a quasigroup one might
readily expect that a similar result is true for continuous isotopes of
semitopological quasigroups. The following example shows that this
need not be the case even when one starts out with a topological
group.

ExamPLE 1.8. Let @ = (Q, +;.97) where @ is the set of rational
numbers and .~ the topology inherited from the usual (open interval)
topology of the real line. Let g = 1, the identity map, and define &
as follows:

(a) « is the identity on @ N (12, )

(b) @ maps QN (—oo, — 1V 2) continuously and strictly order
preserving onto Q N (— oo, 0)

() (Oa=0 |

@ on [@N(—V"2,V2)I\{0} = [Uin. @N (V' 2/(n+1),v 2 n)]U
U @N (=V'2/n, —V"2/(n + 1))] by mapping

(i) @N (' 2/)(n+ 1),V 2/n) continuously and strictly order
preserving onto @ N (V2 /2n, V' 2 /(2n — 1))
(i) Qn(—v'2/n, —V 2/(n+1)) continuously and strictly order
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preserving onto Q N1V 2/@2n + 1),V 2 /2n).
(We observe that such continuous strictly order preserving maps

do exist.)

Thus « maps alternatively the disjoint covering of [QN
(—V 2,V 2)I0} by {L,=QN(—=V2/n, =V 2/(n + 1)), R, =QnN
(V2 /(m + 1),V 2 /m))5.-. onto @ N (0,1 2). One readily checks that
« is a continuous bijection.

Now the continuously induced groupoid (@, ; 97) = (Q, +; &, 5;
.77), which is an algebraic quasigroup, is not a semitopological quasi-
group since the right translation o7 is not an open map in (Q, o; .77).
We have forac Q a-0 = a* + Of = a* so that [Q N (12,1 2)]0¢ =
QN [0,7"2) which is not open in (Q, .9).

THEOREM 1.4. Let (Q,0, v ) =(Q, +;a, B; ) be a continuously
wnduced isotope of a s.t.q. (Q, «; .9 ). If there exist b, ce @ such that
05, 02 are homeomorphisms then (Q, o; .7 ) is a topologically induced
1sotope of (@, +; .77) and (@, o; ) is a s.t.q.

Proof. We will show that a™' is continuous and hence a homeo-
morphism. Let be @ for which o7 is a homeomorphism. Then for
2z e Q: (®)p5 = xob=x"b? = (x)xO;s, hence ap;s = py. Thus a™"' = pjs(00)™"
and the first claim is verified. Dually g = \«(A2)™" where A is the
given homeomorphism.

In a similar manner one calculates that 02 = @p;s and A = B\«
for any ac Q. Since an isotope of a quasigroup is a quasigroup it
now follows that (@, o;.o7) is s.t.q.

COROLLARY 1.5. Let (Q, -; ) be a s.t.q. and (@, ;.9 ) = (Q,
;a6 o) be a continuously induced isotope of Q. Then the fol-
lowing are equivalent:

1. (Q,0;.9) is a s.t.q.

2. there exists b, c€ Q such that N\, and p; are homeomorphisms.

3. (@, o;.77) is a topologically induced isotope of Q.

Example (1.8) shows that if (@, o) is not a loop then (Q, ;. 9")
need not be s.t.q. However the following corollary is valid since the
loop identity e determines the homeomorphisms )\ = o?.

COROLLARY 1.6. If a continuously induced isotope of a s.t.q. s
a loop, then it is a s.t.l.

We comment in conclusion that many of the results of [6], §2
have topological analogues.
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2. Translation topology; embeddings of semitopological quasi-
groups. The algebraic problem of when a binary system of one type
can be embedded in a binary system of another type has in many
cases been solved. Difficulties arise, however, when the algebraic
systems have in addition a topological structure. Then there is the
added problem of finding an embedding which is also a topological
homeomorphism. Indeed, it is also often desirable to have the image
open in the second space. Solutions are then dependent on the rela-
tionship between the topologies of the two structures. This problem,
it will be seen, includes the more limited one of comparing with the
given topology of the image space a topology induced by the given
injection from the topology of the domain space.

DEFINITION 2.1. 1. An ordered 5-tuple (i; 4, .%; S, G) is called
a system for an induced topology of S if

1. (4, .%7) is a topological space,

2. G is a group acting on the nonempty set S and

3. ¢ is an injection of A into S.

In such a case we will say that (i; 4, %75 S, G) is an s.i.t. for
brevity.

2. Let 9, ={B&SS|(Bg)i*ec.w for each ge G}. Here (Bg)i* =
{ae A|(a)ie Bg}. 7, is called the induced action topology with re-
spect to the s.i.t. (¢; 4, &7 S, G).

One readily checks that 77, is a topology on S; it is not neces-
sarily Hausdorff even when A is Hausdorff. If A< S and 7 is the
inclusion map, we see that .9, = {BS S|Bg N A€ .o7 for each ge G}.

ExamprLES 2.2. 1. Let (4, %) be a discrete space. Then 77
for any s.i.t. is also discrete.

2. Let (1; 4, 27; S, {¢}) be a s.i.t. Then 9, ={B< S|Bi'e . v}
Thus .77, contains the set of all subsets of S\(4): as well as {(U)i|Ue
7}, Whence (S, .77,) is Hausdorff precisely when (4, .o”) is Hausdorft.

3. Let (i; R, &Z; C, G) be a s.i.t. where (R, &) is the real line
with the usual topology, C the set of complex numbers, 7 the natural
inclusion map of R into C and G the group of all bijections on C.
One checks that .7, = {B< C|C\B is finite or B = @}, Clearly 7,
is not a Hausdorff topology for C.

One sees immediately that when (7; 4, .%7; S, G) is a s.i.t. then
7 (4, &) — (S, 7,) is continuous and each g€ G determines a homeo-
morphism of (S, .7) onto itself. Thus if G acts transitively on S
the space (S, 7) is homogeneous. Moreover .7, is the strongest



INDUCED TOPOLOGIES FOR QUASIGROUPS AND LOOPS 397

topology on S under which the map 70g9: A — S is continuous for each
ge G.
Following Bruck ([2], p. 54) we make the following definition:

DEFINITION 2.3. Let (Q, +) be a quasigroup. We set _#,=_#,(Q),
A= #(Q) and _#Z = _Z(Q), the groups, respectively, generated
by the right, left, and both right and left translations of Q. Thus,
e.g., _#, is generated by {0,|g€ Q}.

It is clear that for a quasigroup (@, -) the three groups of transla-
tions are transitive groups acting on Q. Thus if (i; 4, .%7; Q, G) is
a s..t. where G = _Z(Q) [_#(Q) or _#(Q)] we will speak of the
[right, left] translation topology, 7., of Q.

THEOREM 2.4. Let (Q, -;.97) be a s.t.q. and (1; A, &7;Q, @) a
s.d.t. where G = _#Z(Q) [.#,(Q), #(Q)]. Then

1. % is continuous iff I = .74

2. if 1 18 open then 7 2.9, and

3. if © is an open embedding then 7 = 7.

Proof. If o < o, then ¢ is clearly continuous. Conversely,
suppose ¢ is continuous. Let Be.7. Since for each gc @, o, \, are
homeomorphisms, G is in each case a group of homeomorphisms on
Q. Thus if teG,(B)t = Btc.7. Whence by the continuity of <,
(Bt)yt' e .7 for each te€ G and thus Be . 7,, 9 & .7, and the proof
of 1 is complete.

Let us now suppose that ¢ is a .7-open map. Let Be 7, B+ Q.
Let be B. We will find a .Z~open neighborhood of b contained in B.
Suppose G = _#,(Q); the proofs for the other cases are analogous.
Let ac (A)i. There is a unique ¢ € @ such that b¢g = a. Now (a)i'€
(Bq)i™' e & by definition of .7,. Since ¢is open a€ ((Bg)i )i = U=
Bgn (A)ie 7. Since p, is a homeomorphism in (Q, -; .77) it follows
that b = (a)(0,)" € (U)(0,)™" = (Bg N (A)i)(0,)™ & B, and (U)(0,)™" is
the desired .Z-open neighborhood. Whence Be & and 9,Z 7.

The third result is an immediate consequence of the first two and
the proof is now complete.

From the results following (2.2) we now see that when (¢; 4, &7
Q, G) is a s.i.t. where Q is a quasigroup and G = _Z(Q), if (@, 7)
is a Hausdorff space then (Q, -;.7,) is a s.t.q.

3. Semitopological loops. We will now apply the concepts of
action and translation topologies to the study of invariant subloops
of a loop.

The first two parts of the following definitions can be found in
Bruck ([2], p. 61).
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DerFiNITION 3.1. 1. Let (@, -)be a loop with identity e. The
subgroup of _# defined by .7 = .#(Q) = {te _#Z|(e)t = e} is called
the inner mapping group of (@, -) and we note that .7 is the
stabilizer of ¢ in _Z

2. Let (@, -) be a loop and (H, -) a subloop of Q. We say that
H is a normal (invariant) subloop of Q if (H).” = H and we write
H<Q in such cases.

3. Let (H, -; &) be a topological space and a subloop of (Q, -).
We will call H = (H, -; 5#) a topologically invariant subloop of Q if
for each Ke 57 and je.% Kje 24 We write H <], Q in such cases
and note that if H<J, Q then H <1 Q.

THEOREM 3.2. Let (H, -; 5#) be a s.t.d. and suppose H<1Q
where (Q, -) ts loop. The followings are then equivalent:

1. H<,Q

2. 57 < T, where 5 18 the action topology generated from the
sd.t. (i H, 575 Q, A~ (Q)).

3. There 1s a topology 7 for @ under which (Q, «; 77) is a s.t.l.
with (H, 2#) as a subspace.

4. There is a topology 7 for Q wunder which (@, -; .77) is a
s.t.l. with (H, 57) as an open subspace.

Proof. Assume 1. H<, Q. (#Z = _7(Q)) is defined in (2.3)).
Let Ke 57 and te_~. We will show that Kt N He 22 We assume
for the sake of argument that Kt N H# @. If he Kt N H then L =
(k)t for some ke K. It is easily checked that p,oto(0,) € .~ Whence
(H)ppoto(0,)™ S H and (Hp,)t < Hpo,. It follows, since H is a closed
subloop that (H)t < H. In particular Kt = H and Kt N H = Kt.

Now let m = (e)t. Then top,'e€ # so that (K)top,' = (Kt)o,' €
S~ But Ht< H, a s.t.l., thus me H and o, is a homeomorphism
on H. It now follows that Kt 54 Whence K€ 9, and 1—-2. (We
also note that if G is any subgroup of _# then 5 & o, where
T is generated from the s.i.t. (i; H, 57; Q, G).)

Assume 2 now holds, i.e., 5 & .97. Then : (H, &) — (Q, T ),
which is continuous by Theorem (2.4), is an open embedding. Thus
we need only show that 77 is a Hausdorff topology for @ and 4 will
follow. Thus let a, be @ with a = b. If HaN Hb = @ we are done
since Ha, Hbe 7 ,. But if HaN Hb # @ then Ha = Hb since H<
Q. Thus a = hb for some he H\{e}. Now (H, 5#) is Hausdorff so
there are disjoint sets 4 and B such that ec Be 57 and he Ac 54
It follows that be Bb and ac Ab. But AbN Bb = @ and Ab, Bbe 7,
since p, is a homeomorphism. Whence (Q, .7 ;) is Hausdorff and the



INDUCED TOPOLOGIES FOR QUASIGROUPS AND LOOPS 399

proof of 2 —4 is complete.
Clearly 4 —3. We will now prove the implication 3 — 1.
Assume 3 holds and let je .7(Q) and Ke 5# Since H<1Q we
have Hj=H. Now K=H N U for some Ue. 7. Thus Kj=(HNU)j=
HjNnUj = HNUj. Since jis a homeomorphism of @, Uje . 7. Hence
Kje 57 and the proof of this implication and the theorem is complete.

COROLLARY 3.3. Let (Q, -;.77) be a s.t.l. The component E, of
the identity, e, with the restricted product and imherited topology 1is
a topologically invariant subloop of Q.

Proof. We need only show that E<1@Q. Connectivity is pre-
served under continuous maps so that for each te _Z(Q), Et is con-
nected. Thus either £t N E = @ or Et< E. In the latter case £ &
Et™* and since t™' € _#Z(Q) it also follows that Et™* < E. Whence E =
Et = Et'. Now for any g, he E we have ge EN Ep, and he EN
Ex,. Thus E = Ep, = Ep;' = EN, = EN;' and it follows that E is
closed. In particular for any je€. .7 (Q),e = (e)j, EN ENE; # @ so
that Ej = E and hence F < @. The result now follows from Theo-
rem (3.2).

DEFINITION 3.4. Let (H, -; 2#) be a s.t.l. and a subloop of a
loop (@, -). Then R, = {Bt|Be SZ, te _#,Q)} and L, = {Cs|Ce 2F
se _#,(Q)} are called, respectively, the right and lest coset coverings
of @ with respect to (H, -; 2¥).

THEOREM 3.5. Let H <, Q where (H, -; 57) is a s.t.l. then R, =
L, is a subbase for a topology FHy = £y under which (Q, +) is a
s.t.l. Moreover if i is the natural inclusion map of H into @ and
G=_#Z Q| 2,Q), #Z(Q)] then T y=.FPBy=_Fy, where 74 is generated
from the s.i.t. (i; H, 57; Q, G), and ¢ embeds (H, 57) as an open
subspace of (Q, T 7).

Proof. Let Be 57 and te _#,(Q). Set m = (e)t. Then tor;'e
<7 so that (B)tor;' € 57 since H<J, Q. Thus Bt = (B)to Ny )Nn€ Ly
and R, & L. Similarly L, & R, and equality now follows. Clearly
U R, = @ so that R, is a subbase for a topology on Q.

We will show that (@, <&2,) is Hausdorff. Let ¢, # ¢,€ Q. Since
H<1Q (cf. [2], pp. 60, 61) either Hq, = Hg, or Hq, N Hq, = @. In the
latter case, since Hgq,, Hq,€ R, and ec H we have two disjoint open
neighborhoods in ., of ¢, and ¢,. Suppose now that Hq, = Hg,.
Then q, = hq, for some he H\{e}, where e is the loop identity. Since
(H, 57) is Hausdorff there are open disjoint neighborhoods, A, B¢
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57 of e and h respectively. Then Aq.N Bg, = (AN B)g. = @, q.€ Aq,
and q,€ Bg,., But Aq,, Bqg.€ Ry and it follows that (Q, <Z,) is Haus-
dorft.

Now let te _#,(Q). Then if M B;t; is a basic open set of .<Z,
we have (N B;t;)t = N (Bit;)t = N B;(t;t) another basic open set of Z,.
Thus ¢ is an open map. Since t™€_4, it is also true that t is con-
tinuous. Whenece ¢ is a homeomorphism. Since all right translations
determined by ¢ge @ are in _#, it follows that each such p, is a
homeomorphism. In a similar fashion since R; = Ly, each )\, is a
homeomorphism. Thus (@, +; ) = (@, +; <%) is a s.t.q.

We have already seen in the proof of Theorem (3.2) that 5% &
T w where 77 is generated from the s.i.t. (¢; H, 57; @, G) and G =
M| A#,, #;]. Let Bte R, where Be 57, te #,. Sincetis a homeo-
morphism and 57 & & it follows that Bte .7 and thus 2, & 9.
Conversely since the inclusion map ¢ H— Q is open for the s.t.l.
(Q, - ; “Hy) by Theorem (2.4.2) we have &, 2 .77 and equality follows.
The other assertions are now clear and the proof is complete.

The following corollary is now an immediate consequence of the
above and Theorem (2.4).

COROLLARY 3.6. Let (H, +; 57) and (Q, -; 7) be two s.t.l.’s. with
H<,Q. If ¢ ts the natural inclusion map of H into Q then

1. 1 1s continuous iff I & Fy

2. 118 open iff T 2. Fy

3. 1 is an opening embedding iff T = Fy.

We conclude with an example which illustrates both the existence
of a normal subloop of a s.t.l. which is not topologically invariant.
The example will show that necessity of the topological invariance
in the hypothesis of several results viz. Theorem (3.2), and Theorem

(3.5).

ExampLE 3.7. Let C be the set of complex numbers. For me

(Z,, +) we define an action of Z, on C by 2= = {; ﬁ ;'1"’1/ - g where ze

C and 7 denotes the conjugate @ — yi = = + y¢ = Z (%, y € R, the reals).
It is easy to check that this is an action and that (2, + 2,)® = 22 + z7.
We will consider R, the set of real numbers, with two different
topologies: <2, the usual topology of the real line, and .54 the
Sorgenfrey topology (generated by half open intervals). We can now
define the following two topologies on C where we make the usual
identification # + y¢—(x, y). The usual topology generated from % x
2 will be denoted by & while we will denste by &’ the cartesian
product topology generated from <2 x $% It is readily checked that
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(C, +; %) and (C, +; &) are both semitopological groups.
Let P= C x Z,. We construct a group on P by defining a binary
operation as follows:

(w, m) + (2, n) = (w + 2=, m + n) for (w,m), (z, n)eP.

A straightforward check shows that (P, +) is a group which
contains the subgroup C x {0}. One readily checks, for example, that
(z, m) + (—2z=, m) = (0,0) for any (2, m)e P and that (0,0) is the
identity of P. We identify now C and C x {0} since they are isomor-
phic under the obvious natural map. It is easily seen that [P: C] =
2 and thus C <1 P. Furthermore (2, 0)+(0,1) =(2,1) # (2, 1) = (0, 1) +
(2, 0) so that P is not abelian. However (z,0) = (0,1) + (2,0) + 0, 1)=
(2, 0)%,y- Thus, the inner automorphism determined by (0, 1) when
restricted to C is just conjugation on C. Now if we consider the
semitopological loop (C, +; ') as a subloop of (P, +) we see that
(C, +; ') is a normal but not a topologically invariant subloop, since
conjugation in (C, &) is not a continuous map.

Let (4;C,€’; P, #) be a s.i.t. We shall show that the topology
inherited by (C)i from .77 is exactly & It will then follow that <
is not open or even an embedding so that the converses of (2.4.2)
and (2.4.3) are false when we take (P, +; .7), i.e., .9 = ., in the
hypothesis. Now let K< P. Since P= CU|[C + (0,1)] we can de-
compose K into two subsets K= K, U[K; + (0,1)] where K, < C.
Since (P, +) is a group .~ (P)={\,0,,1¢;:€ P} and Ke 7 iff [(w, m) +
K+(2,n)]NnCe%’. But (w,m)+ K+ (2, n)=(w+ KT+ 2%, m+n) U
(w+ K7 + 24,1 + m + n). Thus if we intersect with C = C x {0}
we get either w + 22 + KT when m =n i.e., if m+n=0or w+z=24 K¥
when m # n i.e., if m +n = 1. Hence Ke 7, iff K, K,, K,, K,c &’
(note: (C, +; %) is a s.t.g.l) It then follows that K, and K,e &
Whence a subset K< P is open iff K = K, U [K, + (0, 1)] where K; ¢
&. Clearly (P, 7,) is Hausdorff and it follows that (P, +;.77) is
a s.t.g.

The inclusion map 4 (C, +; &) — (P, +; ) is continuous but
not open since the inherited topology of (C)i is & and & & & .
Indeed, ¢ is not even an embedding (cf. (2.4)) as we were to show.
Theorem (3.2) is thus false if topologically is omitted from the hy-
pothesis since here &’ & 7.

We now remark that Theorem (3.5) does not hold in this example.
If K is the upper half plane including the real axis then Ke&'.
However, if K + (0,1) = (w, m) + L for some L € ' then (—w=Z, m) +
K+ (0,1)e’. Hence m +1=0 i.e.,, m =1 and we have, since
K=Kx {0}, (—w,1) + K+ (0,1) = —& + K which is not in &.
Theorem (3.5) fails for in this example neither .2, nor <%, are topologies
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under which (P, +) is a s.t.g.: the inner automorphism 4., is not
continuous.
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