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A NEW LOOK AT SOME FAMILIAR
SPACES OF INTERTWINING OPERATORS

RALPH GELLAR AND LAVON PAGE

When TΊ and T2 are bounded operators on a Hubert
space, solutions to the equation XTi = T2X are called inter-
twining operators for TΊ and T2. Several familiar spaces of
intertwining operators are examined and a new method is
proposed for studying the duality relationship that frequently
exists between the space of intertwining operators and its
subspace of compact intertwining operators.

Evidently such operators form a Banach space if the usual operator
norm is employed. We denote this space by *J*(TU T2).

Such spaces of intertwining operators are abundantly present in
the literature of operator theory. We cite these examples:

EXAMPLE 1. If D is a diagonal operator with distinct, nonzero
diagonal entries, then κJ^(D, D), the commutant of D, is simply the
familiar space of all diagonal matrices and is isomorphic to s°°.

EXAMPLE 2. In case S is either the simple unilateral or bilateral
shift, ^(S, S) is the space of analytic Toeplitz operators or Laurent
operators respectively.

EXAMPLE 3. Let T be the restriction of the adjoint of the simple
shift to an invariant subspace. In [5], Kriete, Moore, and Page
studied ^ ( Γ * , T).

EXAMPLE 4. If S is a unilateral shift (of any multiplicity), then
, S*) is the space of all S-Hankel operators.

All of the above spaces of intertwining operators have been studied
in depth. The phenomenon which motivates our investigation is
that in Examples 1, 3, and 4 the space of intertwining operators in
question is isomorphic to the second dual space of its compact part,
i.e., to the second dual of the space obtained by intersecting ^(T19 T2)
with the space of compact operators on 3ίf.

By way of contrast, there are no compact operators at all in the
spaces of Example 2.

That the spaces of Examples 1, 3, and 4 above have the stated
biduality property is seen by representing the spaces of intertwining
operators under study as familiar function spaces (or quotient spaces
of such), and then determining the duality properties of said function
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spaces. With Example 1, this is elementary. The biduality in Ex-
ample 4 is due to Kriete, Moore, and Page. The duality theorem for
Hankel operators was obtained by Hevener [4] and Page [6].

Herein we describe an alternate procedure for examining the
question, "When is J^(TU T2) the second dual of its compact part?"
Our procedure is simply stated (see Theorem 1) and its abstract
foundation is unsophisticated; yet it is adequate in investigating the
above examples. We do this in Section II where we also use the
technique to pass to more complex examples where the duality between
a space and its compact part would be most difficult to establish by
earlier methods.

I* General theory. Let &(£ίf) and c^{^f) be the spaces of
bounded operators and compact operators respectively on £ίf.

We recall the manner in which ^?{£$f) is identified as the second
dual space of <&{£(?)* The space of trace-class operators on £%f is
isomorphic to the dual space of c(^(έ%f)\ under the isomorphism the
trace-class operator Q corresponds to the linear functional Γ—> tr (TQ)
where "tr" denotes the trace. In a similar manner £%(3ίf) acts as
the dual of the space of trace-class operators. (See Schatten [7, pp.
45-53].)

If j%? is a subset of ^{3ίf), then M^~ will denote the closure
of jgΓ in the ultra-weak operator topology on :^?{£ίf), i.e., the weak-
star topology on &(Sίf) as the dual of the space of trace-class
operators, and J2f~ will denote the closure of <$? in the weak operator
topology.

PROPOSITION 1. If ^f is a closed subspace of r^{^f), then
(a) JT7 g JT'~ g ^ ~ , and
(b) <%?~ is precisely the set of all limits of bounded nets in ^f

convergent in the weak operator topology.

Proof. To say that Aa-+ A in the weak operator topology is
precisely to say that tr (AaQ) —• tr (AQ) for every operator Q of rank
one.

Assertion (b) is a consequence of the following two facts:
(1) The unit ball of ^ is weak* dense in the unit ball of its

second dual <%?~ [3, p. 424]. (See proof of Theorem 1 below.)
(2) A bounded net converges in the weak operator topology if

and only if it converges in the ultra-weak operator topology.
The second assertion is also implicitly contained in [3, p. 512] as

an exercise. We give a simple proof here for completeness.
Suppose {Aa} converges to A in the weak operator topology, and

that {Aa} is a bounded net. Then for any operator Q of finite rank,
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it is easy to see that tr (AaQ) —* tr (AQ). But the finite rank operators
are dense in the space of trace-class operators, and the linear func-
tionals Q —• tr (AaQ), Q in trace-class, are uniformly bounded. Hence
tr (AaQ) —> tr (AQ) for every Q of trace-class, or Aa—> A in the ultra-
weak operator topology.

The following theorem is quite elementary in the abstract, but
it will be of considerable use in analyzing the examples of Sections
I and II.

THEOREM 1. Let Tγ and T2 be bounded operators on ^f. Then

li T2) is isometrically isomorphic to the second dual of its compact
part provided that each operator in *J^{TU T2) is the limit in the weak
operator topology of a sequence of compact operators in J^{Tly T2).

Proof. Let ^(Tl9 T2) denote the compact part of ^{Tu T2). In
general we have

&(T19 TύS&(Tlf Tύ'S^(Tlf T2rQ^(Tu T2)

in light of Proposition l(a).
Theorem 1 is a consequence of the following duality property of

Banach spaces:
If ^/ is a Banach space, and <%f is a weak* closed subspace of

^ * * , then there is a natural isomorphism that identifies {£f Π ί^)**
with the weak* closure of <%f Γl ^ in J/**. The isomorphism arises
as follows: Let ^€ denote the annihilator of <%f Π & in g'*. First
note that the annihilator of ^£ in :f/** is simply the weak* closure
of <%f (Ί ̂  in g^** [1, p. 53]. But the Hahn-Banach theorem provides
natural isomorphisms between {Sf Π ̂ ) * and %/*\^& and between
(^*/^^)* and the annihilator of ^£ in ^ * * [2, p. 25-27].

From the preceding discussion it is apparent that <^?{TU T2)** is
isomorphic to J^{TU T2) if &(Tly T2)~ = ^{Tu T2). According to
Proposition 1 this will be the case if and only if every operator in
J^{TU T2) is the limit in the weak operator topology of a bounded
net in ^(Tl9 T2). But the very same limits can be reached through
bounded nets as through sequences. This is true first because (by
the uniform boundedness principle) weak operator convergent sequences
must be bounded. Secondly, according to Proposition 1 the same
bounded nets converge in the weak operator topology as in the ultra-
weak operator topology. But such nets can be replaced by convergent
sequences, since the ultra-weak operator topology is metrizable on
bounded sets [3, p. 426].

COROLLARY. If T is in έ%(£ίf) then the commutant of T is iso-
metrically isomorphic to the second dual of the compact commutant of T
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provided there exists a sequence of compact operators which commute
with T and converge in the weak operator topology to the identity.

Proof. If {Xn} is a sequence of compact operators which commute
with T and converge in the weak operator topology to I, then for
any operator B that commutes with T, {XnB} converges to B in the
weak operator topology. Since XnB commutes with T for each n,
and since XnB is compact, the conclusion now follows from Theorem 1.

II• Examples* In this section we explore several examples of
spaces of intertwining operators that are amenable to study via
Theorem 1.

EXAMPLE 1. Diagonal operators.

Let D be a diagonal operator on Sίf with distinct nonzero entries
on the diagonal. It is easy to see that the commutant of D is
the set of diagonal operators and is isomorphic to l°°. The com-
pact commutant of D consists of those diagonal operators whose diagonal
entries tend to zero, and hence the compact commutant is isomorphic
to c0, the space of complex sequences converging to zero. Clearly the
identity is the weak-operator limit of a sequence of finite rank diagonal
operators. Thus by the preceding corollary the second dual of the
compact commutant of D is naturally isomorphic to the commutant
of D. This, of course, substantiates the well-known fact that l°° is
the second dual of c0.

EXAMPLE 2. Weighted Hankel operators.

The following theorem provides a simple approach to the result
that w^(S, S*) is isomorphic to ^(S, S*)** when S is a simple unilateral
shift, the case in which <J^(S, S*) and ^(S, S*) are spaces of Hankel
operators. Here we shall in fact allow S to be a weighted shift.
Let {en}ζ=0 be an orthonormal basis for Sίf and let S: en —> an+ίen+1

where {αw}?=1 is a bounded sequence of complex numbers. We shall
assume in addition that {αΛ}»-=i is bounded away from zero, so that
S has a bounded left inverse. Denote by S+ that left inverse of S
which sends e0 to 0. Clearly S+ sends en to a~ι en_± if w Ξ> 1. The
requirement that the weights be bounded away from zero is simply
that zero not be in the approximate point spectrum of S.

THEOREM 2. Let S be a weighted shift with weights bounded away
from zero. Let S+ be the (bounded) left inverse of S which sends eQ

to 0. Then ^(S, S+) is isomorphic to ^{S, S+)**.
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Proof. It is straightforward to check that an operator X in
&(3lf) satisfies XS = S+X if and only if the matrix of X relative
to the basis {en}~=0 is of the form [bi+jWiWj1] where wn = 7r?=1aie It is
reasonable to call such an operator a weighted Hankel operator. If
X is a weighted Hankel operator and 0 < r < 1, then there exists a
weighted Hankel operator Xr on £έf whose matrix is [r^'bi+jWiWj1]
and which satisfies | |X r]| ^ il-XΊI This is proved as follows: Let
/ = aoeo + . . . + akek and g = βQeQ + + βkek where k is a positive
integer and {αrj and {/9J are k + 1-tuples of complex numbers. For
0 < r < 1, let / r = aoeo + ra.e, + + rkakek and gr = βoe + rβ.e, +
• rkβkek. Straightforward arithmetic shows that <Xr/, g) = (Xfr, gr).
Since HΛH ̂ | | / | | and \\gr\\ £ \\g\\, it then follows that \\Xr\\ £ \\X\\.

Now for 0 S i, 3 < °° and 0 < r < 1, <Xreί5 e/> — ri+jbi+jWiWγ. As
r —> 1, this tends to bi+jWiWj\ Because {Xr} is uniformly bounded,
we can conclude that {Xr} converges to X in the weak operator
topology.

For 0 ^ i, j < coj \bi+jWiWjι\ ^ | |X||. Thus the entries of the
matrix of Xr(0 < r < 1) are absolutely summable, and this implies the
compactness of Xr.

Theorem 1 now shows that ^ ( S , S+) is isomorphic to the second
dual of i f (S, S+).

EXAMPLE 3. Compressed shifts.

Operators of the form S*/^f where S is a shift and ^// is an
invariant subspace for S* are of extreme importance because of their
use in canonical models. Kriete, Moore, and Page [5] showed that
if Tx and T2 are operators of the above type where S is a simple
unilateral shift, then ^{Tu T2) is the second dual of its compact
part. In light of the model theory, such a result cannot possibly
hold for shifts of infinite multiplicity.

The key technical result in [5] is that for any inner function δ
in H°°, H°° Π δC is weak-star dense in <^~, where ^ is the class of
continuous functions on the unit circle. It can be shown that this
technical lemma about the nature of H°° is equivalent to the assertion
that if Tλ and T2 are operators of the form S*/^T where S is the
simple unilateral shift and ^£ is an invariant subspace for £»*, then
each operator that intertwines T1 and T2 is the limit in the weak
operator topology of a sequence of compact intertwining operators.
Thus the biduality result of [5] may be viewed as a consequence of
the technical lemma and Theorem 1.

EXAMPLE 4. Quasi-triangular and other miscellaneous classes of
operators.
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Theorem 1 is generalized without change of proof by replacing
^{Tu T2) by any weak operator closed subspace <%f of &(£ίf) and
replacing <tf{Tu T2) by Jgf Π %?(<%?). The methods of Theorem 2 can
also be generalized. Let X be any bounded operator on £{f with
matrix \ai3\ with respect to some orthonormal basis {en}~=0. Define
Xr, 0 < r < 1, to be the operator with matrix [ri+jai3\ with respect to
the same basis. Exactly as in Theorem 2 we can show that {Xr, r —> 1}
is a bounded net of compact operators converging to X in the weak
operator topology. We will then have proven the following theorem.

THEOREM 3. Let ^f be a subspace of ^?(£ίf) which is closed in
the weak operator topology. Suppose for each X in c%? there exists an
orthonormal basis such that all the operators Xr, 0 < r < 1, also are
in 3f. Then <%f is isomorphic to the second dual space of <%? Π

For example, each of the following spaces—weighted shifts with
respect to a fixed basis, the diagonal operators with respect to a fixed
basis (mentioned earlier), quasi-triangular operators with respect to a
fixed basis (associated matrix ai5- = 0 unless i <£ j + 1), operators with
matrix satisfying aj3 = — 2aj+lf3_1 (all j), etc.—is shown to be isomorphic
to the second dual of its intersection with the compact operators.
We note with glee that we are assured of this isomorphism without
needing to know exactly which operators in these spaces are compact.

EXAMPLE 5. Hankel operators of higher multiplicity.

If S is a unilateral shift of multiplicity fc, where k is any cardi-
nal number, then an S-Hankel operator is an operator H satisfying
S*H - HS.

Any S-Hankel operator can be represented by a matrix with
operator entries [Ai3] where Ai3 = Bi+j, an operator on a ά-dimensional
Hubert space. Then each operator H in <J*~(S, S*) is the weak-operator
limit of the bounded net of compact Hankel operators with matrices
[r^'XAiύr], 0 < r < 1. Thus J^{S, S*) is isomorphic to the second dual
of its compact part.
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