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COMPOSANTS OF HAUSDORFF INDECOMPOSABLE
CONTINUA; A MAPPING APPROACH

Davip P. BELLAMY

“Continuum’’ denotes a compact connected Hausdorff space.
The principal result is that every indecomposable continuum
can be mapped onto Knaster’s example D of a chainable
indecomposable continuum with one endpoint. This result is
then used to conclude that those indecomposable continua
each of whose proper subcontinua is decomposable, those which
are homeomorphic with each of their nondegenerate sub-
continua, and those such that each two points in the same
composant can be joined by a continuum which cannot be
mapped onto D, have at least ¢ composants. It is also shown
that generalized arcwise connected continua are decomposable.

The author [1] and [2], among others, has raised the question of
how many composants an indecomposable continuum must have. The
technique applied to prove that metric indecomposable continua have
uncountably many depends upon the second countability of the comple-
ment of a point. (See, for example, [5, p. 140].) Other arguments can
generalize this; for example, H. Cook has pointed out in conversation
that if an indecomposable continuum has two composants, and is first
countable at a point of each, then it has uncountably many composants.
This can be generalized to include the case of a continuum with two com-
posants, each of which contains a compact G, subset. S. Mazurkiewicz
[7] has shown that a metric indecomposable continuum has ¢ composants,
sharpening slightly the result that it has uncountably many. M. E.
Rudin [10] has shown that if the continuum hypothesis holds, then
it is not true that every indecomposable continuum has ¢ composants.

J. W. Rogers, Jr., [9] has shown that every metric indecomposable
continuum can be mapped onto the continuum D mentioned above.
(See [5, p. 332] or [6, p. 206] for a picture.) We follow Rogers here
in a representing D as an inverse limit of ares [0, 1] = I, indexed by
the positive integers, where the bonding map between successive terms
is always h, where h(t) = 2t for ¢t < 1/2 and h(t) = 2 — 2t for ¢ = 1/2.
Throughout what follows, let I denote [0, 1]; %, this function; and D,
the inverse limit of this system. This work extends Rogers’ result
to the nonmetric case; also, the argument here is simpler than Rogers’.
This result is then applied to obtain a partial answer to the composant
question in certain cases. This work also generalizes work of G. R.
Gordh, Jr., presented at the University of Oklahoma Conference on
General Topology in March, 1972, [3], and answers in the negative
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the question of L. E. Ward, Jr., [11], concerning whether there are
indecomposable continua each two points of which can be connected
by a generalized arc. (A generalized arc is a continuum with exactly
two noncutpoints.)

Principal Result. We first establish the following:

LemmA. If X is an indecomposable continuum and f: X— I is a
continuous function such that f~(0) and f~'(1) both have nomempty
interior, then there exists a continuous function g: X — I such that
97 (0) and g~'(1) both have nomempty interior, and such that f = hog.

Proof. Suppose f is given. Let M U N be a separation of X-
Int f~'(1) such that both M N Int f~*(0) and N N Int £~*(0) are nonvoid.
Such a separation exists since X-Int f~*(1) is compact and no component
of it has interior; in particular, Int f7(0) must meet at least two
components and hence two quasi-components of it. Now define g: X —
I by
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It is readily verified that g is well-defined and continuous. Then,

Intg™(1) = NN Int f7(0) = ¢
Intg7'(0) = M N Int f(0) = ¢ .

The reader can easily verify that f = hog.

COROLLARY TO PROOF. If X is an indecomposable continuum and
f: X — I is a continuous function such that £~(0) and f~(1) both have
nonempty interior, and if p,qec X are points such that p € Int £7'(0);
f(@) = 0,1 and q lies in a different component of X-Int f'(1) from
D, then there exists a continuous function g: X — I such that f = hog;
g7'(0) and g~*(1) both have monempty interior, p €Int ¢g='(0), and 1 >
9(q) = 1/2.

Proof. Choose M and N as in the proof of the lemma, so that
peM. If qe N, set M' = M; N' = N. If ge M, then since p and ¢
lie in different components of M and M is compact, there is separation
M" U A of M withge A and pe M’. Then, let N'=A U N. In either
case, proceed as in the proof of the lemma, replacing M and N by M’
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and N’ respectively. It is then readily verified that 1 > g(q) = 1/2
and p e Int g7%0).
We are now in a position to prove:

THEOREM. Let X be a nondegenerate indecomposable continuum.
Then X can be mapped continuously onto D.

Proof. Let O be a nonempty open subset of X such that Cl (0) =
X. Since Cl(0O) is a proper closed subset of an indecomposable con-
tinuum, with nonvoid interior, it is not connected. Let AU B be a
separation of Cl(0) and observe that both A and B have interior.
Let f,: X— I be a Urysohn function such that f,(x) =0 for xc 4
and f,(x) =1 for e B. Now, Int f7(0) # ¢ == Int f7*(1). We proceed
inductively. Suppose continuous functions f;; X— I have been
chosen for 1 < ¢ < m, such that for each 7 > 1, hof; = f,_, and such
that for each 7, /77(0) and f7'(1) both have interior. Applying the
lemma, we obtain a function f,: X— I such that f;(0) and f,;'(1)
both have interior and ko f, = f._..

Then the sequence of functions {f;>, induces a map f: X— D
which is onto since X is compact and each f, is onto, and the proof
is complete.

Before looking at the composant question, we sharpen this result
somewhat with three corollaries to the proof, and to the theorem.

COROLLARY 1. If p and q are distinct points of the indecomposable
continuum X, there is a continuous surjection f: X — D such that

f) = f(@).

Proof. Choose O so that pe 0 and ¢ ¢ Cl (0). Choose 4, B so that
pecA. Apply Tietze’s extension theorem to obtain a function f, such
that fi(x) =0 for ze 4, fi(x) =1 for ze B, and f,(¢) = 1/2. Then
proceed as in the proof of the theorem. f(p) # f(q) since fi(p) =0
while f.(q) = 1/2.

COROLLARY 2. A mnondegenerate indecomposable continuum X can
be embedded into a product of copies of D such that every projection
carries the image of X onto D.

Proof. Let F = {f: f is continuous mapping of X onto D}. Define
k: X— ;D by k= f. By Corollary 1, k is 1 — 1 and by com-
pactness it is an embedding. The f-projection of k(X) into D yields
f(X), which is all of D.

COROLLARY 3. If » and q belong to different composants of the
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wndecomposable continuum X, there is a continuous mapping f: X — D
such that f(p) and f(q) lie in different composants of D.

Proof. Obtain f, as in the proof of Corollary 1. Then suppose
f: has been chosen for 1 < 7 < n such that p € Int f7'(0) and such that
1> fig) = 1/2 for each 1, in addition to the other properties assumed
in the proof of the theorem. Then, since p and ¢ lie in different
composants of X, they must lie in different components of X-Int f,;2,(1).
The corollary to the proof of the Lemma enables us to choose f, so
that pelInt f;'(0) while 1 > f,(¢) = 1/2. Then with the map f: X—
D so obtained, suppose W < D were a proper subcontinuum with f(p) €
W and f(q)e W. Let W, < I be the ith projection of W. Since f(p)
is the point each of whose coordinates is zero, 0 ¢ W, for each 7. Since
W = D, there is a j such that W; = I. Then 1l¢ W;. Since h(1/2) =
1,1/2¢ W;,,. Thus W,,, < [0, 1/2) while f;,,(q) = 1/2, a contradiction,
since f;..(¢) € W;.,. Hence, f(p) and f{q) belong to different com-
posants of D.

The Composant Problem. The theorem of the preceding section
now allows us to make some observations about composants and other
internal structures of indecomposable continua.

DeriNITION 1. If X and Y are continua and f: X —Y is a con-
tinuous surjection, f maps X irreducibly onto Y iff f(W) is a proper
subcontinuum of Y whenever W is a proper subcontinuum of X.

PrOPOSITION. If X and Y are indecomposable continua and f: X —
Y arreducibly onto, then X has at least as many composants as Y.

Proof. If p,q lie in the same composant of X, there is a proper
subeontinuum W of X containing p and q. Hence, f(W) is a proper
subcontinuum of Y containing both f(p) and f(q), which thus lie in
the same composant of Y. Thus, if K is a composant of Y, f(K) is
a union of composants of X. Applying the axiom of choice, we can
define a 1-1 function ¢ from the set of composants of Y into the
set of composants of X by choosing ¢g(K) to be some composant of
X contained in f~YK) for each composant K of Y.

COROLLARY 4. If an indecomposable continuum X can be mapped
wrreductbly onto D, X has at least ¢ composants.

COROLLARY 5. If X is a nondegenerate indecomposable continuum,
X contains an indecomposable subcontinuum M with at least ¢ composants.
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Proof. Let f: X— D be onto. Consider
(W< X: W is a continuum and f(W) = D} .

By compactness and Zorn’s lemma, this set contains a minimal element
M; M is necessarily indecomposable, and f|M: M — D maps M irredu-
cibly onto D. We are done by Corollary 4.

DEFINITION 2. An indecomposable continuum is ¢rreducibly inde-
composable iff each of its nondegenerate proper subcontinua is decom-
posable.

DEFINITION 3. A continuum is hereditarily equivalent iff it is
homeomorphic with each of its nondegenerate subcontinua. (See [8]
and [4].)

COROLLARY 6. An irreducibly indecomposable continuum X which
1s mondegenerate has at least ¢ composants.

Proof. The M in Corollary 5 must in this case be X.

COROLLARY 7. A mnondegenerate hereditarily equivalent indecom-
posable continuum X has at least ¢ composants.

Proof. The M in Corollary 5 is in this case homeomorphic with
X and so has the same number of composants as X.
We also obtain the following somewhat more technical results.

COROLLARY 8. If X is a nondegenerate indecomposable continuum
such that whenever p,q belong to the same composant of X, p and ¢
lie together in a continuum W(p, q) which cannot be mapped onto D,
then X has at least ¢ composants.

Proof. Let f: X— D be onto and let M & X be a continuum such
that f(M) = D. Suppose M = X. Then M lies in some composant
K of X. Let p,ge M such that f(p) and f(q) belong to different
composants of D. There is a continuum W(p, q) which cannot be
mapped onto D, while p,qge W(p, ¢). Then f(W(p, q)) is a proper
subcontinuum of D meeting two composants of D, a contradiction.
Thus, M = X and by Proposition 1, the proof is done.

In particular, then, if each two points of each composant of an
indecomposable continuum lie in a continuum which is locally connected;
is a union of fewer than ¢ locally connected continua; or is hereditarily
decomposable, then the continuum has at least ¢ composants. (The
hereditarily decomposable case was pointed out by L. E. Rogers and
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G. R. Gordh, Jr., in conversation with the author.)

COROLLARY 9. A continuum X, each two points of which can
be joined by a continuum which cannot be mapped onto D, is decom-
posabdle.

Proof. Such a continuum cannot be mapped onto D, for if p,qe
X and f: X— D is onto; and f(p) and f(g) lie in different composants
of D, then each continuum containing both p and ¢ is mapped onto
D by f.

COROLLARY 10. A continuum each two points of which can be
joined by a generalized arc is decomposable.

The following Corollaries resolve the question in [11], mentioned
earlier. We close with them.

COROLLARY 11. A hereditarily unicoherent gemeralized arcwise
connected continuum 1is hereditarily decomposable.

Proof. If X is such a continuum and W =X is a subcontinuum,
then for any p,q in W there is a generalized arc A in X from p to
q. By irreducibility of A and hereditary unicoherence, A = W. Thus
W is generalized arcwise connected and hence decomposable.

COROLLARY 12. Fach generalized arcwise conmected hereditarily
unicoherent continuum has the fixzed point property for continuous
multi-valued functions.

REMARK. This is a restatement of Theorem 2 of [11, p. 926] in
light of Corollary 11.
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