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CONVERGENCE OF BAIRE MEASURES

R. B. KIRK

Assume that there are no measurable cardinals. Then
E. Granirer has proved that if a net {mj of finite Baire
measures on a completely regular Hausdorff space converges
weakly to a finite Baire measure m, then {mj converges to
m uniformly on each uniformly bounded, equicontinuous sub-
set of Cδ, the space of bounded continuous functions. In this
paper a relatively simple proof of Granirer's theorem is given
based on a recent result of the author. The same method is
used to prove the following analogue of Granirer's theorem.
Let {mj be a net of Baire measures on X each having com-
pact support in the realcompactification of the underlying

space X, and assume that \ fdπii —> \ fdm for every con-
tinuous function / on X where m is a Baire measure having
compact support in the realcompactification of X. Then {mj
converges to m uniformly on each pointwise bounded, equi-
continuous subset of C, the space of continuous functions on
X. (The situation in the presence of measurable cardinals is
also treated.)

In what follows, X will denote a completely regular Hausdorff
space, C will denote the linear space of all continuous real-valued
functions on X and Cb will denote the subspace of C consisting of all
the uniformly bounded functions in C. The Baire algebra is the
smallest σ-algebra on X with respect to which each of the functions
in C is measurable. (Equivalently, it is the σ-algebra generated by
the zero sets in X.) The linear space of all signed Baire measures
on X with finite variation is denoted by Mσ, and the set of nonnega-
tive elements in Mσ (i.e., the set of finite Baire measures) is denoted
by Mt The space Mσ and Cb may be paired in the sense of Bourbaki

by the bilinear form <m, /> = \ fdm — \ fdm+ — 1 fdm~~ for all
J x Jx JX

me Mσ and all fe Cb. By the weak topology on Mσ, will we mean the
topology σ{Mσ, Ch).

Let vX denote the realcompactification of X, (See [2], p. 116.)
A Baire measure m on X is said to have compact support in the
realcompactification of X if there is a compact set G c vX such that
for every zero set Z in vX with Gcz Z, it follows that m(X Π Z) =
m(X). Let Mc denote the subspace of Mσ consisting of those elements
whose total variations have compact support in the realcompactifica-
tion of X. The set of nonnegative elements of Mc is denoted by Λfc

+.
It is not hard to verify that if meMΐ, then CaLι(m). Hence the
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spaces Mc and C may be paired in the sense of Bourbaki by the

bilinear form <ra, /> = I fdm = \ fdm+ — \ fdmr for all meMc
JX JX JX

and all feC. By the weak topology on Mc, we will mean the topology
σ(Mc,C).

Let B be a subset of C. Then B is poίntwise bounded if for
every xeX, sup {\f(x) \ :fe B} < co. It is said to be uniformly
bounded, if sup {||/||x:/e B) < oo where | | / | | x = sup {|/(α?) |: α? e X}.
(Of course, if B is uniformly bounded, then B c Cδ.) The set B is
equicontinuous (or locally equicontinuous) if for every a e l and for
every positive number ε, there is a neighborhood U oί x such that
for all y e U and all fe B, \f(x) - /(#) | ^ ε. Let if denote the family
of all pointwise bounded, equicontinuous subsets of C; and let g?δ

denote the family of all uniformly bounded, equicontinuous subsets
of Cb. It is clear that if. Beϊ?\ then 5 is a σ(C\ unbounded and
that Cb = \J{B: Beξ?b}. Hence it follows that the topology eb of
uniform convergence on the sets in c£b is a locally convex topology
on Mσ which is compatible with the pair (Mσ, C

b). (See [7], p. 255.)
It is also the case that if B e g", then B is a σ(C, ikfc)-bounded subset
of C. (This fact is proved in Proposition 2.2 below.) Since C =
Ul-B ΰ e g ' } , it follows that the topology e of uniform convergence
on the sets in g7 is a locally convex topology on Mc compatible with
the pair (Mo, C).

Recall that a set Y has a measurable cardinal if there is a pro-
bability measure defined on the algebra of all subsets of Y which is
zero on all singleton sets. Otherwise, Y is said to have a non-
measurable cardinal. It is consistent with the standard axiomatic
treatments of set theory to assume that all sets have nonmeasurable
cardinals. It is also known that if the continuum hypothesis holds,
then the continuum has a nonmeasurable cardinal. It is not known
whether or not the statement that there are no measurable cardinals
is independent of the axioms of set theory.

The completely regular Hausdorff space X is a D-space if whenever
d is a continuous pseudometric on X and Y is a d-discrete subset of
X, then Y has a nonmeasurable cardinal. The concept of a D-space
was introduced by Granirer in [3]. From the remarks made above
about measurable cardinals, it is clearly consistent with the usual
axioms of set theory to assume that every completely regular Haus-
dorff space is a .D-space. The following result is proved by Granirer.
(See [3], Theorem 2.)

THEOREM A. Let X be a completely regular Hausdorff space.
Then X is a D-space if and only if whenever {mj is a net in Mi
which converges weakly to me Mσ, then {mi} converges to m for the
topology eb.
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We will present a relatively simple proof of this theorem based
on Theorem 1.1 below which was recently obtained by the author,
(In fact, our main result, Theorem 1.5, is somewhat stronger than
Theorem A.) The advantage of our method is that it allows the
analysis to be carried out for nets of measures with finite support
and reduces the measure theory needed to a minimum. The same
method yields a proof of the following result which we believe to be
new.

THEOREM B. Let X be completely regular Hausdorff. Then the
following hold.

1. If X is a D-space, then whenever {mj is a net in Mi which
converges weakly to m in Mc, it follows that {mj converges to m for
the topology e.

2. Assume the continuum hypothesis. If X is not a D-space,
then there is a net {mj in Mi which converges weakly to some m in
Mc such that {mj is not convergent for the topology e.

1* Weak convergence in Mσ. Let L denote the subspace of Mσ

consisting of those elements whose total variations have finite support.
Hence me L Ίΐ and only if there is a finite set A c X such that
m(B) — 0 for every Baire set B disjoint from A. Every element
me L has a unique extension to a finite signed measure m on the
algebra of subsets of X. For each me L, let ξ be the real-valued
function defined by ξ(x) = m({x}) for all xe X. In this way the space
L may be identified with the space of all real-valued functions on X
which vanish on the complement of a finite subset of X. We will
use this representation of L throughout the paper. For notational
purposes, we will use ξ to denote a generic element of L. The
restriction to L of the bilinear form pairing Mσ and Cb is given by
<£, /> = Σ{ζ(x)f(x): xeX} for all ξ e L and all fe O. The set of non-
negative functions in L will be denoted by L+.

A Baire measure m on X is said to be separable if for every
continuous pseudometric d on X, there is a d-closed set Za X such
that m(X — Z) = 0 and such that Z is d-separable. (Since every
d-closed set is a zero set in X, it follows that m(X — Z) is defined.)
An arbitrary element of M is separable if its total-variation is sepa-
rable. Let Ms denote the subspace of Mσ consisting of the separable
elements of Mσ. The space Ms was first introduced by Dudley in [1].
It can be shown that X is a D-space if and only if Ms = Mσ. (Indeed,
if X is a D-space, then Ms = Mσ is a consequence of Theorem III,
p. 137 in [8]. On the other hand, if X is not a Z>-space, then there
is a continuous pseudometric d on X and a d-discrete set Ycz X such
that Y has a measurable cardinal. If μ is a nontrivial measure on



138 R. B. KIRK

the subsets of Y, let m be defined by m(B) = μ(B Π Y) for every
Baire set B in X. It is clear that m e Mσ. However, m is not d-
separable as can easily be seen so that m<£ Ms.) Hence, again it is
consistent with the axioms of set theory to assume that Ms = Mσ for
all completely regular Hausdorff spaces. The following result was
proved by the author in [6].

THEOREM 1.1. Let X be a completely regular Hausdorff space
and let Ms be equipped with the topology eb of uniform convergence
on the uniformly bounded, equicontinuous subsets of Cb. Then the
following hold.

1. Ms is complete.
2. L is dense in Ms.
3. The dual space of Ms is Cb.

We will require several results from the theory of measures on
a topological space which we will now review briefly. (The reader is
referred to [9] for further details.) Recall that a Baire measure m
is τ-additive if whenever {Zi'.iel} is a downward directed system of
zero sets in X with Γi{Zϊ.ίeI} = 0 , then m(Zi)-+0. (The family
{Zim. ie 1} is downward directed if for each pair ίlf i2 e I, there is i3e I
such that Zh c Zh Π Zh.) Equivalently, m is net-additive if for each
upward directed system {JJc. i e 1} of cozero sets (complements of zero
sets) in X with U {£/.: ie 1} = X, then m(Ui) -> m(X). The support
of a Baire measure m is the set supp m = Π {%'- Z is & zero set in X
and m(X) = m(Z)}. If supp m = 0 , then m is said to be entirely
without support. The following result is proved in [5].

THEOREM 1.2. Let m be a Baire measure on X. If m is not
net-additive, then there is a Baire measure m! on X such that 0 <
m! ^ m and such that m! is entirely without support.

If d is a continuous pseudometric on X, define an equivalence
relation on X by x = y if d(x, y) = 0; and let X* denote the set of
equivalence classes. For x j e Γ , define d*(x, y) = d(x,y). Then
(X*, ώ*) is a metric space which we will call the metric space associated
with d. Let Q: X—> X* be the quotient map. Since Q is continuous,
it follows that Q'^B] is a Baire set in X whenever B is a Baire set
in X*. If m is a Baire measure on X, define m(B) = m(Q~ι[B]) for
every Baire set in X*. Then m is a Baire measure on X*. The
following lemma is a consequence of Theorem 28 and Remark 4, p. 175
of Varadarajan in [9]. However, since the proof given below is
essentially different, we will include it for the sake of completeness.

LEMMA 1.3. Let d be a continuous pseudometric on X, and let
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m be a separable Baire measure on X. If {Uϊ.ίel} is a cover of X
by d-open sets and if ε is an arbitrary positive number, then there
is a finite set {iu , in) c / such that m(X — \Jk=iUi]c) ^ ε.

Proof. Let (X*, ώ*) be the metric space associated with d, and
let in be the Baire measure on X* corresponding to m. It will be
sufficient to prove that m is net-additive on X*. Indeed, assume that
m is net-additive. Since E7i is d-open, Ui = Q[Ui] is open in X*; and
hence it is a cozero set in X*. The family of all finite unions of the
sets in {Uiiiel} is then an upward directed family of cozero sets
whose union is X*. But then there is a finite set {ίl9 , in} c I such
that m ( X - \Jΐ=1Uik) = m(X* - \Jΐ=1Uik) ^ ε since m is net-additive.

We will now show that m is net-additive. If this is not the
case, then by Theorem 1.2 there is a Baire measure μ on X* such
that 0 < μ ^ in and such that μ is entirely without support. Then
there is a separable Baire measure m0 on X such that m0 ^ m and
such that m0 = μ. Indeed, let E = {fe Cb:f = /*°Q for some /* e

Cb(X*)}; and define φ(f) = [ f*dμ for each feE where f = f*oQ.
)x*

Then φ* is a linear functional on the linear space E. Furthermore,
φ* is majorized on E by the subadditive functional p defined on Cb

by p(f) = \ f+dm for all / e Ch. Hence by the Hahn-Banach theorem,
)χ

there is a linear functional φ on Cb which extends φ* and which is
majorized by p on Ch. It is not difficult to verify that φ is non-
negative and satisfies the integral property. (A nonnegative func-
tional φ on Cb satisfies the integral property if for every decreasing
sequence {fn} c Cb such that fn j 0 pointwise, it follows that <P(fn) J, 0.)
It follows by the Alexandrov representation theorem (see Theorems
1.2 and 1.5 in [5]) that there is a Baire measure m0 on X such that
φ(f) = \ fdmQ for all / e Cb. It is clear that m0 ^ m and that m0 = μ

JZ

as claimed. (Note that since m is separable and since m0 ^ m, it
follows that m0 is also separable.)

Since m0 is entirely without support in X*, there is for each
xeX* an open set C7χ in X* with mQ(U χ) = 0. Since {C/^:xeX*} is
an open cover of X* and since X* is paracompact (being a metric
space), there is a partition of unity {ffijeJ} subordinate to the cover
{Uxi x e X*}. For each finite set τ c J, define Λ = Σ {ff°Q: 3 e τ}
Then {/r} is easily seen to be uniformly bounded and equicontinuous.
Since the net {fr} converges to 1 pointwise, hence by Proposition 9.2

in [6], I fτdm0—>mo(X). On the other hand, since// has its support
JX

in Uj for some X G Γ , it follows that \ f*oQdm0 = \ f*dm0 = 0.
Jx Jx*
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Thus [ fτdm0 = 0 for all τ. Thus mo(X) = lim ( fτdmQ = 0. This
}x Jx

contradicts the fact that mo(X) = mo(^*) = μ(X*) > 0. The proof is
complete.

We remark here that Lemma 1.3 is the only result from the
theory of measures in a topological space which will be required in
proof of Theorem 1.5 (the main result in this section). This theorem
is somewhat stronger than Theorem A. A proof of Theorem A itself
can be based on a result of Marczewski and Sikorski ([8], Theorem
III) without reference to Lemma 1.3. (This result of Marczewski and
Sikorski is also used by Granirer in his proof of Theorem B.)

For ξ e L and Wa X, define the element (ζ)w e L by (ξ)w(%) = Hχ)
for xeW and (ξ)w(x) = 0 for x e X - W. (That is, (ξ)w = ζ Jgfw

where <%fw is the characteristic function of the set W We can now
prove the following.

PROPOSITION 1.4. Let X be a completely regular Hausdorff space,
and let {̂ : i e 1} be a net in L+. Assume that {ζJ converges to meMs

in the σ(Ms, Ch)-sense. Then {fj converges to m in the eb-sense.

Proof. We will show that {ξ{} is an eδ-Cauchy net. The result
will then be immediate from Theorem 1.1. Assume without loss of
generality that m Φ 0. Fix a set S e g?δ and a positive number ε.
For x,yeX9 define d(x, y) = sup {\f(x) — f(y) | : / c £ } . Then it is easily
verified that since ί?e gfδ, d is a continuous pseudometric on X. Since
the net {(ξi91)} converges to <m, 1>, we may assume without loss of gen-
erality that P = sup {| <&, l > | : i e / } is finite. Let M= sup{ | |/ | | x :/e B}
which is also finite since B is uniformly bounded.

Since d is continuous, there is for each x e X a d-open set Ux

such that d(x, y) ̂  εP"1 for all y e Ux. In particular, we then have,

(1) \f(x)-f(y)\<εP-i for all yeUxJeB.

By Lemma 1.3 there is a finite set {xl9 •••, xn}czX such that m(X —
U) ^ eilί"1 where U = \Jk=iUXk. (Note that each Ux is a cozero set
in X so that U is also a cozero set.) Since m is regular, there is
a zero set Z in X such that Zcz U and such that m(U — Z) ̂  εM~\
Let /o G Cb be such that 0 ̂  / 0 ̂  1, f0 = 1 on X - U and fQ - 0 on Z.
Since {ξ{} converges to m weakly, there is an \ e I such that if i ^ i19

then I <ί< - m, /0> | ^ εilί"1. Since f< ̂  0, we have for i ^ i l f

4 - m,/0> + ί fodm ^

+ m(X - J7) + m(X - Z) ̂
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Thus we have demonstrated the following inequality which we note
for future reference.

( 2 ) <&)*-*, 1> ̂  3εikT1 , for all i ^ i , .

The set of vectors K= {(/(^), ,/(O): / e J3} is a totally-bounded
set in jβ\ Hence there is a finite set Aa B such that the set KA =
{ ( / ( 4 ' ,/W) / ^ l is an εP^-net for K. Since {£<} is weakly
convergent and since A is finite, there is an i2 e I such that if i, i ^ ί2,
then

(3) |<£i-£y,/> |^e, for all / e i .

Let ίoe 7 be greater than both iu i2. Fix i, j >̂ i0 and let feB.
Choose /* e A such that |/(a?fc) - /*(a?fc) | ^ εP"1 for all k = 1, , n.
We then have by (2) and (3) that

- f y ) M f | / - /* |> + <(ft - ξj)U9 \f - /*

f I + I /* |> + <(ί, ) M , I/I

^ ε + 2M(3εM~ί) + 2M(3εM~1) + <(ft - £ , ) „ , / - /*>

^lSe + ^ f t - f ^ , / - / * > .

Hence we have shown that,

(4) <£4 - f,, /> ^ 13ε + <(f, - f^, / - / * > , for all i, j ^ % .

Let Uk = t/"^ for & = 1, . ., n and let Z70 = 0 . By (1) and the fact
that \f(xk) — f*(xk) I ̂  εP" 1 for all k = 1, , n, we have for i ^ i0

that

Σ Ux)\f(x)-f*(x)

Σ Σ Uχ)ί\f(χ) - /(%) I + l/fe) - /*(*.)Σ

Σ ίi(«) ̂  3eP-ι<f<, 1> ̂  3s .Σ
That is, we have
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( 5 ) <(£<)*, / - /*> ^ 3e, for all i ^ i 0 .

Combining (4) and (5), we obtain that for all i9 j :> i0 and all feB,

<£< - ζjyf) £ 13e + <(£<)*, | / - / * | > + <(£ ,)*, | / - /* |> ̂  19e .

Since ε and B were arbitrary, it now follows that {ξJ is an eδ-Cauchy
net. The proof is complete.

THEOREM 1.5. Let X be completely regular Hausdorff. Then
the weak topology and the eb-topology are identical on Mt

Proof. It is sufficient to show that if G is an enclosed set in
MZ, then G is weakly closed in M\. But this is immediate from
Proposition 1.4 and the fact that L+ is weakly dense in Mt The
proof is complete.

Theorem A now follows easily. Indeed, if X is a D-space, then
Ms = Mσ as noted above; and Theorem A reduces to Theorem 1.5. If
X is not a D-space, then there is a Baire measure m with m e Mσ — Ms.
Since L+ is weakly dense in Mσ, there is a net {ξJ in L+ which con-
verges weakly to m. However, {£J will not converge in the e&-sense
since otherwise {£f} would be an βδ-Cauchy net which would imply by
Theorem 1.1 that m e Ms.

In [3] Granirer proves the following as an application of Theorem
A. It is also an immediate consequence of Theorem 1.1.

THEOREM 1.6. Let X be a completely regular Hausdorff space.
Then X is a D-space if and only if every uniformly bounded, equi-
continuous subset of Cb is relatively σ(Mσ, Cb)-compact.

Proof. If X is a D-space, then Mσ = Ms. Since by Theorem 1.1
the dual of Mσ with the topology eb is C\ it follows by the Banach-
Alaoglu theorem t h a t ΰ 0 0 is σ(Cb, M^-compact whenever B e c£b. (Of
course, B°° denotes the bipolar of B for the pair.) On the other
hand, if X is not a D-space, then by Theorem 1.1, Ms is a proper
closed subspace of Mσ for the topology eh. Hence by the Hahn-Banach
theorem, the dual space of Mσ for this topology is strictly larger
than Cb. This implies by the Mackey-Arens theorem that there is
a Be&b such that 5°° is not σ(Cb, lfσ)-compact. But, as is easily
verified, Booe&b. This completes the proof.

2* Weak convergence in Me. The following is proved in [6],
Theorem 4.4. (The essence of the theorem is due to Hewitt in [4].)

THEOREM 2.1. The order dual of C is isomorphic as a Riesz
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space to Mc. The isomorphism is given by φ^m where φ(f) = I fdm

for all feC. In particular, CaLι(m) for all m e Λf+

We now prove the following as promised in the introduction.

PROPOSITION 2.2. If Be gf, then B is a σ(C, Mc)-bounded subset
of C.

Proof. Fix m e Mi. It is sufficient to show that \\ \f\ dm:fe B\

is bounded. If this is not so, then there is a sequence {fn} e B such

that I \fn\dm—>+oo. For each neN, define gn = sup {\fk |: k =
Jx

1, , n) and g — sup {\fk \: ke N}. Then g is a real-valued, continuous
function. Indeed, it is clear that g is real-valued since B is pointwise
bounded. In order to see that g is continuous, fix x e X and ε > 0.
Let U be a neighborhood of α? such that \f(x) — f(y)\ ^ ε/3 for all
y e U and all f e B. We now claim that | #(#) — #(?/) | ^ ε for all y e U.
Indeed, fix y e U, and choose k e N so large that | #(&) — grfc(x) | ^ ε/3
and I g(y) — gk(y) | ^ ε/3. Then there are i, j e {1, , k) such that
9k(x) = l/*(») I a n d *̂(2/) = \fi(v) l Hence we have that,

I g(χ) - g{y) I

+ I gk(χ) - gk{y) I + I gk(y) - g(y) I

) - \fj\(y)\

^ 2ε/3 + max {| \ft \ (x) - \f, \ (y) |, | \fs \ (x) - \fs \

The proof is complete.
Define Msc = Af, Π Me. If X is a D-space, then Msc - Mc. On

the other hand, if X is not a D-space, then for some continuous
pseudometric d on X, there is a cϋ-closed subset Zcz X with a measur-
able cardinal. It is known that if the continuum hypothesis holds and
if Z has a measurable cardinal, then there is a probability measure
on the algebra of all subsets of Z which is zero on all singletons and
which assumes only the values 0 or 1. From this it follows that
there is a point in vX such that the valuation functional on C cor-
responding to this point is represented (according to Theorem 2.1) by
a nonseparable element of Me. That is, Msc is a proper subspace of
Mc. In summary then, it follows that if the continuum hypothesis
holds, then X is a D-space if and only if Msc = Me. The following
result is proved in [6].

THEOREM 2.3. Let X be completely regular Hausdorff, and let Mse

be equipped with the topology e of uniform convergence on the pointwise
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bounded, equίcontinuous subsets of C. Then the following hold.
1. Msc is complete.
2. The dual space of Msc is C.
3. L is dense in Msc.

If X itself is realcompact, then obviously Msc = Mc. Hence we
have the following.

PROPOSITION 2.4. Let X be realcompact, and let {ξ«: i e 1} be a
net in L+. If {fj converges to me Mc for the topology σ(Mc, C), then
{ξi} converges to m for the topology e.

Proof. We will show that {£<} is an e-Cauchy net. The result
will then follow immediately from Theorem 2.3. Assume without
loss of generality that m Φ 0. Fix a s e t S c g ' and a positive number
ε. Forx,yeX, define d(x,y) = sup{|/(α>) -f(y)\:feB}. Sincere g7,
it follows that d is a continuous pseudometric on X. Let G be the
support of m which is a compact subset of X by assumption. Let
M = sup {\\f\\G:feB} which is finite since B e g7. For all xeX, define
h(x) = d(x, G) = inf {d(x, y):y e G}. Then h is an element of C. Since
{ξJ converges weakly to m, there is an ^ G / such that | <f * — m, h} \ ̂  ε
for all i ^ ilβ But h — 0 on G so that <m, Λ, > = 0. Hence we have
that,

(1) I <£,, h} I ̂  ε, for all i ^ ^ .

Since the net {<£<, 1>} converges to <m, 1>, we may assume that P =
sup {| <fi, 1> |: i e 1} is finite.

For each xeG, let Ux be a cozero set neighborhood of x such
that |/(ί*0 -f(y) I ^ εP"1 for all 7/ e Ux and all / e B. Since G is compact,
there is a finite cover {UXl, , Z7βn} of G. Define U = UXl U U £7*Λ.
The set of vectors K = {(fix,), ,/(a?,)):/e 5} is a totolly bounded
subset of iu\ Let A be a finite subset of B such that the set KA =
{(/(^i), •• , / W ) : / e i } is an εP^-net for K.

Since {fj is weakly convergent and since A is finite, there is an
i2e I such that,

(2) I <& - £,.,/> I ̂  ε, for all ί, j ^ i2 and all / e A .

Finally, as in the proof of Proposition 1.4, there is an i3e I such that,
(3) <(ξi)x-u, 1> ^ εikf-1, for all i^%.

Now let ί0 e I be greater than ix, ί2, and i8. Fix i, i ^ i0 and let
/ G 5. Choose/* e A such that |/fe) - f*(xk) \ ̂  εP"1 for k = 1, , n.
We then have from (2) that,
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u ) <£« - £/,/> = <£t - £ * / * > + <£« - £ , , / ~ /*>

^ e + <(£« - £i)χ_σ, 1/ - / * |> + <(£< - Sj)Ut 1/ - / Ί > .

However, for i Ξ>i0, let t ing Uk — UXk for A; = 1, ••-, n and Z70 — 0 ,

<(£<)*, I/-/* I >

= Σ Σ Uχ)\f(χ)-Γ(χ)\
k U

^ Σ Σ

^ 3SP-1 Σ Σ £i(«) ^ β e P - 1 ^ , 1> ^ 3s .

Thus we have shown that,

(5) <&)*, 1/ - /* |> ^ 3e, for all i ^ i 0 .

Note that if fe B, then | / | ^ A + ilί. Hence for i ̂  i, we have from
(1) and (3), that

^ 2<(fi)x_ί,, λ + ΛΓ> ^ 2{<ί,, h}

^ 2{ε + ΛίεM-1} ̂  4ε .

Thus we have shown that,

(6) <(ξi)x-u, \ f - Γ \ > S 4 ε , f o r a l l i ^ i 0 .

Combining (4), (5), and (6), we have for i, j ^ i0 that,

<£4 - ξ3-,f) £ e + <(£,),_„, \f-f*\> + <(£j)™, 1/ -/*l>

r, 1/ - /Ί> ̂  I5e.

It follows that {fj is an e-Cauchy net as claimed. The proof is
complete.

PROPOSITION 2.5. Let X be a D-space. Then every continuous
pseudometric on X has a (unique) extension to a continuous pseudo-
metric on vX.

Proof. Let X denote the completion of X for the finest uniform
structure on X compatible with the topology on X. Denote this
structure by H^f. Then every continuous pseudometric on X has
a unique extension to X since the set of all such pseudometrics is
a gauge for this uniformity. The proof will be complete if we show
that X = vX. But since every continuous real-valued function on X
is 'g^-uniformly continuous, it follows that X is C-embedded in X.
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Hence vX = vX (by [2], Theorem 8.6). If we can show that X is
a i)-space, then by Shirota's theorem ([2], p. 229), it will follow that
X = vX; and the proof will be complete.

Assume that X is not a D-space. Then there is a continuous
pseudometric d on X and a d-closed, discrete subset Z of X which has
a measurable cardinal. Let d denote the restriction of d to X. For
each xeZ, define 0 < a(x) = inf {d(x, y):yeZ and x Φ y). Since X
is dense in X, there is for each point x e Z a point ψ(x) e X such
that d(x, ψ(x)) ^ a(x)β. (Such a function exists by the axiom of
choice.) Then the set Z— {ψ(x):xeZ} is a d-discrete subset of X.
Since ψ is clearly one-to-one, Z also has a measurable cardinal. But
this contradicts the assumption that X is a Zλ-space. The proof is
complete.

We note that the fact X is a D-space in the above proof is a
special case of Remark 2, p. 11 in [3]. For feC, let / denote the
unique continuous extension of / to vX. If B is a subset of C, let
B = {JifeB}. We then have the following.

PROPOSITION 2.6. Let X be a D-space. If B is a pointwise
bounded and equίcontinuous subset of C(X), then B is a pointwise
bounded and equicontinuous subset of C(vX).

Proof. For each pair x, y e X, define d(x, y) = sup {\f(x) —f{y) \:fe
B). Since B is pointwise bounded and equicontinuous on X, it follows
that d is a continuous pseudometric on X. By Proposition 2.5 there is
an unique continuous extension d of d to vX. It then follows that for
all x, y e vX and for all feB, \f(x) — f(y) | ^ d{x, y). But this implies
that B is equicontinuous and pointwise bounded on vX. The proof is
complete.

THEOREM 2.7. Let X be a D-space, and let {mj be a net in Mt
If {πii} converges weakly to me Mc, then {mj converges to m for the
topology e.

Proof. Since L+ is weakly dense in Mc, it is sufficient to show
that if {ξi} is a net in L+ which converges weakly to me Mc, then
{ί<} converges for the topology e. Hence fix B e if. For feC, let /
be its extension to vX; and let B = {f:feB} as above. For each

m e MC(X) and for each/e C, define <?(/) = ί /dm. Then by Theorem

2.1, there is an m e MC(J;X) such that φ(f) = ( /dm for all feC(X).

Since {£J converges to m for the (7(ikfe(X), C(X)) topology, it follows
that {fj converges to m for the σ(Me(vX), C(vX)) topology. Since B is
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pointwise bounded and equicontinuous on X, it follows by Proposition
2.6 that B is pointwise bounded and equicontinuous on vX. Since
vX is realcompact, it follows from Proposition 2.4 that {fj converges
to m uniformly over B. But it is then immediate that {ξJ converges
to m uniformly over B. The proof is complete.

Theorem B now follows easily. Indeed, if X is a D-space, then
it reduces to Theorem 2.7. On the other hand, assume that X is not
a D-space. As we have noted above, if the continuum hypothesis
holds, it follows that Msc is a proper subspace of Mc. Let m e Mi —
Mtc Since L+ is weakly dense in Mi, there is a net {ξJ in L+ which
converges weakly to m. However, by Theorem 2.3, Mse is complete
for the topology e so that {£J does not converge for the topology e.
The proof is complete.

We can also prove the following analogue of Theorem 1.6
(Granirer's Theorem 1).

THEOREM 2.8. Let X be completely regular Hausdorff. Then
the following hold.

1. If X is a D-space, then every pointwise bounded, equicontinu-
ous subset of C is relatively σ(C, Mc)-compact.

2. Assume the continuum hypothesis. If X is not a D-space,
then there is a pointwise bounded, equicontinuous subset of C which
is not relatively σ(C, Mc)-compact.

Proof. 1. If X is a D-space, Msc = Mc. Hence B°° is σ(C, Mc)-
compact for every B e g7 by Theorem 2.3 and the Banach-Alaoglu
theorem.

2. If X is not a D-space, then the continuum hypothesis implies
that Msc is a proper subspace of Mc. By Theorem 2.3, Msc is a closed
subspace for the topology e. It follows by the Hahn-Banach theorem
that the dual space of Mc for the topology e is then strictly larger
than C. Hence by the Mackey-Arens theorem, there is a B e & for
which B° ° is not σ(C, ikfc)-compact. But, as is easily verified, if
Be ξf, then B°° e ξf. The proof is complete.
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