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ON RIGHT UNIPOTENT SEMIGROUPS

P. S. VENKATESAN

We investigate the implications of certain conditions on
right unipotent semigroups. We describe the greatest idem-
potent-separating congruence 5 on a right unipotent semigroup
S. Necessary and sufficient conditions for (i) S to be a union
of groups, (ii) S to be an inverse semigroup, (iii) the idempo-
tents of S to be in the centre of S and (iv) the quotient
semigroup S/5 to be isomorphic with the subsemigroup of
idempotents of S are also obtained.

It is known that any regular semigroup has the greatest idem-
potent-separating congruence [5],[6]. Such a congruence on an inverse
semigroup was obtained by Howie [4]. For the general terminology
and notation the reader is referred to [1], [2].

The author wishes to express his thanks to the referee for his
valuable comments.

1. Preliminary matters. An orthodox semigroup S is a regular
semigroup in which the idempotents form a subsemigroup. An
inverse of an idempotent of S is an idempotent, and if o', b’ are
inverses of the elements a, b in S then b'a’ is an inverse of ab [7].

A semigroup S is called a right (left) unipotent semigroup if
every principal right (left) ideal of S has a unique idempotent gen-
erator. Such semigroups are called left (right) inverse by the author
[9], [10]. Lemma 1 below is a part of the left-righ dual of Theorem
1 in [10].

LEMMA 1. Let S be a regular semigroup. Then the following
statements are equivalent.

(A) fef = fe for any two idempotents e, f in S.

(B) If o' and o are inverses of the element a in S then aa’ =

aa’.
(C) S is a right unipotent semigroup.

LEMMA 2. Let S be a right unipotent semigroup and e be an
idempotent of S. Let x€S and ', 2" be inverses of x. Then xex’
18 an tdempotent and xex' = xex'.

Proof. By Lemma 1 we have ze = xx'xve = x(x'zex'x) = xex'z. So
xex' is an idempotent. Also zex' = (xex')ax’ = (vex')rx" = (wex'z)x” =
xex”, using Lemma 1.
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2. The statements (Px), (Qx) and (Rx). Let S be a right uni-
potent semigroup and z€S. Throught E = E(S) denotes the sub-
semigroup of idempotents of S and V(x) denotes the set of inverses
of the element x. The symbols (Pzx), (Qx) and (Rzx) stand for the
statements indicated below.

(Px) exe = ex and ex'e = ex’ for all ec E and for at least one
' € V(x).

(Qx) vex' = xx'e for all ec E and 2’ € V(x).

(Rx) xex' = exx’ for all ec F and ' € V(x).

REMARK. Let S be a left unipotent semigroup. Then the left-
right dual of (Px), (Qx) and (Rx) are obtained by replacing respectively
the equations in them by xe¢ = 2e¢ and ex'e = 2'¢, 2'ex = ex’x and
x'ex = x'xe.

THEOREM 1. Let S be a right unipotent semigroup and E = E(S).
Then

(1) (Bx)=(Qx)= (Px) for any xeS.

(2) E is contained in the center of S if and only if (Rx) is
satisfied for all xeS.

Proof. (1) Let xeS and z' ¢ V(x).

Assume (Rx). Then for any e € E we have xex’ = exx’ and hence
ex = (exx’)x = wex's = x(x'wvex'x) = x(x'xe) = xe by Lemma 1. So xa’e =
xx'(ex)x’ = xx'(xe)xr' = xex', giving (Qx).

Assume (Qx). Then zex’ = xa’¢ for any ec€ E. Therofore, by
Lemma 1, we get exe = ex(x'we) = ex(x'zex's) = e(xex')x = e(xx'e)x =
exx'c = ex and ex’e = ex'(xx'e) = ex'(xex’) = ex'xx’ = ex’, giving (Prx).

(2) The only if part is trivial. The if part follows since, for
any €S and ec E, as shown above, (Rzx) implies ex = xe.

Let S be a right unipotent semigroup. Then the statements (1)
S is union of groups, (2) each “class of S is a left group and (3)
each F-class of S is a group are equivalent [8]. An alternate
characterization for S to be a union of groups is obtained in the
following

THEOREM 2. Let S be a right unipotent semigroup and E = E(S).
Then S is a union of groups if and only if (Px) is satisfied for all
x in S.

Proof. Let S be a union of groups. Let €S and ¢c E. Let
27! be the inverse of = in the group H,. Then z7'v = xx™'. Let o
and b respectively be the group inverses of ex and ex™'. As x7'e is
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an inverse of ex, and xze is an inverse of ex™!, by Lemma 1 we have
exa = exx'e and ex'b = ex 'we. But exz'¢ = exx™' and ex e =
exx'e = exx™' by Lemma 1. So both exr and ex™* and hence their
product exex belong to the group with identity element exxz™. As
exex ' is an idempotent we conclude that exex™ = exx™'. Therefore
exe = ex(x 'we) = ex(x 'wexr 'x) = (exex )x = exx~'x = ex by Lemma 1.
Further since ex™! belongs to the group with identity element exx™,
we have ex™' = ex '(exx™') = ex H(xx lexx ) = ex (xx'¢) = ex"'e, by
Lemma 1. So we get (Px).

Conversely let (Px) be satisfied for all x€S. (This part of the
proof holds for any regular semigroup S). Let x¢S and 2’ ¢ V(x).
Taking ¢ = zx' in ex = exe we have v = 2’ € 2®S. So S is a right
regular semigroup and hence a union of group [1], [3].

Let S be a right unipotent semigroup. Then S is an inverse
semigroup if and only it S satisfies the left-right dual of any of the
statements of Lemma 1. We now obtain a necessary and sufficient
condition in terms of (Px) and (Rx) for S to be an inverse semigroup.

THEOREM 3. Let S be a right unipotent semigroup and K= E(S).
Then S ts an inverse semigroup if and only tf (Px) implies (Rx)
Sfor all x in S.

Proof. Let S be an inverse semigroup. Let xzeS. Assume
(Px). Then for any ec E we have e¢xe = ex and ex ‘¢ = ex™'. As
the idempotents in S commute we get exx™ = (exe)r™ = e(wer™) =
(zex Y)e = x(ex'e) = xex™", giving (Rx).

Conversely let (Px) imply (Rx) for allzeS. Let g, heE. Then
for any ec E, by Lemma 1, we have e(gh)e = egh. As ghe V(gh),
by hypothesis we conclude ghegh = eghgh. So, by Lemma 1, we get
ghe = egh. Taking ¢ = h, by Lemma 1, we have gh = hg. Thus S
is an inverse semigroup.

COROLLARY. Let S be a right unipotent semigroup and E =
E(S). Then S is an inverse semigroup tf and only if (Px), (Qx)
and (Rx) are equivalent for all x in S.

ReEMARK. The left-right dual of Theorems 1, 2 and 3 hold for a
left unipotent semigroup.

3. The congruences @ and 8. In this section we construct the
greatest idempotent-separating congruence on a right (left) unipotent
semigroup.

Theorems 4 and 7 below generalize known results for inverse
semigroups [4]. In [6] Munn relates the greatest idempotent-
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separating congruence on an inverse semigroup to a certain full
inverse semigroup. We need the following

LEMMA 3. Let S be an orthodox semigroup and o be an idempo-
tent-separating congruence on S. If (x, y) € 0 then these exist u € V(x)
and v € V(y) such that (u, v) €o.

Proof. Let (x,y)eo, 2’ € V(x) and y'€ V(y). Since o is a con-
gruence we get (¢'x, 2'y) € 0 and hence (z'xy'y, £'y) € 0. By transitivity
of o we conclude (x'zy’y, #'x) €o. This, since o is idempotent-separat-
ing, implies #'zy'y = 2'x. So 2y'y = x. Similarly we get zx'yy’ = yy’
and xx'y = ¥

Set 4 = y'yx’ and v = y'z2’. Then uwe V(x) and ve V(y). Now
from (x, y) € we have (y'zz’, y'yx')eo, that is (v, u)eo and thus
(w, v) €0. Hence the lemma.

Let S be a regular semigroup and E be the set of idempotents
of S. Define the binary relations « and @ on S thus:

a={x,y)eS X S:2'ex = y'ey for all ec K, ' ¢ V(x) and y' € V(y)} .
B={x y)e8S x S:xex’ = yey' for all ec E, ' € V(x) and ¥’ € V(y)}.

THEOREM 4. Let S be a right (left) unipotent semigroup and
E = E(S). Then B(a) is an idempotent-separating congruence on S.
Further, if o is any tidempotent-separating congruence on S then
o< Bl < a).

Proof. We prove the theorem for the right unipotent semigroup
S. Clearly g is an equivalence relation on S. Let (x, y)€B. Let
ceS and ‘¢’ € V(¢) and 2’ € V(x). Then «'¢c’ € V(ex) and ¥'¢’ € V(ey).
As c(xex')e = c(yey’)c’, by Lemma 2, we get (cx, cy)eB and B is a
left congruence. Further, since cec’ is an idempotent for any ec E,
¢z’ € V(ze) and ¢'y’ € V(ye) we have x(cec’)x’ = y(cec’)y’. So by Lemma
2, (xzc, yc) e B. Therefore B is a right congruence and hence a con-
gruence relation on S.

Now let g, he E and suppose that (g, k)€ 8. Then by Lemma
2, for any ec E we have geg = heh. Taking ¢ = g and ¢ = £ in turn
we obtain g = hgh = hg and h = ghg = gh using Lemma 1. Therefore
g = h(gh) = hh = h proving that B is idempotent-separating.

Now let ¢ be any idempotent-separating congruence on S. Let
(x, y)eo. Then by Lemma 3 there exist x'e€ V(z) and % € V(y)
such that (2', ¥')eo. As o is a congruence, for any ec E we have
(xe, ye) € 0 and hence (zex’, yey') € 0. But xex’ and yey' are idempotents
and o is idempotent-separating. Therefore zex’ = yey’. This, by
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Lemma 2, implies (x, ¥) € 8 and thus ¢ & 8. Hence the theorem.

COROLLARY [4]. Let S be an inverse semigroup. Then a(=p)
1s the greatest idempotent-separating congruence on S.

THEOREM 5. Let S be a right unipotent semigroup and E = E(S).
For each v e S let 0,: E— E be the mapping defined by 6,(e) = xex'
where x' € V(x). Then

(1) 6, is an endomorphism, and

(2) the following statements are equivalent.

(A) 0, is an idempotent.

(B) The S#~class H, 1s a subgroup of S and xx™'e = xex™ = x 'ex
for all ee B where ™" is the group inverse of x in H,.

(C) 0,=0, where g = xx'.

Proof. Let xeS and «' e V(x).

(1) For any e, feFE, by Lemma 1, we have (zex)(zfx') =
(xex'z)fo' = xefx’, proving (1).

(2) Assume (A). Then wxex’ = xxex's’ for all ec E. Taking z'x
for ¢ we have xx’ = xxx’s’ and theorefore x'x = «'(xa’)x = x'zax's'x =
x'zxx’ using Lemma 1. So z = zx'x = 2%’ and xZx’.

Now taking a'z’zx for e in xexr’ = wxex's’, and using x = 2%’ and
Lemma 1, we get ax’cx’x = xzx’ and hence x'z'x = 2’. Therefore z =
xa's = xa'x’'x® and v £ 2. Thus ®5#«* and H, is a subgroup of S.

By hypothesis and Lemma 2, for all ¢ € E we have xex™ = x%x?
and therefore 7 've = x 'wexr™'x = x~(2%ex ) = vex ' since x7'x = xx L.
Again taking x7%ax® for e in xexr™ = x%x"% we get x7lex = wxlexx ™! =
xx"'e using Lemma 1. So we get (B).

Assume (B). Then by Lemma 1, for all ¢ec £ we have zex™* =
xx”'e = xxexx !, giving (C). Clearly (C) implies (A).

THEOREM 6. Let S be a right unipotent semigroup and E = E(S).
Then

(1) T=1{0,2€8} is a right unipotent semigroup.

(2) The mapping 6: S — T defined by 0(x) = 6, is an onto
homomorphism and 6-607' = 3.

(3) Set v =0|E (0 restricted to E). Then 7 is an isomorphism
of K upon 6(H).

Proof. As 6,0, =0,, it follows that T is a regular semigroup.
We now show directly that T is right unipotent. Let 6, and 6, be
idempotents of 7. Then, for all ec E, using (B) of Theorem 5
repeatedly we have x(yxex 'y o' = xx 'y(xex )y ' = xx yy (rex™!) =
22 (yy Hrer ™t = xx~w(yy Nex ™ = w(yy le)r™ = xyey 'z ', and hence
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0uys = 0,y by Lemma 2. So, by Lemma 1, T is a right unipotent
semigroup, proving (1).

(2) follows directly. As for (3) we need only to show that v
is one-to-one. Let 7(g) = 7(h) for g, he E. Then by Lemma 2, we
have (g9, k) e 8. This, by Theorem 4, implies ¢ =% and so 7 is an
isomorphism.

We now consider the quotient semigroup S/8. The following
theorem gives a necessary and sufficient condition for S/@ to be an
idempotent semigroup.

THEOREM 7. Let S be a right unipotent semigroup and E = E(S).
Then the quotient semigroup S/B is isomorphic with E if and only
if the statement (Qx) is satisfied for all x in S. (The left-right
dual holds for a left unipotent semigroup).

Proof. Let S/B be isomorphic with E. As S/gB is a homomorphic
image of S, each idempotent of S/B is the image an idempotent of
S [10]. So each B-class of S contains at least one and hence exactly
one idempotent of S. Let x€S. Then there exists € E such that
(x, h)eB. So for any ec E and «' € V(x) we have zex’ = heh. In
particular taking ¢ = «’x and ¢ = k in turn we get za’ = ha'rh and
xhx' = h. The first equation gives xx'h = xx’ and the second xx'h = h.
So a2z’ = h. Hence for any ec E, by Lemma 1, we have xex’' =
heh = he = xx’e giving (Qx).

Conversely let (Qx) be satisfied for all x€S. Let x€S. Then
for any ec E and 2’ € V(x), by Lemma 1, we have xex’ = z2’e = xa’exa’.
Therefore (z, x') € 8 and hence each B-class contains a unique idem-
potent. Let B* be the natural homomorphism of S upon S/8. Then
the mapping B* restricted to E is an isomorphism of E upon S/B.
This completes the proof of the theorem.

REMARK. One may appeal to Theorems 5 and 6 to prove Theorem
7. Clearly, for any z €S, the statements (@x), and (C) of Theorem
5 are equivalent. Therefore (Qx) is satisfied for all ¢ S if and only
if T = 6(F) and hence if and only if S|g is isomorphic with E.

From Theorems 1, 2, 7 and the corollary of Theorem 3 we have
the following.

COROLLARY [4]. Let S be an inverse semigroup. Then the
following statements are equivalent.

(A) The quotient semigroup S/B is isomorphic with E.

(B) S is @ unton groups.

(C) The idempotents of S are contained in the centre of S.



ON RIGHT UNIPOTENT SEMIGROUPS 561

REFERENCES

1. A. H. Clifford and G. B. Preston, The Algebraic Theory of Semigroups, Vol. 1,
Math. Surveys, Amer, Math. Soc., 7 (1961).

2. , Vol. 2, Math. Surveys, Amer. Math. Soc., 7 (1967).

8. R. Croisot. Demi-groupes inversifs et demigroupes réunions de demi-groupes simples,
Ann. Sci. ecole normale superieure, 70 (1953), 361-379.

4. J. M. Howie, The maximum idempotent-separating congruence on an inverse sems-
group, Proc. Edinburg Math. Soc., (2), 14 (1964/65), T1-79.

5. G. Lallement, Demi-groupes réguliers, Ann. Mat. Pura e Appl., 77 (1967), 47-130.

6. W. D. Munn, Fundamental inverse semigroups, Quart. J. Math. Oxford, (2) 21
(1970), 157-170.

7. N. R. Reilly and H. E. Scheiblich, Congruences on regular semigroups, Pacific J.
Math., 23 (1967), 349-360.

8. P. S. Venkatesan, On decomposition of semigroups with zero, Math. Zeitschr., 92
(1966), 164-174.

9. , Bisimple left inverse semigroups, Semigroup Forum, 4 (1972), 34-45.

10. , Right (left) imverse semigroups, J. Algebra, (2), 31 (1974), 209-217.

Received May 3, 1973 and in revised form November 20, 1975.

UNIVERSITY OF IBADAN, IBADAN, NIGERIA.








