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SOME CELLULAR SUBSETS OF THE SPHERES

VO-THANH LIEM

Let H be a PL -homology sphere such that its multisuspen-
sion Sk * H is topologically homeomorphic to the sphere. We
prove that every cell-like subset of Sk is cellular. Also, every
non-compact PL -manifold of dimension greater than four ac-
cepts uncountably many simplicial triangulations each of which
contains a non-cellular k -simplex for every k^ 0.

Introduction. The double suspension problem introduces many
different simplicial triangulations for a PL -manifold; in particular, the
case of the sphere. It is easy to see that these strange triangulations are
not locally flat, however, we ask whether their simplexes are cellular. A
positive answer is given for every cell-like subset of S\ where Sk is the
suspension sphere in Sk *ίf (Theorem 1), and for every cell-like subset
of a codimension-2 simplex which properly meets every nontrivial face of
this simplex (Theorem 2). But it is negative for general cases (Theorem
4).

Finally, combining Theorem 4 and Theorem 5, it follows that there
are uncountably many noncellular simplicial triangulations for a noncom-
pact PL-manifold of dimension greater than four.

The author wishes to thank J. C. Cantrell for his interesting
discussions, R. J. Daverman for his enlightening idea in constructing a
noncellular simplicial triangulation of a PL-manifold and the referee for
his suggestions.

DEFINITIONS AND NOTATION. Let Rn denote the n -dimensional
Euclidean space, Sn the boundary dΔ"+1 of the standard (n + l)-simplex
Δ"+1.

Let X be a compact subset of a metric space M. X satisfies the
small loops condition (SLC) if UV(X CM) and there is a δ > 0 such that
each δ-loop in V-X is null-homotopic in U - X (see [3]).

For the notion of cellularity refer to Rushing [8] or McMillan
[7]. A finite-dimensional compactum X is cell-like if X has the shape
of a point (see [6]).

A simplicial triangulation of a space M is a pair (T, φ) where T is a
simplicial complex and φ is a homeomorphism from | Γ|, the underlying
space of T, onto M. Two triangulations (T, φ) and (T", φ') are said to be
equivalent if there is a PL -homeomorphism ψ: \T\-*\T'\ such that
φ = φ'φ. (We refer to Hudson [5] for general notions in the PL-
category.)
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A triangulation (T, φ) of a manifold M m is said to be locally flat, if
<p I Inter' is locally flat for every simplex σ G Γ ; i.e. for every x E Inter
there is a neighborhood U oί φ(x) in Mm such that

TOP

(U,UΓ\φ(σ))~(Rm,R ).

If the (k + l)-suspension of a non-simply connected PL-homology
sphere H m is homeomorphic to Sm+k+\ (e.g. k ̂  1, m ̂  3 by Edwards
[4]), then from the suspension procedure, Sm+k+] can be naturally
endowed with a simplicial triangulation T that is PL-homeomorphic to
Sk * Hm, the join of Sk and Hm. Now, if K is any subdivision of S\ then
K * //m is a subdivision of S* * Hm. T also denotes this triangulation.

Let P be a subpolyhedron of S\ Then there are subdivisions K
and L of Sk and P respectively such that L is a subcomplex of K.

Let σ E L and β > 0. Denote

σ = {x E σ I all barycentric coordinates of x are positive}.

:, β, y ̂  0, a + β + γ = 1

a + β * ~
V(σ,€)= ̂ α c γz

γ =

Eσ, y Elink(σ,

z6/ί

V(σ, e) - {αx -f βy + γz E V(σ, e) | β + γ < e},

V(σ, e) = {ax + βy + γz E V(σ, e ) | j c 6 σ}.

Results and details of proofs.

LEMMA 1. Every proper subpolyhedron of Sk CSk * Hm satisfies the
SLC in S f c*//m, fc^l.

Proof. We will use the notation K, L, T as above. Given a
neighborhood (7 of L in S", there is an e > 0 such that V(σ, e)C [/ for
every σ E L.

Let

V= U U
σGL

Then V is a neighborhood of L in (7 and the family {V(σ, e) | σ E L} is
an open cover of the compact subset U{ V(σ, e/2) | σ E L}.
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Let δ be the Lebesgue number of this covering. Then, we claim
that (V, δ) is a SLC data for X C U.

Given a loop /: dA2-> V - L of diameter less than δ, we have
/(dΔ2)C V(σ, e) for some σ E L. By a small homotopy in V-L, we
can assume that /(dΔ2) Π S* = 0 .

Moreover, every point in V(σ, e)- ((cr* JhΓ)U Sk) can be written
uniquely in the form ax -f βy + γz where α, β, γ E (0,1) with α + β +
γ = 1, jβ 4- γ < 6, and JC E link(σ, X), z & H. Hence, if Σ denotes
{ί E 5Δ21 f{t) £σ*H} then /1Σ can be defined to be

where α, β, γ: X->(0,1) with β(t)+ γ( ί)< e, and x, y, z are continuous
maps from Σ to σ, link(σ, K), H respectively.

Now, define F: <9Δ2x /-> V(σ, β ) - L by

f /(0, if ίj^X;

+ (i-*)/8(0y(0 +
(0, if rex .

Then, it can be shown that the restriction of F on each closed subset
f~\τ) is continuous, where τ is a (k + m + l)-simplex of S* * H. Hence,
F homotopes F{) = / to Fι whose image lies in [(σ * H) Π V(σ, e)] - L.

By use of the convex structure of the simplex σ and the property
0 < γ(t) < 6, one then can homotope Fj in V(cr, e) — L into a loop, say /',
in [(υ*H)Γ\ V(σ, e)] ~{υ}, where v is a vertex of σ.

Moreover, since L is a proper subcomplex of K, there are vertices
w() = f(), Wj, , w +̂1 of K such that the 1-simplex (Wi-U wt)G L for
1 = 1, , q and (wq, wq+ι) $z L. Thereby, it is easy to show inductively
that /' is homotopic in [U Π (U?=I(w, _1, w,}*//))] - L to a loop

/": dΔ2-+[V(wq,e)Πwq*H]-L.

Denote

/"(0= aqit)wq + γ(ί)z(/λ (0< y ( 0 < O-

Now, if one defines homotopies F',F": dΔ2x /-> U ~ L by

F'{U s) = (aq(ή-se/2)wq -h

F"(ί, s) = (aq(t)~ e/2 + 5γ(r))w, + civ,τl/2 + (1 ~ s)γ(t)z(t);

then, the glueing of F' and F" homotopes /" to a constant map in
U - L. Thus, the lemma is proved.
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THEOREM 1. // Sk*Hm is homeomorphic to Sk+m+\ then every
cell-like subset X of Sk CSk * H m is cellular in S\ In particular, every
simplex of Sk is cellular in Sn.

Proof By [3], it suffices to show that X satisfies the SLC (or X
satisfies the cellularity criterion, then apply the main theorem of [7]),
since X has the shape of a point.

Given an open neighborhood U of X in 5". Let K be such a fine
triangulation of Sk that

L= U{σEK\σΠX^0}CUΠSk.

Furthermore, using a regular neighborhood argument, we may
assume that L is a neighborhood of X in Sk.

By Lemma 1, it follows that there is a neighborhood V of L in U
(also a neighborhood of X in U) and δ > 0 such that every δ-loop in
V - L is null-homotopic in U - L. We claim that (V, δ/2) is a SLC data
for X in U.

Let f: dΔ2-*V-X such that diam/(<9Δ2)< δ/2. Since L is a
codimension-4 compact subset of V(PL -manifold), V —L is 0-
ULC. Thus, by use of a fine triangulation of ΘΔ2 we can redefine /
skeletonwise to obtain a new map /' such that

(i) f ( 5 Δ 2 ) C V - L ,
(ii) diamf((9Δ2)<δ,
(iii) / is homotopic to f in V - X C U - X.
The claim follows by homotoping /' to a-constant map in U - L C

U - X. Then, Theorem follows.

It is interesting to point out the following corollary.

COROLLARY. // Hn is a homology n-sphere (n ^ 3) and for n = 3,
H3 bounds a contractible topological 4-manifold, then every subarc ofS] in
S1*//" is cellular

We omit the standard proof of the following sublemma.

SUBLEMMA. Given a codimension-2 cell-like subset X of the sphere
S", then X is globally 1-alg (refer to [9]) if it satisfies the SLC.

A compact subset X of a manifold M properly intersects a simplex σ
of a simplicial triangulation K of M if X Π | σ | ^ |σ | .

THEOREM 2. Given a cell-like subset X of an (n - 2)-simplex σ of a
simplicial triangulation K of a PL-manifold Mn (n ^5), if X properly
intersects every nontrivial face (not a vertex) of σ, then it is cellular in M.
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In particular, every proper subarc of a l-simplex is cellular.

Proof By Theorem 1 of [9], it suffices to show that X is globally
1-alg (or X satisfies the cellularity criterion in order to apply the main
theorem of [7]), since X has the shape of a point. However, by
Sublemma it suffices to show that X satisfies the SLC.

Similar to the proof of Theorem 1, it suffices to show that X has
arbitrarily small PL-manifold neighborhood L's in σnl which satisfy the
SLC (i.e. the conclusion of Lemma 1).

Let K' be a triangulation of M such that cr'*link(σ, K) is a
subcomplex , where σ' is the fine subdivision of σ used to define the
small neighborhood L of X in σ. Since X intersects every face of σ
properly, we may assume L does also.

Similar to Lemma 1, given a neighborhood U of L, there correspond
a neighborhood V of L in U and δ > 0, a Lebesgue number of the open
cover {V(σ, e ) | σ G L } less than imesh(L) (refer to [8]).

Given a loop /: <9Δ2—» V - L, we have the following cases.

Case 1. /(<?Δ2) C V(υ, e) for some vertex v of L lying in σ.

Since σ is locally flat and codimension-2, we may assume that
/(<9Δ2)ίΊσ = 0 by a small homotopy in V - L . Hence, f(t) can be
written uniquely in the form

where x(t)Eσ near v, y(t)E |link(σ, K)\ e t c . . . as in Lemma 1.
Then, we can homotope / into | v * link(σ, K)\ - | σ |. As in Lemma

1, / is homotopic to /' such that / '(dΔ 2 )C| wq *link(σ, K)\- \σ\, where
wq is a vertex of L in σ such that star(w^ σ')f£L. Finally, by a small
homotopy we can move /' into |(ew<ϊ+1/2 + ( 2 - €)wq/2)* link(σ, K)\ and
shrink it in there. This completes the proof of the Case 1.

Case 2. /(<?Δ2) C V(f, β), where τ is a simplex of L such that r C ά

As in the Case 1, we may assume that /(dΔ2) Π σ = 0 . Hence, /(ί)
can be written in the form (*).

Now, the join structure and a homotopy in τ moving x(t) close to a
vertex v of r (v E σ) provide a homotopy in V - σ C V - L that moves /
into V(v, e ) - σ . Then, case 1 will complete the shrinking.

3. /(dΔ2) c V(f, 6), vv/iere r is a simplex of L and τ Cσί with
σx being a nontriυial proper face of σ.
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Extend/ to /: Δ2-> V(f, e).
Since V(τ, e ) - | σ | is 0-ULC (dimσ = rc-2), by use of a fine

subdivision / of Δ2 we can redefine skeletonwise / | /(1) to obtain a map /'
on the 1-skeleton /(1) of J such that

(i) /':/(1)->V(#,6)-|σ|,
(ii) / I /(1) is homotopic to /' in V(f, e)-L.
Therefore, without loss of generality we may assume that /(dΔ2)Π

\σ\ = 0. Then, the equation (*) can be used for this case with y(t)E
|link(cr1, K)\ - |σ2 | , where σ 2 E K such that σ = σ^σ2.

Combining appropriately the proof of Cases 1 and 2 to homotope
x(t), it follows that / is homotopic in V-L to a loop /" in
w * (I link (σu K)\-\σ2\)\ where w is a vertex of L in σλ. Then, the last

step in Case 1 completes the proof.

Case 4. /(<9Δ2)C V(v, e), where v is a vertex of σ.

Extend / to /: Δ2—> V(υ, e). We assume that /(Δ2) misses an open
neighborhood of υ\ hence, f~\L -{v}) is a compact subset of IntΔ2 and
it is covered by the family {V(τ, e) | r E L with v as a vertex}.

By use of a fine triangulation of Δ2, we can obtain a compact
PL-manifold N of f~\L -{v}) such that N is carried into the union of
the family {V(τ, e)\ r E L with ϋ as a vertex}.

Now, we subdivide N so fine that the diameter of f(η) is less than
the Lebesgue number of the covering for every 2-simplex η of this new
subdivision N{.

Again, we can redefine / on the 1-skeleton N^ of N, to obtain a map
/' such that

(i) f: dη -> V(f, e), for some T,
(ii) f'\dN = f\ 3ΛΓ,
(iii) / I Niυ is homotopic to /' in V - L .
Hence, the problem is reduced to Case 1, 2 or 3.
The proof of Theorem 2 is complete.

REMARK. It should be mentioned that the condition that X prop-
erly meet every nontrivial face of σ seems to be essential by Theorem 4
below.

LEMMA 2. Let σ = σx * σ2 be a simplex of T, where σu σ2 are
simplexes ofK and H respectively. Then, \σ\-\σ:\ is locally flat in Sn.

LEMMA 3. Let Dι be a PL-ball in Sk and D2 a PL-ball in
Hm. Then, Dλ *D2-Dλ is locally flat in S\

Proof. Lemma follows by use of the join structure, the unknotted-
ness of Dx and D2 in Sk and H and Lemma 2.
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Before stating the consequence of this Lemma, the notion of
pseudo-flatness should be defined.

DEFINITION. Let D be a d-cell in R" (or S"), X a subset of D such
that D - X is locally flat in R" (or Sn). The pair (D,X) is said to be
pseudo-flat in Rn if given a homeomorphism g from D onto the standard
d-ball J5, there is a function G extending g over Rn onto itself such that

G I Rn - X: R" - X^Rn - g(X)

is a homeomorphism.

THEOREM 3. Given PL-balls Dλ and D2 of Sk and H respectively,
then the pair (Dj * D 2, Dx) is pseudo flat in Rn = (Sn - pt).

Proof. From Lemma 2, it follows that Dλ*D2~ Dλ is locally flat in
5". It is clear that Dλ is cellular Όλ * D 2 ; thus, since Dx is cellular in 5"
by Theorem 1, the proof of Theorem 3 is completed by Cantrell and
Lacher's theorem [2].

Let us introduce some convenient notation before proceeding to
construct noncellular triangulations of a PL -manifold.

Let U"=1 (α,, b) * L be a subcomplex of a simplicial complex K and

φ: U (anb)*L-+b*L

the linear map determined by
(i) φ = id. on b * L, and
(ii) φ(α,)= 6 (/ = l, , n ) .

A decomposition G of | K \ is said to be associated with φ if each of its
nondegenerate elements is the set φ~\x) for some x E b * L.

Let A be a G-saturated subset of | X | . Denote GΛ, G | A the
decompositions of \K\, A respectively, whose nondegenerate elements
are those of G lying in A.

LEMMA 4. Every n-sphere (n ^ 5) accepts a simplicial triangulation
having a noncellular 1-simplex.

Proof. Let v be a vertex of a PL-homology (n - 2)-sphere H such
that H * S1 ~ Sn. Denote w b wj, vv2, w2 the vertices of the suspension
sphere Sι = 5 ? * 5 2 . The outline of the proof is as follows.

Consider the 2-cell i ^ S 1 whose complement in Sn is not simply
connected. We will construct a decomposition G of 5" whose quotient
space S"/G has a simplicial triangulation with v*Sι/(G \ v*Sι) as a
non-cellular 1-simplex, and S n /G ~ 5".
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To do that, first consider the decomposition Gλ of Sn^H*Sι

associated with the linear map

φ: S0^v^S0

2->υ^S°2

defined by
(i) φ = id. on v * S(

2\
(ii) φ(S?)=t>.
Then, Fact 1 below shows that Sn/G{ ~ Sn, and it is easy to show that

Sn/G] induces from T a simplicial triangulation Tλ of Sn with ΰ * S2 as a
subcomplex, where £> = {r * S?} and S2 = Si.

Then, by Fact 2 below (v, w2) is cellular in SnIGλ. Hence, we have

(Corollary 1.8.1, [8].)
Therefore, we can obtain naturally from Tλ a desired simplicial

triangulation of Sn.
Now, we will complete the proof of Lemma 4 by proving Facts 1

and 2.

Fact 1. (H*
Consider the arc a = v * S? in H * S(ί. It is clear that (H *S])/G] =

((H*S{!)/a)*Si
Hence, it suffices to show that

((H * S{l)/a ) x R - ( / / * S ? ) x R .

However, the proof of Andrews and Curtis' theorem ((Rn/α) x R~
Rn+1) also works if we replace R" by Hn * 5° (see Chapter 2.5 of [8]). So,
Fact 1 follows.

Fact 2. (ΰ, vv2) is cellular in Sn/Gι ~ Sn.
It is easy to see that every homeomorphism of v*Sι onto itself

induces from the join structure a homeomorphism of Sn ~ H*S] onto
itself.

Now, consider a homeomorphism h of υ * S ! such that
(i) h °ψ — ψ °h
(ii) /ι((f, vv2)) is the proper subarc (h(υ), vv2) of (u, w2), where φ is

the linear map defining Gx.
Since such a homeomorphism of υ * S1 induces a homeomorphism of

Sn/Gι which carries (£, w2) onto the proper subarc (h(ΰ),w2) being
cellular in S" by Theorem 2, it follows trivially that (ΰ, w2) is cellular as
desired.

The proof of Lemma 4 is complete.
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LEMMA 5. For each l c ( 2 g ί c ^ n ) , there is a simplicial triangulation
of Sn (n ^ 5) with a noncellular k-simplex.

Proof. For a fixed n ^ 5, since the ideas of the proof for all cases
are exactly the same, we only prove in details for k = 2 and then will
point out necessary modifications for other cases.

Consider v * S1 = v * S?* S2. We will define a decomposition G of
5" « j / " ~ 2 * S1 which induces from T a simplicial triangulation of Sn/G ~
S" such that (v*Sι)/(G | υ*Sι) is a noncellular 2-simplex.

Step 1. Let Gi be the decomposition of Sn associated with the
linear map φ: υ * wλ * S2 —» HΊ * S° defined by

(i) φ = identity on wλ * S",
(ii) <p(v)=wx.
Then, it is easy to see that there is a pseudo isotopy (refer to [8])

starting at the identity of the ball | v * S1 * link(ι;, H)\ and ending up with
a natural surjective map μ whose point-inverse images are the elements
of Gu and μ = identity on d(υ* 5 1 *link(ι;, H)) = d(H+ * S1), where H+

is the closure of (H - star(u, H)) in H.
Hence,

S"/G = (H+ * S1) U (star(υ, H ) *

This decomposition induces naturally from T a simplicial triangula-
tion Tλ of 5 n which has only one new vertex in the interior of each
1-simplex (wu b), where b is a vertex of link(ι;, H) and wx = μ{w\).

Step 2. We now think of 5" as Sn/Gλ endowed with this new
triangulation Tx. Then, μ{υ*Sι) is a subcomplex of Sn consisting of
two 2-simρlexes.

Let G2 be the decomposition of 5 n associated with the collapsing
map φ: (wu vvj, vv2)—»(vv!, w2) where vv's ar-e μ(w)'s. We want to claim
that Sn/G2 ~ Sn hence, it induces from Tx a desired simplicial triangula-
tion of Sn.

In fact, a similar proof as in Lemma 4 shows that (wu w2) is cellular
in Sn. Therefore, Snl{wu w2>« Sn (Corollary 1.8.1, [8]).

Now, the shrinking corresponding to the rest of G2 only happens in
the ball (|star(υ, H)*S1 |/Gi)/<ιv1, w2) and keeps its boundary
fixed. Hence, a similar proof as in step 1 shows that Sn/G2~ Sn.

Finally, this decomposition also induces a simplicial triangulation of
Sn with (v * Sι)/(G21 v * S1) being a noncellular 2-simρlex. This com-
pletes the proof for k = 2.
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For k > 2, we consider a simplex v * τ of H. The first decomposi-
tion Gx will be the one associated with the collapsing map
φ,: v * Wj* S2*τ—> w , * S 2 * r carrying u onto HΊ. Then, also SnIGx ~
5".

Now, the collapsing map φ2: (vvj, W], vv2)* r—»(vv[, w2)* r carrying
Wi to w2 defines the second decomposition G2. Then, we divide the
shrinking process defining by G2 into 3 steps:

(a) Sn/(wl9 w2) - Sn (as above).

(b) S « / ( G 2 W τ r S n .
Since the ball ((wu w2)* τ)/(wu w2) is locally flat, possibly except at

{<#,, w2)}, in S"/<HΊ, w2>, it is flat (Corollary 3.4.2, in [8]). Hence, using
Theorem 5 of [1], it follows that

(c) The rest of the shrinking process determined by G2 only
happens in the ball

(I star(υ * r, H ) * S11 (G1)/(G2),<*1,fe>.ri

and keeps its boundary fixed. So, we can prove Sn/G2~Sn and a
desired simplicial triangulation of Sn can be obtained.

The proof of Lemma 5 is complete.

THEOREM 4. Every PL-manifold of dimension greater than 4 ac-
cepts a simplicial triangulation that contains a noncellular k-simplex for
every

Proof Lemmas 4 and 5 provide a family {S" | k = 1,2, , n} of
simplicial triangulations of Sn such that each 5" contains a non-cellular
k-simplex. Then, for every PL n-manifold M, we have

M~M # S Ί # ••• # Sn

n

where the connected sum happens only in the interior of an n-simplex of
Si. It is clear that we can obtain naturally a desired simplicial triangula-
tion of M.

According to the referee's suggestion, it is interesting to include the
proof of the following result that appears in the original version as an
observation. Basically, the ideas of our proofs are the same.

THEOREM 5. Every noncompact PL-manifold Mm (m ^ 5 ) accepts
uncountably many simplicial triangulations.
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Proof. We consider a countable collection of PL homology sphere
{HΓ2} (m ^ 3), such that

(i) π^H^/π.iHj) for iV/, and

(ii) 5 1 * / / I - 5 Γ .
(Such sequences exist by Glaser and Edwards.) Hence, it induces a
sequence of simplicial triangulations {71} of {ST} such that every simplex
of each Tt is locally flat, except the suspension circle S] (the link of each
1-simplex of S] is Ht).

Now, we enumerate the m -simplexes of a PL triangulation of M, say
{(Tk}k=\x•••• To each infinite sequence {ik} we assign a simplicial triangu-
lation of M induced naturally from M ** M # S™# S™# - - , where the
connected sum is defined in the interior of a™ and that of an m-simplex
of S?k for each k = 1,2, •• .

These triangulations will be PL except for the suspension circles.
To see that the triangulations are different, consider a PL homeo-

morphism h from M Φ S^Φ S?2Φ '' to M # Sm

n# S\# - .
Since the triangulations are PL except on the various suspension

circles, the various circles must be carried onto each other. But then,
since some Hλ occurs more in one sequence than the other, the link of a
1-simplex in S1 corresponding to this extra Hλ will be Hλ, and the link of
this 1-simplex under h (or h~λ) will not be homeomorphic to Hk. Since
there are uncountably many infinite sequences of positive integers, this
contradiction completes the proof.
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