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ON COMPLETENESS OF THE BERGMAN METRIC
AND ITS SUBORDINATE METRICS, 1I

KyonGg T. HAHN

Let M be a complex manifold of dimension n furnished
with both the Bergman metric and the Carathéodory
distance. The main result of the present paper is to prove that
the Bergman metric is always greater than or equal to the
Carathéodory distance on M. The case where M is a bounded
domain in the space C" was already considered by the author in
Proc. Nat. Acad. Sci. (U.S.A.), 73 (1976), 4294.

1. Introduction. The main purpose of the present paper is to
prove the following

THEOREM A. Let M be a complex manifold which admits both the
Bergman metric sy and the Carathéodory differential metric ay. For each
z € M and each holomorphic tangent vector ¢,

1) an(z,£) = su(z, §).

Let py and dy denote the integrated metrics on M which are
induced from ay and sy, respectively. Then the Carathéodory distance
cm ([2]) satisfies

2 v = pu = du

and there are cases when p,, differs from c, and d,,.
From this observation and Theorem A, we obtain

THEOREM B. Let M be a complex manifold given as in Theorem
A. Then the Bergman metric is complete in M whenever the
Carathéodory distance is complete.

If in particular M is a bounded domain in the complex Euclidean
space C" (n=1), M always admits the Bergman metric and the
Carathéodory differential metric.

Theorems A and B have a number of interesting consequences.

In [4], C. Earle has proved the completeness of the Carathéodory
distance in the Teichmiiller space T'(g) of a compact Riemann surface of
genus g =2. Therefore, Theorem B immediately implies the following
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THEOREM C. In the Teichmiiller space T(g) of any compact
Riemann surface of genus g =2, the Bergman metric is complete.

Recently, S. Wolpert [11] and T. Chu have independently proved
that the Weil-Petersson metric is not complete in T(g). Therefore, we
have the following

THEOREM D. In the Teichmiiller space T(g) of any compact
Riemann surface of genus g =2, the Weil—Petersson metric is not uni-
formly equivalent to the Bergman metric.

Finally we have

THEOREM E. Let G be a bounded open connected subset of a
separable complex Hilbert space X of finite or infinite dimension, and let M
be a complex manifold of finite dimension which admits sy. If G is
homogeneous, then there exists a constant, depending only on G, such that
for any holomorphic mapping f: M — G

3 as(f(z), Df(2)§) = k(G)su(z,§) (€M, (€CT),
where Df(z) denotes the Frechét derivative of f at z € M.

If in particular G is a ball, B, in X, then
4) ap(f(2), Df(2)€) = su(z, ).

Theorem E contains Theorem A as a special case when B is the unit
disc in the complex plane C.

2. The kernel form and invariant metric of
Bergman. The theory of the Bergman kernel function and invariant
metric on a bounded domain in the space C" has been extended to a

complex manifold by S. Kobayashi [7] and also by A. Lichnerowicz [8].
Let #(M) be the set of holomorphic n-forms

a=adz, A rndz,

on M such that

(1) UMW;

Then #(M) is a separable complex Hilbert space with an inner product

<,
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given by
@ @B)=i"[ anf  (apEFM).
Let {¢o, @1, - - -} be an orthonormal basis for # Then every @ € ¥ may

be represented uniquely by the convergent series

(a) a(z)=3 ceuls) o= (@ e,
or
(3b) a(2)= 3 e.(®)u2),

where ¢, = (®,)uydz, A - - A dz,, in a local coordinate neighborhood U of
zZ EM.
Moreover,

o

@ (q,0)=|alf=2

v=0

¢l

Let V be a local coordinate neighborhood of { &€ M in which
¢, (0)=(®,)v({)dl A -+ ndl.. Then the series

©) "3 eI ed) -

li (@,)u(2) (@) () dz A~ Adz, ndL A A d,

converges absolutely and uniformly on every compact subset of M X M,
where M is the complex manifold conjugate to M, and hence, represents
a holomorphic 2n-form on M X M. Moreover, the sum (5) is indepen-
dent of choice of orthonormal basis. The Bergman kernel form is
defined by the sum (5) and written as

(Ga)  k(z,0)=xr(2)=i"k(z,)dz, A" Adz, Ad{ A+ AL,

with a locally defined Bergman kernel function:
(5b) k(z,0)= ZO (®.)u(2)P)v(), (zHEUXV.

Further we define the reduced kernel form by
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(6) K (z)=k(z,{)dz,n- - rdz,.

As in the classical case, see [1], the reduced kernel form has the
reproducing property of n-forms in % More precisely,

LEmMA 1. For any a« € F with a(z)= ay(z)dz, A - rdz,,
M w@=@K)=i"[ aWrKED  @eM).
M

Proof. First we observe that for each fixed z€M, K,(¢) is a
holomorphic n-form in M. From the uniform convergence of the series
(32) and (5),

(k)= (2 con 3 8,C)e)

v

=3 oo 2 0,G)e)

=2 0 @) (gn )= 2 & Pu(2) = au(z).

Setting in Lemma 1 a = K,, { € M, we have

©®) k(z)= (K, K.) = (K., K;) = k.(Z).

In particular, k,(z)=0. k.(z)>0 holds whenever M satisfies
(A1) Forany z in M, thereisan « € #(M)such that a(z)#0. In
this case,

©) $%(z, &) = ail Plogk(z2) .z ,eMm tecn

e 0z,0Z,

is a well-defined positive semidefinite hermitian form which is invariant
under biholomorphic mappings of M. In fact s°(z, ) is positive definite
if and only if M satisfies ,

(A2) For every holomorphic tangent vector ¢ at z € M, there is an
a € F(M) such that a(z)=0 and

N Jda

da-§=zlaz

(2)&.#0,

where a = adz, A+ - A dz,.
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Therefore, any complex manifold M with properties (A1) and (A2)
is entitled to an invariant Kdhler metric sy of Bergman.

3. An extension of Schwarz inequality. Let /() be
the set of square integrable n-forms defined on a measurable subset () of
a complex manifold M of dimension n. Then () is a separable
complex Hilbert space with respect to the inner product:

0 @Ba=i"[ anf  (apeMu@).

We need the following extension of the Schwarz inequality.

LeEmMMA 2. Let {a,} and {B.,} be two sequences (finite or infinite)
from M(Q) such that

@) Z (a0, @, ) <, 2 (B, B,)a <.
Then
(3) M*M=N- 2 (a,, @,)a

where *‘ =’ denotes the matrix inequality, i.e., A = B ifand only if B — A
is positive semidefinite, M and N the matrices whose entries are M,, =
(e B )a and N,, = (B, B.)a (1, v =0,1,2, - --), respectively, and M* the
adjoint of M.

Proof. 1Itis enough to prove the case where {«,} and {B,} are infinite
sequences. The other cases can be proved in the same way. Let
u = (ug, u;, - - ) be any non-zero constant vector in ¢*(C). Then

u*M*Mu = Z ( Muvuv>*< Mp.uuv)
= v=0

@ o
=3 | (o 3 8a2),

By the Schwarz inequality in #(({2), (4) becomes
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u*M*Mu g i (a#, a# )‘Q(i Bvau, i Bfa‘r>
=0 v=0 7=0 Q

©) -
=u*NuS (@ )o
=0

from which (3) follows, since u was arbitrary.

In the case where M = C" and () is a measurable subset of C”", we
define () to be the set of square integrable functionson (). Lemma 2
then holds in this case. We shall state it separately for the future use.

CoroLLARY 1. Let {a,} and {b,} be two sequences (finite or
infinite) from M (L)), Q CC", such that

(6) Z (a,, a,)a <, Z (b,, b, )a<w
Then
@) M*M =N -> (a,a,)a,

where M and N are matrices whose entries are (a,,b,)a and (b,,b,)q
(n, v=0,1,2,- ), respectively.

4. The main theorems.
THEOREM 1. Let f = (f,, i, - *) be a holomorphic mapping from a

complex manifold M satisfying properties (Al) and (A2) of §2 into a
separable complex Hilbert space X of finite or infinite dimension such that

1 If(2)llx=Q for some Q >0.
Then
() [Df(2)é|x = Qsu(z,¢) (zE€EM, £€ECM),

where || |x denotes the usual norm in X.

Proof. For each z € M, let

3) a“(t)=f#(t)Kz(t)=f#(t)k (t)dt,n---ndt, (r=0,1,2,--")
@ 0= ()= Tm (k@ T2 - k0 %)
(vr=1,2,---,n)

2(Z)
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where

5) algz(t) aka(; Z) dt, A

A dt,.

In view of the reproducing property of the kernel form, see Lemma
1, we obtain

© 3 (@na)=3 (KK = (S fRK.K)= 0K K)
- 0% (z.2)

(B B) = iy | 30) (552,55 ) - ke () B2 (e )

- bt0) %02 (i, 35 + 2L G |

From Lemma 1, we also have

oK, IK, 9%k (2,7)
(8a) (62‘ oy ) a2, az‘ 22,97, Ko Ko)= 92,02,
(8b) (5 K) = 55 (K K) = 55k (2. 2).

Therefore, (7a) becomes

(B B) = k3(:41~, . [k(z, 2) a;’;(;;_z')_ akg:z') ak;;;z)]
7b
(70) = (1 )aza' logk(z,2).
(@ 8)= (3% (£5))
©
= ai <““’ k,I(<;))= <%)(z)'

From Lemma 2 applied to (M), together with (6), (7b), (9) and (9) of §2,
Theorem 1 follows.

Let (M, B™) be the set of all holomorphic mappings f of a complex
manifold M into the unit ball B™ in the space C" (1=m = w).
Following H. Reiffen [10] we define

(10) aii(z, £) = sup{| Df ()¢ |l..: f € #(M, B™)}
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for (z,£) € M X C™, where B“ denotes the unit ball in the Hilbert space
C* = ¢*(C) with the usual #*-norm.

It is easy to see that a {7’ is a pseudo differential metric in the sense of
Grauert and Reckziegel [5], and that a{;’ becomes a differential metric
whenever M satisfies the properties (A1) and (A2) of §2 by bounded
mappings in the class #(M,B™). We note that a{}=ay is the
Carathéodory differential metric of H. Reiffen [10]. However, it turns
out that for all m, 1 = m = o, a{}’ coincide with ay,, as it is seen in the
following.

LemMmA 3. Let M be a complex manifold of dimension n.  For each
z € M and each ¢ € C",

(11) aii(z,€)=al(z,&) for all m=1.

Proof. Suppose that f=(f,f, " f.)E #(M,B™). Then f=
(£,0)=(fi," " ", [ 0,0, - - -) is a holomorphic mapping of M into B“. Let

(M, B*)={f: f=(£,0), f€ %(M,B™)}.

Then
#(M,B*)C#(M,B*) and [Df(z)¢|n =|Df(z)¢l..
Therefore,
a$i(z, €)= sup{|| Df(2)&|ln: f € (M, B™))
(12) = sup{| Df (z)¢].: f € (M, B*)}

= aif(z,¢).
The opposite inequality follows from the following observation.

IDf(z)- €|l = sup{| €(Df(z)- £)|: € € €*(C)*, [ €] = 1}
(13) =sup{|D(€-f)(z)-£[: €€ €(CO), | €] =1}

= aM(Z’ g)’

where ¢*(C)* denotes the dual of ¢*(C).

The second half of Lemma 3 is due to Clifford Earle (by communica-
tion) to whom the author is indebted.

It should be pointed out that the method of the proof of Theorem 1
is essentially due to K. H. Look [9]. In fact, he has proved Theorem 1
for the case when M is a bounded domain in C" and X = C". However,
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K. H. Look did not seem to realize Lemma 3 which enabled us to relate
Theorem 1 to the Carathéodory distance.

Theorem A is now an immediate corollary of Theorem 1, or rather a
special case of Theorem 1.

Proof of Theorem A. Set X =C and Q =1 in Theorem 1. Then
(2) becomes

(14) |Df(z)é|=5(2,§)  (z€M, (£€C)
for all f € % (M, B'), and Theorem A follows.

Proof of Theorem E. Let x, be any fixed point in G and let
y: G— G be a holomorphic automorphism of G such that y(x) = x,,
where x = f(z), z € M. Then vy - f is a holomorphic mapping of M into
G such that (y - f)(z) = x,. Let Q be the radius of the smallest ball in X
which contains G. We may assume that the center of this ball lies at the
origin. By Theorem 1,

(15a) ID(y-f)(2)¢lx = Qs(z,8), (z€M, £€C).

It is known [3] that if G is bounded then there are two positive
continuous functions A and A in G such that

(16) A@€lx = as(x, ) =AX)[€llx  (x€G),
for each £ € X. Set n = Df(z)¢&  Then (15a) becomes
(15b) IDy(x)nllk = Qs(z,¢),  x=f(2).

By the invariant property of the Carathéodory differential metric ag
under biholomorphic mappings of G, see [3],

17) ag(x, 1) = ac(y(x), Dy (x)n) = ac(xo, Dy (x)7).
From the second half of (16), (17), and (15b),
(15¢) as(f(z), Df(2)€) = A(x0)Qs(z, §).

The first half of Theorem E follows from (15¢) when we set

(18) k(G)= QinfA(x).
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If in particular G is a ball, say B ={x € X: ||x|x <R}, R >0, then
Q = R and inequalities (16) may be reduced to

(19) sz_ﬁxllﬁéag(x,f)é%_u'%ﬁi (xEB, ¢€X),

see [3]. Therefore, k(G) =1 in (18) which proves the rest of Theorem
E.
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