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MEASURES WITH CONTINUOUS IMAGE LAW

SuN MAN CHANG

Let M be a topological space, and X a metric space. Let
P(X) denote the collection of probability measures on X. Let
C(M, X) denote the set of continuous functions from I to
X. Let P(X) have the weak topology, and let C(J, X) have
the topology of uniform convergence. For a fixed measure
re P(C(M, X)), and a member fc M, define a measure ¢~ on
X by

tu(A) = p{fe C(M, X): ft) e A} .

In this paper, we consider the following problem: given
a continuous function 7: M — P(X), when is there a measure
re P(C(M, X)) such that T(t) =ty for all t?

This problem has been introduced and studied by Blumenthal
and Corson in [2] and [3].
The main results of this paper are as follows:

1. Let F be a closed subset of a totally disconnected compact
metric space M, and let ¢y: F'— M be the natural inclusion. Let X
be a complete separable metric space. Suppose that T is a continu-
ous function from M to P(X), and #, is a measure in P(C(F, X))
such that T() =ty, for all ¢e€F. Then there is a measure
peP(C(M, X)) such that T(t) =tp for all teM and iz¢= Ur.
Consequently, the natural map ¢: P(C(M, X)) — C(M, P(X)), defined
as ¢(u)(t) = tu(n e P(C(M, X)), t € M) is open, and there is a continu-
ous function &: C(M, P(X)) — P(C(M, X)) such that &(T)e ¢ (T).

2. Let M be a separable metric space, and let S' be the unit
sphere in R®. Let T be a continuous function from M into P(S")
such that Supp T'(¢) is a connected subarc of S*' and of arc length
<2t —Fk, for all t and some fixed 0 < k < 27x. Then there is a
measure pe P(C(M, S*)) such that T(t) = tu for all ¢.

3. Some generalizations of the results in [2] and [3] will be
considered.

1. Introduction. Let Y be a metric space. By a measure on
Y, we mean a regular Borel measure on the class of all Borel subsets
of Y. Let p be a measure on Y. We define the support of #« to be
the smallest nonempty closed subset F' S Y such that p(U) > 0 for
every open subset U in Y such that UNF - @. We will denote this
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by Supp . For a fixed ye Y, we denote by ¢, the unit point-mass
measure putting mass 1 at the point y. Let C(Y) denote the col-
lection of all bounded continuous real-valued functions on Y. Let
P(Y) denote the collection of all measures on Y with total mass 1.
Let P(Y) have the weak topology as functionals on C(Y). A measure
in P(Y) will be called a probability measure.

Let X Dbe a metric space, and let F £ P(X). We call F tight
if for every & >0, there is a compact set K< X such that
HMEK)=1—¢ for all peF. If F = {y}, we call ¢ a tight measure.
Denote by P.(X) the collection of all tight measures in P(X) with
the relative topology. We call a metric space a Prohorov space if
every compact subset of P(X) is tight. Note that every complete
metric space is Prohorov [1], and P.(X) = P(X) whenever X is com-
plete separable metric.

Now consider a topological space M, and a metric space X. Let
C(M, X) denote the set of continuous functions from M into X. Let
C(M, X) bhave the topology of uniform convergence. Note that if
M is not compact, the topology on C(M, X) depends on the particular
bounded metric used for X.

We will use the following notation throughout this paper. Let
Y and X be metric and let # be a continuous function from Y into
X. Then 7 induces a mapping, also denoted by =x, from P(Y) to
P(X), and defined by zm¢(A) = (7 '(4)). Also for te M, denote
simply by ¢ the mapping f— f(¢) from C(M, X) into X. Hence the
mapping g — ty from P(C(M, X)) to P(X) is defined and continuous
by taking Y to be C(M, X) and ¢t to be 7 in the definition of x— wp
above

Recall that, by a totally disconnected space, we mean a space
which has a base consisting of sets which are both open and closed.
By a Peano space, we mean a space which is a continuous image of
the unit interval. For convenience, we will call a complete separable
metric space a Polish space throughout this paper.

In this paper, we consider the following problem: given a con-
tinuous function 7: M — P(X), when is there a measure ¢ e P(C(M, X))
such that T'(¢) = ¢ for all ¢? When this happens, we will say that
L represents T,

This problem was introduced by Blumenthal and Corson. They
showed that such a measure exists in the following two cases:

(a) M is a compact totally disconnected space, and X is a
complete metric space [2].

(b) M is a compact metric space, X is a Peano space, and
Supp T(¢) = X for all ¢ [3].

In §2, we let M be a totally disconnected compact metric
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space, the Cantor set for example, and let X be a Polish space.
For a fixed peP(C(M, X)), one checks easily that ¢t—ty is a
continuous function from M into P(X). Now define a mapping
¢: P(C(M, X)) — C(M, P(X)) by

s()t) =te, peP(CWM, X)), teM.

Blumenthal and Corson (a) showed that ¢ maps P(C(M, X)) onto
C(M, P(X)). We establish a certain extension theorem which has a
consequence that the mapping ¢ is open, and that there is a con-
tinuous funection &: C(M, P(X)) — P(C(M, X)) such that &T)e ¢ (T).
(The openness of ¢ has been obtained independently by Eifler [7].)

In §3, we establish a representation theorem when M is a
separable metric space, and X is the unit sphere in R%

In §4, we will see that the conditions on M or X in (a) and (b)
can be relaxed and so more general results can be obtained.

2. Extension theorem. In this section, our main task is to
give an affirmative answer to the following question:

Let T eC(M, P(X)). Suppose that F' is a closed subset of M,
and that p,c P(C(F, X)) representing T|,. Is there a measure
preP(C(M, X)) representing T and p{feCM, X): f|reL} = p(L)
for all Borel sets L & C(F, X)?

Before giving the basic lemma, we review briefly some notations
we need, and give one more piece of notation. Let M be a compact
metric space, and let Y and X be Polish spaces. Let F' be a closed
subset of M. Let ¢,: FF— M be the natural inclusion map, and let
w: Y — X be a continuous function. Then 7 induces a continuous
mapping, also denoted by x, from P(Y) to P(X) and defined by
T(E) = Mz~ (K)), and another continuous mapping, from C(M, Y)
to C(M, X), by z¢(t) = n(s(t)), teM, ¢cC(M, Y). We denote this
mapping by 7 also. The mapping . FF— M induces a continuous
mapping, also denote by ¢, from C(M, Y)— C(F, Y), by i,f(t) =
f(ix(t)) forall te F, feC(M, Y). If we regard =: C(M, Y)— C(M, X),
1. C(M, X) — C(F, X), then i,7:C(M, Y)— C(F, X). If we regard
1 CM, Y)—C(F, Y), nm:C(F,Y)—C{F, X), then wi,:C(M,Y)—
C(F, X). It is easy to check that i,7m = wi,.

LEMMA 2.1. Let M be a totally disconmected compact metric
space, let F be a closed subspace of M, and let 1,: F— M be the
natural inclusion map. Let Y and X be countable discrete spaces
and let © be a continuous mapping from Y onto X. Let T be a
continuous function from M into P(Y), and let ve P(C(M, X)),
tr€ P(C(F, Y)) be such that

(1) ter = T(@E) for all te F
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(2) tv=7xT(t) for all teM
(8) mpr = ipv.
Then there is a measure pe P(C(M, Y)) such that
(1) tu=T@E) for all teM
(2) wp=v
(3) iptt = ttp.

Proof. Let A = {f|0 is a measure on C(M, Y), 70 <v, t6 < T(t),
170 < ttr}. We will show that A contains a non-zero element. In-
deed, C(M, X) is a countable discrete space [6, p. 265] and so there
is an element feC(M, X) such that v({f}) = e > 0. Denote the re-
striction of f on F by fr. Then 4;y({fs}) =¢. Since 7wy, = i,
there is a continuous function g: FF— Y such that =g = f, and
tr({g}) = 0 > 0. Suppose that g takes on values z, ---, z, on sets
M, ---, M, respectively. Since T(t) =ty for all teF, we have
T(t)({w,}) = 0 for each te€ M,. For each z;, the function ¢t — T'(¢)({x.})
is continuous. Since M is totally disconnected and compact metric,
we may pick pair-wise disjoint both open and closed subsets
U, -, U,0of Msuchthat M, S U,, 1 <7 < n, T@®)({=.}) = é, = (1/2)0,
for each t € U;, and f(U,) = f(M,)) = ng(M,) = n(x,). Let L = U, U,
then L is a both open and closed subset of M. Define a continuous
function # of L into Y by A(t) ==, if teU, 1<i=<n. Now we
consider the restriction of f on L° = M\L, denoted by f;.. We also
denote the measure 4,.v by v,.. Then nT(t) = tv;. for all te L°, and
Yie(fc) = 6. By the lemma of [2], there is a continuous function
k: L°— Y such that 7k = f,;. and a number 6’ > 0 such that if @ is
a point-mass measure at k with mass ¢’, then td < T(¢) for each ¢t € L°.
Define §: M — Y by §(t) = h(t) if te L and §(t) = k(t) if te L°. Then
g is continuous, and 7§ = f. Let 6, = Min {0,, ¢’, €}, and let 6, be the
measure putting mass d; at the point e C(M, Y), then 4, is nonzero,
and it is easy to check that 6,€ A. Now return to the proof of the
lemma. The set A is inductively ordered: indeed, if K is a totally
ordered subset of A, we take g, < p, < --- from K such that
lim,, ... #,(C(M, Y)) = Supucx (C(M, Y)), then @ = lim,, ¢, is an element
of A and @ = p for every pc K. Let # be a maximal element of
A. If 6 has mass 1, then t6 = T(t), 760 = v and 0 = . If 6 has
mass 7 < 1, then we may apply the first part of the proof to the
mapping:

T'(t) = l"(lt)_;nw e C(M, P(Y)) and

measures:

te = % e P(C(F, 1))
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’ y — 1l
= X)) .
y =7 € P(C(M, X))

This will yield a strictly positive measure 6’ with t¢' < T'(t), =6’ < V'
and 7,0" < ¢, and then 6 + (1 — %)¢’ will be an element of A strictly
exceeding 4. This completes the proof.

LEMMA 2.2. Let M be a totally disconnected compact metric
space, and let F be a closed subset of M. Let iy: F— M be the
natural inclusion map. Let G be o totally disconnected complete
separable metric space. Let T e C(M, P(G)) and ty € P(C(F, G)) be
such that T(t) = tu, for all teF. Then there is a measure
pre P(C(M, G)) such that T(t) = tpt for all te M and iztt = Up.

Proof. It is easy to check that G can be identified as a closed
subspace of a countable product X F'; of discrete spaces, with each F’;
being countable, and F', consisting of a single point. For each » > 0,
let P,: G—F,x .-+ x F, be defined by P,((9:, ***, Guy ***)) =(gsy *++, gu)-
Let X, = P,(G). Then X, is a subspace of F, X .-+ X F,, and so is
a countable discrete space. Let 7,: X, — X,_, be the mapping that
sends (g, ***, 9u—1, ) to (g, -+, 9,-). Then =, P, =P, . Let
T™(t) = P,T(t). Then T*™ is a continuous function from M to P(X,),
and 7, T"™ =TV, Let ui™ = P, € P(C(F, X,)), and let T@(t) = tp™.
Then =, pf = pi*2, and T™(@E) = T@'(t) if teF. When =1, we
have of course the trivial measure g putting mass 1 on the one
point of C(M, X)) so that (a) tp = TW(¢) and (b) i,¢4" = ¢, Con-
sequently, by repeatedly applying Lemma 2.1, we obtain a sequence
of measures ¢ € P(C(M, X,)) such that (a) tu™ = T™(), (b) 1,p4™ =
p#» and () w,pu™ = p " for all n. By Kolomogorov’s consistency
theorem [4, p. 120], there is a measure g P(C(M, G)) such that
P,y = p™ for all n. Since for all n, P,y =tp™ = P,T(t), and
Pipp = ippt™ = P,ptp, so that tp = T(t) for all te€ M and i,¢t = pp.
This completes the proof.

THEOREM 2.3. Let M be a totally disconnected compact metric
space and let G be a totally disconmected complete separable metric
space. Suppose that {T,} is & sequence converging to T in C(M, P(R))
and that g is a measure in P(C(M, G)) such that tp = T(t) for all
t. Then there is a sequence {¢,} tn P(C(M, G)) such that p, — ¢ and
ty, = T,(t) for all t. This is equivalent to saying that the natural
map ¢: P(M, G)) — C(M, P(G)) as described in the introduction s
open.

Proof. Let D={T,,n=12, ---}U{T} with the subspace
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topology. Then the product space D x M is totally disconnected
compact metric, and the function +:D X M— P(G) defined as
¥(S, t) = S(t) is continuous. Consider the closed subspace F =
{T}y x M of Dx M. The measure g, regarded as a measure on
CUT} x M, G), satisfies (s) = sy for every scF. Therefore, by
Lemma 2.2, there is e P(C(D x M, G)) such that sfi = +(s) for all
seD x M, and 4,8 = . For each SeD, define a measure Sfie
P(C(M, G)) by

SHK) = fi{f e C(D x M, G): f(S, -) € K} .

Then if we set p, = T,/, we obtain ¢y, = T,(t) for all te M, and
U, — ¢ in P(C(M, G)). This completes the proof.

Recall that the natural map ¢: P(C(M, G)) — C(M, P(G)) in the
introduction is defined as ¢(x)(¢t) = ty, for pe P(C(M, @), te M. By
Theorem 2.3, ¢ is an open mapping. Moreover, we have the
following:

THEOREM 2.4. There ts a continuous function & C(M, P(G))—
P(C(M, @) such that &(T)e ¢ (T) for all T.

Proof. Let _#(C(M, G)) be the space of all finite signed measures
on C(M, G) with the weak topology as functionals on C(C(}, G)).
Then, P(C(M, B)) is a closed subspace of _Z(C(M, G)). It is clear
that the closed convex hull of every compact subset of P(C(M, G))
is compact. Let 27U he the collection of all non-empty subsets
of P(C(M, @)). Define a function ¢: C(M, P(G)) — 27 by

¢(T) = ¢7(T) .

Since ¢ is an open mapping, it follows that ¢ is lower semi-continu-
ous [8]. Therefore, there is a continuous function & C(M, P(G)) —
P(C(M, @)) such that &T)e@(T) = ¢~(T) [8]. This completes the
proof.

In the following, we will establish two lemmas from which we
will obtain the same results of Lemma 2.2, Theorem 2.3, and
Theorem 2.4 in replacing the space G by an arbitrary Polish space
X.

LeMMA 2.5. Let X be a Polish space. Then there is a totally
disconmected complete separable metric space G, a continuous func-
tion ¢: G— X and a continuous function ¢: P(X)— P(G) such that
¢6(1) = ¢ for all e P(X). Moreover, ¢ is an affine map:
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~(1 1 ) 1~ 1~
_—Y ) = = —_— Y).
¢(2#+2 2¢(#)+2¢()

Proof. Let F, be a countable partition of unity of X, sub-
ordinated by a cover of diameter =<1/n. Give F, the discrete
topology. Let

X, ={gy -+ 9)9:€F;, 9, g, # 0}

and

G={(gy ) g == )gy -+, 92) € X, for all n}.

Give G the subspace topology of the product space X2, F;. Then G
is a totally disconnected, complete separable metric space. Define
6:G— X by ¢(g9 <+, 9,y --+) to be the unique point z e Suppg, for
all n. Then ¢ is continuous. Let P,:G— X, be the canonical
projection. Define ¢: P(X)— P(G) by setting ¢(#) to be the unique

measure jic P(G) such that P,i{(g, «--, g.)} = Sgl eoegudp, for all
(9 +++,9,) iIn X, and for all » (via the Kolomogorov consistency
theorem [4, p. 120]). It is clear that ¢ is continuous and ¢¢(y) = g
for all e P(X). It is also easy to check that

3+ 2v) = 25 + 350 -

The proof is complete.

LEMMA 2.6. Let X, G, ¢, ¢ be as in Lemma 2.5. Let
TeC(M, P(X)), preP(C(M, X)) be such that T(t) = tye for allt. Then
there is a measure fi € P(C(M, G)) such that ¢ T(t) = tit for all t, and

$ft = .

Proof. Since C(M, X) is a polish space, there is a compact sub-
set L of C(M, X) such that (L) =1 —e. We may assume that
Supp £ is a compact subset L of C(M, X). Each felL is regarded
as a continuous function from M to P(X). Let f = 4f, then
FeC(M, P(G)). Let & C(M,P(G))— P(C(M,G)) be a -continuous
function as in Theorem 2.4. Denote &(f) by £,, then tfi, = f(t) for
all t. Let p, = ¢fi;, then tp, = f(t) for all ¢. Therefore, y, = ¢y,
the unit point-mass measure putting mass 1 on the point f ¢ C(M, X).
Since L is compact and the function f-— /I, is continuous, the set
{Zi;|feL} is compact. Hence for & >0, there is a compact set
L < C(M, G) such that Z, (L) >1 —¢ for all feL [9, p. 47]. Now
preP(L), there is a sequence p, — ¢ in P(L) with g, = 3, Ney,
for some ), >0, A, =1 and f,eL. Let #, =3>%,\f,, then
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¢l = M, and
3 - k -
tﬁ'n = iglhifi(t) = .?;'..lkﬁ(f,(t))

k
= 5(;. Ni€ran) = B(T.(8)
for all ¢, where T,(¢) = tg,. Since p,— g, so that T,(t) — T(¢) in
P(X). Also, fi(L)>1—c¢ for all n. Hence {f#,:n=1,28, -} is
relative compact. Therefore some subsequence Z,, — fi in P(C(M, G)).
Since $(T,,(t)) = ti,, and ¢(Z,) = f,,, letting k— , we obtain
#(T(t)) = tit for all t, and ¢fi = p. This completes the proof.

THEOREM 2.7 (Extension theorem). Let M be a totally discon-
nected compact metric space, F be a closed subset of M, and
ip: F'— M be the natural inclusion. Let X be a Polish space. Let
T be a continuous function from M into P(X), and t; be a measure
in P(C(F, X)) such that tp, = T(t) for all tcF. Then there is a
measure pe P(C(M, X)) such that T(@t) =ty for all teM and

trtt = [

Proof. By Lemmas 2.5 and 2.6, there is a totally disconnected
complete separable metric space G and there are continuous functions
¢:G— X, ¢: P(X)— P(G) and a measure /e P(C(F,R)) such that
iy = Uy and tf, = (T(t)) for all te F. By Lemma 2.2, there is a
measure [ e P(C(M, G)) such that tZ = §(T(t)) for all te M, and
iglh = fp. Let p=gf. Then p is a measure in P(C(M, X)) such
that t¢t = ¢(3T(t)) = T(t) for all te M and i,¢ = f,. This completes
the proof.

Therefore, by following the same arguments as in Theorem 2.3
and Theorem 2.4, we obtain:

THEOREM 2.8. Let M be o totally discomnnected compact metric
space, and let X be a Polish space. Then the natural map
é: P(C(M, X)) — C(M, P(X)), defined as ¢(¢)(t) = ty, is open, and
there is a continuous function &: C(M, P(X))— P(C(M, X)) such that
&T)e ¢ (T) for all T.

As an application of Theorem 2.7, we obtain:

COROLLARY 2.9. Let M and X be as in Theorem 2.8, and let
T:M X M— P(X x X) be continuous. Let 4, = {(t, t):te M}. For
any subset A S X, let 4, = {(a, a): a € A}. Suppose Y, is a measure
in P(C(M, X)) such that tpe,(A) = T(¢, t)(4,) for all te M. Regard p,
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as o measure on C(dy, 4y). Then there is a measure pe P(C(M X
M, X x X)) representing T such that it = pts, wWhere 1424y — M xX M
18 the natural inclusion.

We remark that the function & in Theorem 2.8 is a continuous
selection function which selects for each T in C(M, P(X)) a measure
tA(=&(T)) in P(C(M, X)) representing T.

3. Representation when X = §!

THEOREM 3.1. Let M be a separable metric space, and let S
be the unit sphere in R:. Let 0 < k < 2rm, and let T: M — P(S") be
a continuous function such that for each te M, Supp T(t) is con-
nected and of arc length <2 — k. Then there is a measure
pre P(C(M, SY)) such that T(t) = tpe for all t.

Proof. Let P(S') = {¢te P(S"): Supp (%) is connected and has arc
length at most 27 — k}. Given » < ¢, set (r,¢t) = {*:r <s <t} and
set [r, t] = {¢":r < s < t}. Following an idea in [3, Lemma 2.1], we
construct a mapping Z: P,(S") x (0, 1) — S* such that

(%) Plw: Z(p, w) ¢ (a, b)} = 4(a, b)

for each a < b where P is Lebesgue measure. Namely, given
pePu(S"), choose a, and b, such that Supp () = [a, b.] and set
Z(pt, ) = ¢ where s = inf {t = a,: ¢|a, t] = w}. We see that Z(y, w)
is well-defined since Supp () # S'. Suppose y, — ¢ where g, € P,(S").
Set I, = S"\Supp (¢, and set S"\Supp () = (a,Dd). Set J=
(¢ + k/3, b — k/3). By considering the geometry of S', we see that
J < Supp (¢,) for each n is impossible. Hence, JN I, # @ for =
large. One may check that if p, — g, that Z(u,, 0) — Z(¢, ). One
checks directly that () holds.

Let 2 be the open interval (0,1). For each we 2, te M, define
X,(w) by X, (w) = Z(T(t), w). Thus, for a fixed we 2, the function
t — X,(w) is a continuous function from M into S'. Therefore, we
may define a mapping X: 2 —C(M, S') by X)) = X(w). One
checks easily that X is Borel measurable and P{w: X.(®)€(a, b)} =
T(t)(a, b) for any arc (a,bd) in S'. Define a measure pc P(C(M, S"))
by p(A) = P(X '(A)). Then ¢y = T(t) for all t£. This completes the
proof.

ExAmMPLE 3.2.

(a) This example shows that the requirement of an upper
bound 27 — k < 27 for the lengths of all Supp T'(¢) cannot be entirely
eliminated.
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Let M= D'={zxeR%|z| £1}, X =S, and let T be a continuous
function from M into P(S') such that T(t) = ¢, the unit point mass
measure at the point ¢, for each ¢€S'. Then any measure repre-
senting T must attribute all its mass to those continuous functions
from D' to S' which are the identity on S'. Since there is no such
function, no such 7 has a representing measure. An example of
such a T in which each T(t) is supported by a subarc of S is:

2T
+ (2¢c2~ t)(?‘ — )0
(4

where [, is the probability measure uniformly distributed on the
arc [0,t] ={e*: 0 < s < t).

Note that there is no bound on the arc lengths of the supports
as required for Theorem 38.1.

(b) The following example shows that for a continuous function
T from S' into P(S'), all supports of T(¢{) connected is not enough
for representation.

Define T: S'— P(S') as follows:
We regard S' as the quotient space by identifying 0 and 27 in the
closed interval [0, 27].

Let

T(re") = 1%, + [(1 ) — (2” - t)(r — 1'2)}50
0

=r=1l, 0=t=<2rm,

t,,:<2”2_nz)27r n=1228, -

Define T(¢,) = ¢,,, and
_ 1
(o) = L1, + (—1—2—-2—“21"@»

2 2"
1
+ <1—22—“>T(tn+1) ,

where J; = {¢':t, <t <t,,,} and lgq,; is the probability measure
uniformly distributed on S"J;. Define T piece-wise linear on
[t (& + t.40)/2] and on [(tn + tari)/2, tusa]. Define T(2r) = T(0) = &,
Then T is continuous and Sup 7(¢) is connected for each ¢. Let
A, = {feC(S, SH) = tuy [Qus) = tassy S(ay tas) N (G tav) = DL
Note that if y represents T, then z(A4,) =1. Therefore, ¢(lim, 4,) =1.
ButTim, A, = @. Therefore, T cannot be represented by a measure.

4. Some generalizations. We will present here some results
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for our representation theorem. As you will see, most of them
generalize the results of (a) and (b) as described in the introduction.
The proofs of these theorems are, by no means, difficult, and they
can be found in [5].

THEOREM 4.1. Let M be a compact extremally disconnected
space, and let X be a Prohorov space. Let T: M — P.(X) be a con-
tinuous function. Then there is a tight measure e P(C(M, X))
such that T(t) =ty for all t.

THEOREM 4.2. Let M be a separable metric space, and let I be
the wunit interval. Let T:M— P(I) be continuous such that
Supp T(t) s a connected subset of I for all t. Then there is a
measure p€ P(C(M, X)) such that T(t) =ty for all t.

THEOREM 4.3. Let M be a separable metric space, and let X be
a Peano space. Let T: M — P(X) be continuous such that the set
M, = {t e M: Supp T(t) + X} is at most countable. Then there is a
measure pe€ P(C(M, X)) such that T(t) =ty for all t.

THEOREM 4.4. Let M be a separable metric space, and let X be
a metric space such that there is a sequence of open sets U, with
compact closures K, satisfying

(a) U, SK,< U, for all 1,

(b) K,, with the relative topology, is a Peano space, and

(¢) X=Uz K.
(e.g., X = R*, for any integer n > 0.)

Let T be a continuous function from M into P(X) such that
Supp T(t) = X for all t. Then there is a measure pe P(C(M, X))
such that T(t) = t¢ for all ¢.

THEOREM 4.5. Let M be a countable metric space, and let X be
o metric space. Let T: M — P.(X) be continuous. Then there is a
measure pc P(C(M, X)) such that T(t) =ty for all t. As a con-
sequence, for any countable closed subset F of P.(X), F 1is compact
of and only if F is tight.

One may wonder how far we can go in this representation
theorem. Among the difficulties, one notes that the functions in
C(M, X) are not enough in general. However, the following question
remains unknown, and is worthy to work with:

Let M be a totally disconnected compact metric space, and let
X Dbe a Prohorov space. Let T be a continuous function from M
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into P(X). Is there a measure /e P(C(M, X)) such that T() =ty
for all £?
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