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SUMS OF INVARIANT SUBSPACES
DAviD A. STEGENGA

This paper is concerned with certain functional analytic and
functional theoretic questions concerning the spaces of bounded
analytic and bounded harmonic functions in the unit disk.

Specifically, a characterization is given of those weak-star
closed, invariant subspaces of L™, on the unit circle, whose
vector space sum with the space of continuous function is
uniformly closed. This generalizes Sarason’s result that H™ + C
is a closed subspace. The characterization involves the notion
of local distances to H”. In addition, a partial solution is given
to a problem raised by Sarason concerning the structure of
functions in H” + C.

1. Introduction. Let H” denote the closed subspace of L~ on
the unit circle T, consisting of all F &€ L~ whose negative Fourier
coefficients are all zero. Denote by C, the space of all continuous
functions on T.

Sarason [8], [11], has shown that H*+ C is a closed subalgebra of
L~. Sarason’s theorem answered a question raised by Devinatz [2] who
asked for a characterization of those functions on T which belong to the
smallest closed subalgebra of L™ containing H” and the set of all
trigonometric polynomials on T. By showing that H”+ C is a closed
subspace of L* these additional algebraic properties follow
easily. Sarason proves that H*+ C is closed by considering the bidual
of the quotient space C/A, where A = H”N C (the disk algebra), by
means of the F. and M. Riesz theorem.

The intent of this paper is to generalize Sarason’s theorem by
replacing H” with an arbitrary weak star closed, invariant subspace M,
and ask under what conditions M + C is closed. The word invariant
means that M is closed under multiplication by the identity function on
T, namely z. We approach this problem by considering the bidual of the
space M/M N C as was the case in Sarason’s proof, however, we find that
M + C is not closed in general. The simplest counterexample arises by
taking M = ¢H”, where ¢ is a certain type of inner function. An inner
function is any ¢ € H” with |¢ | =1 almost everywhere with respect to
Lebesgue measure. This situation can be compared with the fact
@H”+ C is closed for all inner functions ¢. These two examples are
typical of the general case when M is of the form ¢H”, where ¢ is any
unimodular function in L”. Our characterization involves the relation-
ship between ¢ and H” at each point of T.
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In §4 we show that a question raised by Sarason concerning the
structure of unimodular functions in H*+ C is equivalent to showing that
¢H” + C is closed for all unimodular functions ¢ in H*+ C. We do not
answer Sarason’s question in general but we do answer an important
special case.

I would like to express my thanks to Patrick Ahern for many
valuable discussions. I would also like to thank Allen Shields for many
helpful suggestions in preparing the final manuscript.

2. The doubly invariant case. If M is a weak star closed
invariant subspace of L~ then it is known that either M = ¢ H” where ¢ is
a unimodular function in L (J¢ | =1 a.e.), or else M is determined by a
measurable subset E of T and M consists of all functions in L™ which
vanish almost everywhere on the complement of E. Denote this second
set of functions by Lz. These facts can be established by noting that
since M is weak star closed it suffices to obtain the analogous character-
ization for closed invariant subspaces of L'. Now in Helson’s book [6,
pg. 26] he proves that if M is a closed invariant subspace of L' then
M N L?is dense in M (actually M is simply invariant in this proof, but
the argument is the same). Since M N L?is a closed invariant subspace
of L? it suffices to obtain the analogous characterization in this
setting. But these facts are well-known and follow from a theorem of
Wiener and a generalization of a theorem of Beurling [1] by Helson and
Lowenslager [7]. Modern proofs for both of these theorems can be
found in Helson’s book [6, pp. 7-9]. M is simply invariant if zM is
contained in, but not equal to M and doubly invariant if zM is equal to
M. The simply invariant weak star closed subspaces of L~ are of the
form ¢H” and the doubly invariant ones are of the form Lz.

We consider the doubly invariant case first. Given a measurable
subset E of T, define the essential interior of E to be the union of all
open sets with the property that their intersection with E°(E° = T\E)
has measure zero. Denote this set by E,, then clearly E,N E° has
measure zero and E, is the largest open set with this property. Note that
if two measurable subsets are essentially equal (symmetric difference has
measure zero) then they have the same essential interiors.

LeEmMMA 2.1. A function g€ L;NC if and only if g € C and
{{g|>0}CE,.

Proof. For g € C the set {|g| >0} is open and since g € L% if and
only if the set {{g|>0}N E° has measure zero, it is clear from the
maximality of E, that this happens if and only if {|g|>0}CE,. The
proof of the lemma is complete.
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LEmMmA 2.2, For g € C the following three quantities are equal:
(i) [g+Lil=infreiz]g +FJ.

(i) [lg+LENC|=infreiznc g +F].

(iii) (g les = sup.ces [g(2)].

Proof. For g € C we have (g + Lz =|Xcgl- where Xg- is the
characteristic function of E¢. Since g is continuous and E is compact
there exists an « € E§ with || g|lzs = |g(a)|. Let € >0 then there is an
open neighborhood U of a with |g(z)|=||g|lzs — € forall z € U. Now
U is not contained in E, so U N E° has positive measure and so
| Xcgll-=|lglles — € But € being arbitrary yields the inequality || g ||zs =
lg + Lzl

Now let K be a compact subset of E,, then we can find a continuous
function ¢ with 0= =1, ¢ =1 on K, and {¢ >0}CE, By the
previous lemma ¢g € LN C, thus

le+LENCl=llg — egl-=lgllk-

Since K is arbitrary we conclude that ||g + LN C||=|/g sz Combining
these two inequalities we have

g+ LENCl=lglles =llg + LE]

but inequality |[g+ L% =|g+ LN C| is trivially true so all three
quantities are equal and the proof is complete.

The following lemma is basic and essentially appears in Zalcman’s
proof that H*+ C is closed, see Theorem 6.1 [14].

LEmMMA 2.3. Suppose X and Y are closed subspaces of a Banach
space Z. Then a necessary and sufficient condition for X + Y to be closed
is that there exist a K <® with

ey ly +XnY|=Kly+X]
for all y in Y.

Proof. By elementary Banach space techniques we know that
X +Y being closed in Z is equivalent to X/ X NY + Y/x NY being
closed in the quotient space Z/X NY. But X/XNY and Y/XNY
intersect trivially in Z/X N'Y. As a simple consequence of the closed
graph theorem we have X/X N Y +.Y/X N Y is closed if and only if the
natural projection operator taking this sum onto Y/XNY is
bounded. Thus X + Y is closed in Z if and only if there is a constant
K <o with
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[y+XNY[|=K|ly+x+XNY]|

for all y € Y and x € X. But this last relation is easily seen to be
equivalent with (1) and the proof is complete.

By putting the information of the last two lemmas together we have
proved the following:

THEOREM 2.4. Li+ Cis closed in L™ for all measurable subsets E
of T.

In other words, if M is weak star closed and doubly invariant
subspace of L™ then M + C is closed.

3. The simply invariant case. With the doubly invariant
case disposed of we consider the more interesting simply invariant case
where M = ¢H” for some unimodular ¢ € L~.

For f and g in L™ and A a point in T, define

dist, (f, g) = ess. lim sup|f(z)—g(2)].

|zl=1

If f and g are extended harmonically for |z|<1 then we also have

dist, (f, g) = limsup [f(z) - g(2)|.

|z]<1

For f in L~ define
dist, (f, H") = inf {diAst (fh): he Hx}.

We might note that if X, denotes the L~ fiber over A then
dist, (f, g) = [f - & |x.

We first consider the case that ¢H”N C ={0}. For instance, ¢
could be a Blaschke product whose zeros cluster on the entire unit circle,
or even on a set of positive measure.

THEOREM 3.1.  Suppose ¢ is a unimodular function in L™ for which
oH*N C ={0} holds. The following are equivalent:

(@) ¢H”+ Cis closed in L.

(b) There is an € >0 with dist, (g, H*)= € for all A in T.

Proof. Assume (b)istrueandlet g € C. Suppose A € T, g(1)#0,
and h € H” then for z €T
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[gM)]|@(z)—h(z)|=|&(z)g(A)— h(z)g(1)]
=|gA)—g2)|+lg —g(A)eh|.

and so |g(A)|dist, (¢, h)=|lg —g(A)@h |.. Thus
lg(1)]dist, (¢, H) = ||g + oH"||
holds for all A € T. Clearly then,
lgl-=e€"'llg + oH"|

and ¢H”+ C is closed by Lemma 2.3. This gives (b) implies (a).
Suppose that (a) holds then for some € >0

lgl-=e"lg +eH"|

for all g € C, once again by Lemma 2.3. Fix A € T and suppose
dist, (¢, H”) <€, then there is a function h € H” and a neighborhood U
of A such that

esssup |¢(z)— h(z)|<e
zeU

Let g(z)=QR2A—z)"' then gEH"NC, |g(A)|=1, and [g(z)|<1 for
z# A butin T. By considering powers of g we can make | g"| as small as
we like off the set U. Hence

leg™ — hg™|l.<e
for n sufficiently large. However, |g"(A)|=1 for all n. Thus,

I=|g"|.=€"'|lg" + oH"|=€7'||g" — ohg"||
=e'|gg"—hg"|l.<1

and we arrive at a contradiction. So we must have dist, (¢, H*) = € for
all A and the proof is complete.

We now come to the most interesting part of this problem, that is, we
consider the possibility that ¢ H” N C is not trivial. So we are assuming
that thereisa F in H” and a g in C with ¢F = g and g is not identically
zero. A well-known property of functions in H” is that log|F|€ L' for
all nontrivial F € H”. As a result, the set where g is zero must have
measure zero since | F|=|g|. Define Z(¢) as the closed set formed by
the intersection of the zero sets of each g in ¢H*N C. In other words
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Z(¢) is the set of common zeros for the functions in ¢H*N C. Thus
Z(¢) is closed and has measure zero. Suppose A € Z(¢) then ¢F =g
for some F € H*, g € C, with g(A)#0. Thus

8] disty(7, RIA—) F) = ess.limsup | ¢(2)g(A) ~ F(2)|

|z]=1

= ess. limsup| ¢ (2)g(A) — ¢ (2)g(2)|
=ess. limsup|g(A)—g(z)|=0

and so {dist, (¢, H")>0}CZ(¢). Our aim is to show that if for some
€ >0 the function dist, (¢, H) is greater than € whenever it doesn’t
vanish, then Z(¢) is equal to the set {dist, (¢, H*) >0} and ¢pH"+ C is
closed. The converse is also true.

We start by stating a sharpened version of the Rudin—Carleson
Theorem, due to Rudin and Stout [10, Thm. 4.1] which will be extremely
useful touse. Let A denote the intersection of H” with C; A is usually
referred to as the disk algebra.

THEOREM 3.2. Suppose K is a compact subset of measure zero in T
and g is a continuous function defined on K. Then there is a function F in
A with the property that F=g on K and |F(z)|<| g|« for all z & K.

In the proof of Theorem 3.1 we used a trivial special case of this
theorem, where K was a single point.

Let ¢ be an inner function; then the harmonic extension of ¢ into
the open unit disc (also denoted by ¢) has the form

¢(z)=B(2)S(z) (z]<D)

where

B =Tl

la,| 1—a,z

with |a,| <1 for all n, and £(1—]a,|) <> (a./|a.|=1, if a, =0) and

Atz

S(z)=exp [—L P d,LL(/\)]

where u is a finite, nonnegative measure on 7, singular with respect to
Lebesgue measure.
The support of ¢ is the set of points A € T for which there is a
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sequence {z,} of points (| z,| < 1) such that z, > A and ¢(z,)—0. This
set, denoted by supp ¢, is known to be the union of the support of the
measure u and the cluster set of the sequence {a,}. It is also well-
known that ¢ is analytic on the complement of supp ¢. Now if {a,}is a
subsequence of {a,} and u, is a measure with 0= pu,=pu then the
corresponding inner function ¢, is a divisor of ¢, i.e., ¢ /¢, is a bounded
analytic function for |z [< 1. In terms of boundary values this says that
e@o € H*. All divisors of ¢ are of this form. See Hoffman’s book [9,
Chapter 5] for details. We need to know the following simple fact about
inner functions: if ¢ is a nontrivial inner function then ¢ has a nontrivial
divisor ¢, with m (supp ¢,) = 0 (m refers to normalized Lebesgue meas-
ure on T). This fact is obvious unless ¢ = S. However, if this is the
case then there is a compact subset K of measure zero and u (K)>0.
If we take ¢, to be the inner function determined by restricting the
measure u to the set K then supp ¢,C K and we are done.

LEmMA 3.4. Suppose ¢ is unimodular and oH*N C# {0} then
oH*N C is weak star dense in oH".

Proof. First note that ¢H” N C is weak star dense in ¢H” if and
only if ¢C N H” is weak star dense in H”. Since the weak star closed,
invariant subspaces of H” are of the form ¢yH® where ¢ is an inner
function we may assume that ¢C N H* CyH” for some inner function
. We must show that ¢y =1, so assume that y#1. By the above
discussion ¢ has a nontrivial divisor ¢, where m (supp ;) = 0. Now we
are assuming that ¢g = F for some F€ H*and 0 # g € C. It is easy to
show that for some positive integer n, ¢;F € H” but ¢;"'F& H”. By
Theorem 3.2 there is a function h € A with h =1 on supp ¥, and |h | <1
on the complement of supp ¢,. Clearly, ¢3(1—h™)€ C for all positive
integers m and

bi(1—hm)—
as m — © in the weak star topology. Now we have
¢lgdt(1—h™)] = Fy3(1—h")E H"
for all m. But then Fyj(1—h")€ yH" since ¢C N H*CyH" by as-
sumption and hence Fyyj € yH”. This is a contradiction since it implies
that Fiy;"' € Yy H*CH”. Thus ¢ =1 and the proof is complete.
LEMMA 3.5. For functions ¢ as in Lemma 3.4 we have

lgllze=lg+eH N C|=|g+¢H|+|gllz)

for all g € C.
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Proof. The first inequality is trivial. Let M(T) denote the Banach
space of all complex measures on T, with the total variation norm. Now
M(T) is the dual of C by the Riesz representation theorem and each u in
M(T) has the form du = hdm + du, where h € L' and p, is singular
with respect to m. Also we have ||u || =|h |+ u]. Let X denote the
annihilator subspace of ¢H*N C in M(T), i.e.,

X={p,€M(T):f Fdp =0 for all F € ¢H”N C)
T

then a simple functional analysis argument shows that X can be identified
with the dual of the quotient space C/¢oH*N C. Let F€ ¢H*N C and
u € X then, since z"F € pH*N C for n =0,1,2,--- we have

f 2"F(z)dp(z)=0 (n=0,1,2,---)

and by the F. and M. Riesz theorem the measure Fdu is absolutely
continuous with respect to m. If du = hdm + du, this amounts to
supp u, C{z: F(z)= 0}, since Fdp, is the zero measure. Hence

j Fhdm = 0.
T

Since this is true for all F € ¢gH”N C we conclude that supp u, CZ(¢)
and the measure hdm is in X. Conversely, if h € L' and it annihilates
oH”N C, and u, is a measure whose support is contained in Z(¢), then
hdm + du, is in X.

Now, if h € L'N X then

*) f Fhdm =0 (FE ¢H"N C)
and so by Lemma 3.4 we have that (*) holds for all F € ¢H”. Thus

f F(¢h)dm =0

for all F € H” and an elementary argument shows that this is equivalent
to the vanishing of the Fourier coefficients (¢h)'(n) for n=
0,—1,-2,---. Let Hj denote the subspace of L' consisting of those
functions whose nonpositive Fourier coefficients are zero, then the above
discussion shows that X N L'= ¢gH,|.

Let X, denote the subspace of M(T) consisting of all measures with
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support contained in Z(¢). We now have X = ¢H;P X, where we
view ¢H, as a subspace of M(T). Thus, for g€ C

f geFdm + f gdu
T T

where the supremum is taken over FE€ H; and u € X, with
|¢Fdm + du | = ||F|+ |l ]|=1. Clearly then,

J' gdu ' =g llze)

= sup
n

lg + ¢H"N C||=sup

I¢low=lg + oH=n Cl= sup | [ (66)Fdm | +1g e

[Flh=1

for all g in C. If we consider the function g as determining a bounded
linear functional on Hj then the first supremum on the right hand side of
the above inequality is the norm of this linear functional. Using the
well-known fact that the dual of H; can be identified with the quotient
space L"/H” we have

sup | [ (e6)Fdm | =186 + H"l| = g + o]
IFl=1

since ¢ is unimodular. This completes the proof.

The above lemma is a direct generalization of Sarason’s proof that
lg+ Al =g+ H"| for g in C, which is all that is needed to show that
H”+ C is closed in L. Take ¢ =1 to obtain Sarason’s result. The
above lemma and Lemma 2.3 show that if Z(¢) is empty then ¢H”+ C is
closed. This applies in particular to the case when ¢ is an inner
function.

By Lemma 2.3 and Lemma 3.5 we see that H”+ C is closed if and
only if there is a constant K <o with ||g ||z, = K| g + ¢H"| for all g in
C. Using this fact and an argument paralleling the proof of Theorem 3.1
we have the following:

LeEMMA 3.6. Let ¢ be a unimodular function. Then a necessary

and sufficient condition for oH”+ C to be closed is that there exists an
e >0 such that

dist, (g, H)= €

for all X in Z(gp).

If pH*N C ={0} then Z(¢)= T. Thus, Lemma 3.6 and Theorem
3.1 can be combined to give the above statement in this case.
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We might also remark that if ¢ € H*+ C is unimodular, then
¢H”+ C is closed if and only if Z(¢) is the empty set. This follows
from the fact that dist, (¢, H”) =0 for all A, since ¢ is in H*+ C.

We mentioned earlier the fact that dist, (¢, H”) vanishes for all
A & Z(¢), and now we see that dist, (¢, H*) must be bounded away from
zero on Z(p) in order for ¢H”+ C to be closed. Thus a natural
question 1is what relationship does the support of the function
A — dist, (¢, H”) bear to the set Z(¢), aside from the fact that Z(p) is
always the larger of the two.

If ¢ is an inner function with0 < m (supp ¢ ) <1then Z(¢)=T. To
prove this let F € H”, g € A, and assume that ¢(z)F(z)= g(z) for all
|z|<1 and consequently g must vanish on supp¢. But supp¢ has
positive measure so g must vanish identically. Since ¢ is continuous on
T\supp¢ we clearly have dist, (g, H")=0 on this set. Now if
A €Esupp ¢ and F € H” then

ess.limsup | ¢(z)— F(z)|=ess.limsup |1 - ¢ (2)F(z)|
z>A z—A

z|=1 [z|=1

=limsup |1~ ¢(2)F(z)|

|z|<1

1

v

since ¢ tends to zero on some sequence tending to A. Thus
dist, (¢, H*)= 1 on supp ¢. Since dist, (¢, H”) =1 for all A, we actually
have dist, (¢, H”) equal to the characteristic function of supp ¢. So the
support of the function dist, (¢, H”) is equal to the set supp ¢ which is
strictly smaller than Z(¢).

The next lemma shows that the situation changes if pH* N C# {0}.

LemMmA 3.7. Let ¢ be unimodular and suppose oH> N C# {0} then
the support of the function A — dist, (¢, H”) is equal to Z(¢p).

Proof. We first note that Z(¢) is a totally disconnected compact
subset of the circle since m(Z(¢))=0. Assuming that the support of
dist, (¢, H") is not equal to Z(¢) then it follows that there is a compact
subset K of Z{(¢) and an open subset U of T containing K with
UNZ(¢)=K and dist, (¢, H") vanishing on U. Let V be an open
subset with K C V and the closure of V containedin U. Let ¢y € C bel
on V and 0 on T\U; then dist, (¢¢, H*)=0. Now it is known [13] that
dist, (F, H) =0 is equivalent with F€ H”+ C. Thus ¢¢ € H*+ C and
thereisan FE H"anda g € C with § = F+ g on V. By Theorem 3.2
there is a function & in A with h =g on K since m(K)=0. By
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replacing F with F + h and by replacing g with g —h we have ¢ = F + g
on V where FEH”, g€ C and g =0 on K. Once again by Theorem
3.2 there is a function h in A with h =1on K and|h|<1on T\K. Now
for positive integers n

lgllR]" on V
vh"—qoh"Ff=|¢—Fuhz"§{
clh| on T\V

where ¢ =1+ | F|.. Since g vanishes on K and |h|<1 on T\K it
follows that ||h" — ¢h"F|l.— 0 as n — «, and hence ||h" + ¢H"||— 0.
By Lemma 3.5

limsup [|h" — h™ + H*N C||

n,m—o

=limsup [|[h" — h™ + @H"||+ limsup |A" — A" ||z

n,m-—o

§O+limsup ”hn‘hm”’r\v =0

and so the cosets {h" + ¢H” N C} form a Cauchy sequence in C/eH" N
C. But C/eH”N C is complete so there exists a continuous function h,
with ||hy—h"+ ¢H*N C||—0. By Lemma 3.5 we now have |h,—h" +
¢H~"|| -0 and ||hy—h"||z,,—0. Since we already know that ||h" +
eH>|| = 0 it follows that h, is in ¢H*N C. By definition of Z(¢) we
have h,=0 on K. But h"=1 on K for all n and h" converges
uniformly on K to h, so h, must be 1 on K. This is a contradiction
arising from the assumption that the support of dist, (¢, H) was properly
contained in Z(¢) and the proof is complete.

Lemmas 3.6 and 3.7 are our main results which we combine into the
following thoerem.

THEOREM 3.8. Suppose ¢ is unimodular and ¢H*N C#{0}. A
necessary and sufficient condition for oH”+ C to be closed is that there
exists an € >0 with the range of the function A — dist, (¢, H”) contained in
the set {0} U (€, ).

Proof. The proof is an immediate consequence of Lemmas 3.6
and 3.7.

In [4] Douglas and Rudin prove the unimodular functions of the
form ¢,¢,, where the functions ¢, are inner, are uniformly dense in the
set of all unimodular functions. The first two corollaries are directed at
such functions.
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CoroLLARY 3.9. Suppose ¢,, ¢, are inner functions with disjoint
supports. Let = ¢,p, then yH* + Cis closed if and only if m (supp ¢,) =
0or 1.

Proof. By the discussion preceding Lemma 3.7 and the fact that ¢,
is continuous on T\supp ¢; it follows that dist, (¢.¢,, H”) is equal to the
characteristic function of supp ¢,. If m(supp ¢,)>0 then yH* N C =
{0}. For suppose ¢,¢,F = g for some F € H” and g € C then ¢, F =
¢.8. Since ¢,g is continuous in a neighborhood of supp ¢, its harmonic
extension is also. But the harmonic extension of ¢, F is just ¢,(z)F(z)
which tends to zero at each point of supp ¢;. Thus ¢,g vanishes on
supp ¢, and hence log|F|=log|¢.g| & L' since m(supp ¢,) =0. Thus
yH” N C = {0} in this case. By Theorem 3.1 we conclude that yH*+ C
is closed if and only if m (supp ¢,) = 1.

If m(supp ¢,) =0 then there is a nontrivial h € A with h =0 on
supp ¢; and hence Y¢p,h = ¢;h € C. So yH* N C# {0}, dist, (¢, H*) is a
characteristic function, and by Theorem 3.8 we know that yH"+ C is
closed. This completes the proof.

CoroLLARY 3.10. Suppose ¢., ¢, are inner functions with supp ¢,
being a finite set. Then ¢,¢,H” is closed. More generally, if ¢ is
unimodular, yH* N C# {0}, and the support of dist, (¢, H") is a finite set
then yH”+ C is closed.

Proof. 1f Y = ¢.p, with ¢,, ¢, as above then the proof of Corollary
3.9 shows that ¢H”N C# {0} and the support of dist, (§, H) have
measure zero. This seems to be related to the structure of functions in
H*+ C. Certainly the simplest example would be dist, (¢, H*)=0 in
which case ¢ is in H”+ C.

One question that I have been unable to answer is whether the
hypothesis “@H“N C# {0}’ in Theorem 3.8 can be replaced by the
apparently weaker hypothesis that the support of the function
dist, (¢, H”) have measure zero. This seems to be related to the
structure of functions in H”+ C. Certainly the simplest example would
be dist, (¢, H*)=0 in which case ¢ is in H"+ C. We have just shown
that ¢ € H” implies that ¢H” + C is closed and it seems reasonable to
conjecture that the same thing is true with ¢ € H”+ C. This situation is
discussed further in §4.

We remark that the local distance function dist, (-, H*) has been
useful in the study of Toeplitz operators, see Sarason [13].

We now give two examples where ¢H”+ C is not closed, ¢H" N
C# {0}, and dist, (¢, H") is supported on a convergent sequence. By
Corollary 3.10, we must have dist, (¢, H”) supported on an infinite set in
order for ¢H”+ C not to be closed.
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(i) If ¢ is unimodular and continuous except for a jump discon-
tinuity at A of magnitude € >0 then by approximating ¢ at A by
constants we see that dist, (¢, H*)<e. Since dist, (¢, H")=0 for all
z# A we must have dist, (¢, H*)>0. Otherwise, ¢ € H”+ C and this
is impossible since ¢ has a jump discontinuity.

Now let {A,} be a sequence in T converging to 1. Let ¢ be
continuous except for jump discontinuities at A, of magnitude €, >0,
where €,—0. Then 0<dist, (¢, H")<e€, and so by Theorem 3.8,
¢H>+ C is not closed.

(i) Suppose {a,} is a sequence with |a,|<1, a,— A €T, and
3'(1—]a,|)<». Let B denote the infinite Blaschke product determined
by this sequence. Let € >0, then by a theorem of Frostman [5, pg. 111]
a € C can be chosen, with 0 <|a|<1, such that the function

Bie)={ gy (z1<D)

is also an infinite Blaschke product and | B — B,|l.<e. We assume that
0 <€ <1 and then the support of B, is the set {A}.

Let ¢ = BB, then dist, (¢, H) = 0 for z & A, since B, B, are continu-
ous on T\{A}, and dist, (¢, H”) = dist, (§,1)=||B — B,|.<e. Now sup-
pose F € H” then,

dist, (¢">,F)=limsAup |Bi(z)— B(z)F(z)|

|z]<1

= limsup | By(a.) — B(a.)F(a,)|
= limsup | By(a,)|=|a/|

and we conclude that dist, (¢, H*)>0. Notice that B can be factored
into the product B'B" where B" is the finite Blaschke product formed
from an initial segment of the sequence {a,} and B' is an infinite Blaschke
product. Since B” is continuous and |B"|=1 on T we see that
dist, (B;B’, H”) = dist, (¢, H*) for all z in T. 'The point of this modifica-
tion is that we may assume that 3(1 | a, |) is arbitrarily small. We may
perform a similar modification on B, and thus we have proved the
following:

PRrROPOSITION.  Suppose A € T and two positive numbers € and 8 are
given. Then there are two Blaschke products B and B, with zeros {a,}
and {b,} such that
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(i)  Both sequence {a.} and {b,} converge to A.
(i) 0<dist, (B,B,H")<e
(i) 2(1-la.))+2(1-]b.])<8.

Now let {A,} be a sequence in T converging to 1. Let {¢,} and {8,}
be two sequences of positive numbers such that €, > 0 and 28, <. By
the proposition we have Blaschke products {B,} and {B,,} satisfying
(i)-(iii) for €, and 8, Now by (iii) and the fact that %8, <» we can
define new Blaschke products B =IIB, and B,=1IIB,;. By letting
@ = BB itis now clear that dist, (, H*)< ¢, Since €, — 0 we have that
¢H”+ C is not closed, by Theorem 3.8.

In both of these constructions we forced dist, (¢, H”) to be arbitrar-
ily small but positive on the sequence {A,} and identically zero
everywhere else except possibly at A =1. No conclusion was drawn
concerning the value of dist, (¢, H”) at A =1. Suppose the following
had occurred: dist, (¢, H*) is bounded away from zero on the sequence
{A.} and identically zero everywhere else with the possible exception of
A =1. Assuming that oH” N C# {0} in this case we would have o H*+
C is closed if and only if dist, (¢, H*) >0. However, we observe that the
function dist, (¢, H*) is upper-semicontinuous and hence its value at 1
would have to be positive and ¢H”+ C is closed. Thus we have the
following extension of Theorem 3.8:

CorOLLARY 3.11. Suppose ¢ is unimodular, oH”N C# {0}, and
dist, (¢, H*) is bounded away from zero on a dense subset of its
support. Then oH”+ C is closed.

4. Unimodular functions in H”+ C. Suppose ¢ is uni-
modular and Z(¢) is a finite set, then the support of dist, (¢, H”) is a
finite set and by Corollary 3.10 we know that ¢H*+ C is closed. In
particular this is true if Z(¢) is the empty set. If this is the case, then
dist, (¢, H*)=0 and so ¢ isin H*+ C. Conversely, suppose ¢ € H*+
C and ¢H" N C# {0} then dist, (¢, H*)=0 so Z(¢) is the empty set by
Lemma 3.7. Thus Z(¢) is empty if and only if ¢ is unimodular in
H~”+ C and ¢H" N C# {0}.

The simplest way to exhibit such a function is to take FE H*, g € C
with [Fg[=1, and let $ = Fg. Clearly, ¢ € H*+ C since H*+ C is an
algebra and Z(¢) is empty since ¢F = g~' where g has no zeros. Our
next result shows that this is always the case (replace ¢ with ¢).

THEOREM 4.1.  Suppose ¢ is a unimodular function in H*+ C with
¢H*N C#{0}. Then ¢ = Fg where F is in H” and g is a continuous
function.
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Proof. By Lemma 3.7 we have Z(¢) is the null set. Since T is
compact and Z(¢) is empty we can find functions F,,---, F, in H” and
g, ", & in C with ¢g, =F, for i=1,---,n and 3|g[*>0. Since the
g’s are continuous there is a positive integer m and functions h,, - - -, h,
in A with

3 z27h — g |-l & |- = imin (2] & ).
Now the function Xh,g; is continuous and nonvanishing since

|Zhg|=|2|g [ +2(2"h — 88|
=3|g IZ—ZIIZ'"hi _g_i"w”gi”w
z33|g [ >0.

Let g =(2hg) '€ C and F =3hF, € H” then
(Pg_l = quh,g, = Eh,E = F

or ¢ = Fg and the proof is complete.

Suppose ¢ = Fg asin the theorem. From the inner-outer factoriza-
tion of H” functions (see Hoffman’s book [9]) we know that F = 0
where ¢ is an inner function and @ is an outer function, i.e., 0 is
described for |z | <1 by

27 it
0(z)= exp%ﬁ g%;z log|O(e*)|dt.

etl

Then |O|=|g|" and clearly 07" is also in H”. In other words, the
function u = Og is an invertible function in the algebra H*+ C and
0 = Ju.

In [12, pg. 293] Sarason has asked whether every unimodular
function in H”+ C can be described in this way, i.e., as the product of an
inner function and an invertible function in H”+ C. Sarason shows that
every invertible in H” and g is a nonvanishing continuous
function. Thus the desired factorization is equivalent to showing that
every unimodular function in H”+ C can be written as the product of an
H~ function with a continuous function. By Theorem 4.1 it suffices to
show that gH* N C# {0} for all unimodular functions ¢ in H*+ C. Our
main result shows that this is also equivalent to showing that gH” + C is
always closed.

We have been unable to answer Sarason’s question in general but we
do have an affirmative answer in the following special case.

We start by defining the support of a unimodular function ¢ in
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H”+ C in the same manner as we did for inner functions, i.e., supp ¢
consists of those points A € T for which there is a sequence {z,} with
|z,] <1 on which the harmonic extension of ¢ tends to zero. Clearly
supp ¢ is a closed subset. Now Douglas [3] has shown that a function in
H~+ C isinvertible if and only if its harmonic extension is bounded away
from 0 in some annulus r <|z|<1. Thus a unimodular function ¢ in
H~+ C is invertible if and only if supp ¢ is empty.

LEmMMA 4.2. Suppose ¢ is unimodular in H”+C and A E
T\suppe. If {z.} is a sequence with |z,|<1 and z,— A then

le(2.)]— 1.

Proof. Write ¢ = 0 + g where ¢ is an inner function, @ is an
outer function, g is continuous, and g(A)=0. Now A & supp ¢ since
g(A)=0 and hence |¢(z,)|—>1. Lete>0and V={g|<e}then Vis
an open neighborhood of A and

[10]=1]=[yO0[~|¢]]
=|gl|<e
almost everywhere in V. For |z |<1, log|0(z)| is equal to the Poisson

integral of the boundary function log|0|. Since |O|=1-€ in V it
follows from well-known properties of the Poisson integral that

lim inf |0(z,)|z1—-€
and hence
liminf | (z,)| = liminf [¢(2,)0(z.) + g (2.)]
=liminf |0(z,)|z1~ €

Thus, liminf|¢(z,)|= 1 since € is arbitrary and the proof is complete
since ||¢ [.= 1.

THEOREM 4.3. Suppose ¢ is a unimodular function in H* + C with
m(supp ¢)=0. Then there is an inner function ¢ and a function u
invertible in H”+ C with ¢ = .

Proof. We have that ¢ = 0 + g with ¢ an inner function, O an
outer function, g continuous, and by Theorem 3.2 we can assume g
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variables on supp ¢. Let V ={|g|<1} then V is an open neighborhood
of suppe. Let A € Visuppe and |z,|<1 with z,—>A. Then by
Lemma 4.2,

liminf [(2,)0(z,)| = liminf | ¢ (z.) ~ g(z.)| 23>0

and in particular A is not supp ¢ Thus supp ¢y N V Csupp ¢ and we can
factor ¢ into the product ¢,¢, where ¢, ¢, are both inner functions,
supp ¢, = supp ¢ N V, and supp ¢, is disjoint from V.

Now g vanishes on supp ¢ so ;g € C and since

'I’l‘P = 4,0+ '[’18

we have ¢,¢ is a unimodular function in H*+ C. But $,¢ has no
support in T\supp ¢ since ¢, is continuous on this set. If A € supp ¢
and z, = A (|z.| < 1) then |¢y(z,)|— 1 and the harmonic extension of 1,8
is continuous and vanishes at A. If the harmonic extension of ,¢ tends
to zero on the sequence {z,} we must therefore have |0(z,)|—0. But
the proof of Lemma 4.2 shows that this is impossible since g(A)=
0. Thus the support of ¢ is invertible in H*+ C. Hence ¢ = f,u is
the desired factorization and the proof is complete.

In closing we remark that the factorization in Theorem 4.3 is not
unique since it is possible to have two relatively prime inner functions
(i.e., no common divisors in H”) whose quotient is invertible in H*+ C;
in fact, their quotient can be continuous. This seems to be one of the
major difficulties with this problem.
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