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ON PRIME GAMMA RINGS

SHoir Kyuno

The notion of a [I'-ring was introduced by N.
Nobusawa. The class of I'-rings contains not only all rings but
also Hestenes ternary rings. Recently, W. E. Barnes, J. Luh,
W. E. Coppage and the author studied the structure of I'-rings
and obtained various generalizations analogous of corresponding
parts in ring theory. The object of this paper is to study the
properties of prime I'-rings. Main results are the following
theorems: (1) A I'-ring M is a subdirect sum of prime I'-rings if
and only if (M) = 0, where 2 (M) denotes the prime radical of
M. (2) For the matrix I',,-ring M, , we have #(M,.,)=
(P(M))mn, where M is a ring such that x € MT'xI'M for every
xeM.

2. Preliminaries. Let M and I’ be two abelian groups. If for
all x,y,z€M and all a, BET, the conditions (1) xay EM (2)
(x + y)az = xaz + yaz, x(a + B)z = xaz + xBz, xa(y + z) = xay + xaz,
(3) (xay)Bz = xa(yBz) are satisfied, then we call M a I'-ring.

If A and B are subséts of a I'-ring M and ® CTI’, we denote A @B,
the subset of M consisting of all finite sums of the form 3a;y.b; where
a;, €EA,b,€EB and y, €0. For singleton subsets we abbreviate this
notation for example, {a}®B = a®B. A right ideal (left ideal) of a
I-ring M is an additive subgroup I of M such that ITMCI
(MTICI). IflI isboth aright and a left ideal, then we say that I is an
ideal, or two-sided ideal of M. For each a of a I'-ring M, the smallest
right ideal containing a is called the principal right ideal generated by a
and is denoted by [a). Similarly we define (a | and (a), the principal left
and two-sided (respectively) ideals generated by a.

Let I be an ideal of a I'-ring M. If for each a + I, b + I in the factor
group M/I, and each y €T, we define (a + I)y(b+ I)= ayb + I, then
M/I is a I'-ring which we shall call the I'-residue class ring of M with
respect to I

If M, is aI';-ring for i = 1,2 then an ordered pair (6, ¢) of mappings
is called a homomorphism of M, onto M, if it satisfies the following
properties: (1) 6 is a group homomorphism from M, onto M, (2) ¢ is a
group isomorphism from I'; onto I', (3) For every x,y € M,,y €T},
(xyy)0 = (x6)(y$)(y0). The kernel of the homomorphism (6, ¢) is
defined tobe K ={x € M|x0 =0}. Clearly K is an ideal of M. If 6 is
a group isomorphism, that is, if K = 0, then (6, ¢) is called an isomorph-
ism from the I';-ring M, onto the I',-ring M,.

Let I be an ideal of the I'-ring M. Then the ordered pair (p, ¢) of
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mappings, where p:M — M/I is defined by xp =x +1I and ¢ is the
identity mapping of I', is a homomorphism called the natural
homomorphism from M onto M/L

For all other notions relevant to I'-rings we refer to [4].

3. Semi-primeness.

DEFINITIONS. An ideal P of a I''ring M is prime if for any ideals
A,BCMATBCP implies ACP or BCP. A subset S of M is an
m-system in M if S=C or if a,b €S implies (a)[(b)NS#J. The
prime radical ?(A) is the set of x in M such that every m-system
containing x meets A. The prime radical of the zero ideal in a I'-ring M
is called the prime radical of the I'-ring M which we denote by
P(M). An ideal Q of M is semiprime if, for any ideal U, UI'U C Q
implies U C Q. A T'-ring M is semi-prime if the zero ideal is semi-
prime.

The following theorem characterizes semi-primeness for ideals in
I-rings. The proof is a minor modification of the proof of the corres-
ponding theorem in ring theory, and we omit it.

THEOREM 1. If Q is an ideal in a TI'-ring M, all the following
conditions are equivalent.

(1) Q is a semi-prime ideal.

(2) If a € Q such that aTMT'a C Q, then a € Q.

(3) If (a) is a principal ideal in M such that {a)[{a)C Q, then
a€qQ.

(4) If U is a right ideal in M such that UI'U C Q, then U C Q.

(5) If V is a left ideal in M such that VI'V C Q, then V C Q.

COROLLARY 1. A TI'-ring M is semi-prime if and only if al’ MI'a =
0 implies a = 0.

DEerINITION. A subset S of M is strongly nilpotent if there exists a
positive integer n such that (ST')"S = (0).

It follows easily by induction that if Q is a semi-prime ideal and A is
an ideal such that (AT')"A C Q for an arbitrary positive integer n, then
A C Q. Hence, (0) is a semi-prime ideal if and only if M contains no
nonzero strongly nilpotent ideal. By Theorem 1 (4) and (5), we have
also that (0) is a semi-prime ideal if and only if M contains no nonzero
strongly nilpotent right (left ideal).

The author [3] showed the following result.
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THEOREM 2. Anideal Qin a I'-ring M is a semi-prime ideal in M if
and only if (Q)= Q.

By Theorem 2, (0) is a semi-prime ideal if and only if (M) = (0).
Thus we have the following theorem.

THEOREM 3. A T'-ring M has zero prime radical if and only if it
contains no strongly nilpotent ideal (right ideal, left ideal).

4. Prime I'-rings. In this section we shall be concerned with
the concept introduced in the following definition.

DEerNITION. A T'-ring M is said to be prime if the zero ideal is
prime.

The following theorem is analogous to the corresponding theorem in
ring theory, and we omit its proof.

THEOREM 4. If M is a T-ring, the following conditions are
equivalent:

(1) M is a prime I'-ring.

(2) If a,bEM and aI'MT'b = (0), then a =0 or b =0.

(3) If (a) and (b) are principal ideals in M such that (a)I'(b) = (0),
then a =0 or b =0.

(4) If A and B are right ideals in M such that ATB = (0), then
A =(0) or B =(0).

(5) If A and B are left ideals in M such that AT B = (0), then A = (0)
or B =(0).

The importance of the concept of prime I'-rings stems primarily from
the following fact.

THEOREM 5. If P is an ideal in the T'-ring M, then the I'-residue
classring M/P is a prime I'-ring if and only if P is a prime ideal in M.

We prepare the following lemma which is fairly easy to prove, and
we omit the proof.

LemMmA 1. Let (6,.) be a homomorphism of T'-ring M onto the
I'-ring N, with kernel K. Then each of the following is true:

(1) IfIis an ideal (right ideal) in M, then 10 is an ideal (right ideal)
in N.
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(2) IfJisanideal (rightideal) in N, then J0~" is an ideal (right ideal)
in M which contains K.

(3) If I is an ideal (right ideal) in M which contains K, then
I=(16)67"

(4) The mapping 1— 10 defines a one to one mapping of the set of
ideals (right ideals) in M which contain K onto the set of all ideals (right
ideals) in N.

Proof of Theorem 5. Let M/P be prime and A, B be ideals of M
such that ATB CP. Let (p,¢) be the natural homomorphism from M
onto M/P. Then by Lemma 1 A6 and B@ are ideals of M/P such that
A6T'B6 = (0). Since M/P is prime, it follows that A8 = (0) or B = (0),
that is, ACP or BCP. Thus P is a prime ideal in M.

Conversely, let P be a prime ideal in M. Lemma 1 shows that each
ideal in M/P is of the form A /P, where A is an ideal in M which contains
P. Thus we may assume that A/P,B/P be ideals of M/P such that
(A/P)I’(B/P) = (0), which implies AT'B C P. Then by the primeness of
P wehave ACPorBCP. Hence A=PorB=Pandso A/P=(0)
or B/P =(0). This completes the proof.

Barnes [1] has characterized (M) as the intersection of all prime
ideals of M.
The author [4] has shown the following lemma.

LeEmMMA 2. A T'-ring M is a subdirect sum of I'-rings S,,i € U, if and
only if for each i €U there exists in M a two-sided ideal K; such that
M/K, = S, moreover [,y K; = (0).

Thus, these facts and Theorem 5 yield the following theorem which
is analogous to Theorem 4.3 in [4].

THEOREM 6. A I'-ring M is a subdirect sum of prime I'-rings if and
only if (M) = (0).

Following Luh [2], we introduce the matrix ring M,,,.

Let G be an additive group. We shall denote by G,,, the additive
group of all m X n matrices over the group G. Forl=i=m,1=j=n,
and a € G, let aE; denote the matrix having a at the ith row and jth
column, and 0 elsewhere.

Let M be a I'-ring. Consider the group M,, and I',,. For
(a5), (b;) EM,,, and (v;)ET,,, define (a;)(y;)(b;)=(c;), where ¢, =
2.1 2ho awymbii. Then M,,, forms a I',, -ring.

We now prove the next theorem which will indicate one way to
construct new prime I'-rings from given ones.
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THEOREM 7. If M is a T'-ring, the matrix ring M,,, is a prime
[,..-ring if and only if M is a prime T'-ring.

Proof. Let us prove that if M is not prime, then M,, is not
prime. If M is not prime, there exist nonzero elements a and b of M
such  that al’'MT'b=0. Then, we have, for example,
at. ', M,,,T,.bE;;=0 with aE, and bE, nonzero elements of
M,,.. Hence, M,,, is not prime. Conversely, suppose that M,,, is not
prime, and hence that there exist nonzero matrices 3, ,a;E; and 3, b,E,
such that (3, ,a;E; )T wM L' m(Z0;E;) =0. Let p,q,r and s be fixed
positive integers such that a,,# 0 and b,# 0. As a special case of the
preceding equation, we find that for each x € M, each y,n €T,

(2a,~,~E.~,~)(yE,,,,)(prs)(nEx,)(Ebi,Eij) = EaquxﬂbriEif =0.

In particular, the (p,s) element must be zero, that is, a,yxnb,=
0. Since this is true for every x in M and every v,n in I', we have
a,I’'MTI'b, =0, and M is not prime. This completes the proof.

Luh [2] has obtained the following lemma.

LEMMmA 3. Let M be a I'-ring such that x € MI'xI'M for every
x € M. Then the ideals of the T, ,,-ring M, are the form U,,,, where U is
an ideal of M.

We prepare the following lemma.

LemMMA 4. Iflis anideal in the I'-ring M, then the matrix T, -ring
(M/1),,, is isomorphic to the I, -ring M,, /1L, .

Proof. Let 6 be a mapping of the I',,,, -ring (M/I),,, to the I, ,-ring
M,,./I,. such that (x; +I1)0=(x;)+1I,, Clearly, 8 is a group
isomorphism from (M/I),,,, onto M,,./I,... Let ¢ be an identity mapping
fromT,, ontol',,. By the definition of multiplications of the I'-residue
class ring, we have that

[(x5 + D(ys )y, + )16 = (2, + I)8, where (z;) = (x;)(v;)(y;)
= (%) (vi) (yi) + L
= [x5) + Ln J(vi) [(yi) + L ]
= (x; + 1)O(y; )e (y; + 1)6.
This shows that (6, ) is an isomorphism of (M/I),,, onto M,,,/L,..

We now prove the following result.
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THEOREM 8. Let M be a TI'-ring such that x € MI'xI'M for every
x €EM. If P(M) is the prime radical of the T'-ring M, then ?(M,,,) =
(P (M)

Proof. From Lemma 3 it follows easily that I — I, (I an ideal in
M) is a one to one mapping of the set of all ideals in M onto the set of all
ideals in M,,,. Moreover, by Lemma 4, (M/I),,, =M,,,/I,.,. Hence,
by Theorem 7, M, /1, is a prime I, ,,-ring if and only if M/I is a prime
[-ring. From Theorem 5 it follows that I, is a prime ideal of M,,, if
and only if I is a prime ideal of M. Thus, if {P,|i € U} is the set of all
prime ideals in M, we have

PMp)= 0 (Pun=(0 P)p= (P(M)r

REMARKS. A I'-ring M is said to be simple if (1) MM # 0 and (2)
M has no ideals other than 0 and M itself. If M is simple, M'xI'M =
M for each nonzero element x in M. Hence x € MT'xI'M. Thus, fora
simple I'-ring M, #(M,,,,) = (P (M)).» = 0.

If there exists an element € in M and an element & in I' such that
xde = €dx = x for every element x € M, € is called an unity of M. If M
has an unity, for every x in M x € MI'xI'M, and then #(M,,,)=
(P (M)
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