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ON PROSUPERSOLVABLE GROUPS

B. C. OLTIKAR AND Luis RIBES

Let G be a prosupersolvable group (projective limit of
finite supersolvable groups), whose order involves only finitely
many primes; then we show that G is topologically finitely
generated iff its Frattini subgroup is open in G. If a pro-
supersolvable group G is topologically finitely generated, so
is each Sylow p-subgroup of G. If G is a topologically
finitely generated prosupersolvable group, then every sub-
group G of finite index is open.

1. Introduction. A profinite group is called strongly complete
(ef. [1]) if it coincides with its profinite completion, i.e., if its sub-
groups of finite index are open. A profinite group is said to be
topologically finitely generated if it contains a dense subgroup which
is finitely generated as an abstract group. It is not difficult to find
examples of (nontopologically finitely generated) profinite groups
which are not strongly complete (cf. e.g., [6]).

J-P. Serre has shown (in a letter to A. Pletch) that if G is a
topologically finitely generated pro-p group, then G is strongly com-
plete. Since a pronilpotent group is the cartesian product of its
Sylow p-subgroups (cf. [8]), one deduces easily the same property
for pronilpotent groups whose Sylow p-subgroups are topologically
finitely generated. M. P. Anderson (cf. [1]), has extended this result
to prove that topologically finitely generated profinite groups which
are extensions of a proabelian group by a pronilpotent group are
also strongly complete.

In this paper we show that topologically finitely generated pro-
supersolvable groups are strongly complete. First we study the
structure of the Frattini subgroup and the Sylow p-subgroups of
a prosupersolvable group. One knows that if P is a pro-p group,
then it is topologically finitely generated iff its Frattini subgroup is
open. In Theorem 3.8 we prove that the same characterization is
valid for prosupersolvable groups whose orders involve only finitely
many primes. Let & be a class of finite groups closed under the
operations of taking subgroups, homomorphic images and extensions,
and suppose that there are at least two distinct primes p and ¢
dividing the order of some group in &. Let X be a set with at
least two elements; then, the Sylow p-subgroups of the free pro-#-
group F'(X) on X, are topologically infinitely generated (cf. [4],
Prop. 1.12). In contrast we prove here (Corollary 3.9) that the Sylow
p-subgroups of a topologically finitely generated prosupersolvable
group are topologically finitely generated.
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2. The Frattini subgroup of a profinite group.

2.1. Given a profinite group G, its Frattint subgroup G*(cf. [5])
is defined to be the intersection of all the maximal closed subgroups
of G. It is clear that a maximal closed subgroup of G is in fact
open. As in the discrete case, G* is the characteristic subgroup of
G consisting of the nongenerators (an element z € G is a nongenerator,
if whenever G is the closed subgroup generated by x and a subset
Y of G, then G is the closed subgroup generated by Y). The following
easy property will be used often: if ¢: G, — G, is an epimorphism
of profinite groups, then

o(GF) € GF .

PRroOPOSITION 2.2. Let {G,;|i € I} be an inverse system of profinite
groups, where (I, <) is a directed set, and where the camnonical
maps @0 G, — G;, © = J, are epimorphisms. Then

(lim G,)* = lim G¥ .

Proof. Put G =lim G,, and let 7, G — G, be the canonical epi-

morphism (cf. [3], p. @)_ As we have pointed out in 2.1, 7, (G*) =
G¥; and since G* = lim 7,(G*), we get G* S lim G¥. Conversely, let

z = (x;) €lim G}, and:uppose x ¢ G*. Then tl:ére is a maximal open

subgroup‘_l—l.l of G with ¢ M. Hence, there is some 1€l with z,;¢
7w, (M). Since 7w,(M) is maximal in G,, one has z; ¢ Gf; a contradiction.
Thus x € G*, i.e., lim G} S G*.

The following results can now be easily deduced from the cor-
responding properties of finite groups.

COROLLARY 2.3. Let G be a profinite group. Then
G/G* = lim (G/U)/(G/U)*

where U runs through the open mormal subgroups of G.
COROLLARY 2.4. For any profinite group G, G* is pronilpotent.

COROLLARY 2.5. If H s a closed normal subgroup of a profinite
group G, then H* C G*.

3. Prosupersolvable groups. A projective limit of finite super-
solvable groups is called prosupersolvable.
A finite group is supersolvable iff its maximal subgroups have
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prime index (cf. [10], 9.3.8). From this one deduces immediately
the following

PROPOSITION 3.2. A profinite group G is prosupersolvable iff
every maximal closed subgroup of G has prime index.

From Corollary 3.2 and the fact that the Frattini factor of a
finite supersolvable group is metabelian (ef. [10], 7.4.15 and 7.2.13),
one gets the following.

PROPOSITION 3.3. Let G be a prosupersolvable group. Then G/G*
18 profinite metabelian.

3.4. Let w denote a set of prime numbers, and =’ the set of
prime numbers not in #. A supernatural number ¢ (cf. [11], p. I-3)
is a w-number if the prime numbers dividing é are in #. A closed
subgroup H of a profinite group G is a w-subgroup if the order of
H is a w-number. If H is a maximal w-subgroup of G, it is called
a Sylow w-subgroup of G, and it is called a Hall w-subgroup if it is a
Sylow z-subgroup and (G: H) is a #’-number. If G is prosupersolvable
(and hence prosolvable), every Sylow z-subgroup is a Hall z-subgroup,
and any two are conjugate (cf. [2]).

PROPOSITION 8.5. Let w be the set of prime numbers greater than
a fixed natural number n. Let G be a prosupersolvable group. Then

(1) there is a (unique) normal Sylow w-subgroup K of G;

(2) there is a split exact sequence of prosupersolvable groups

¢
l1—K—G@—H—1

with @ an open map (i.e., G is the topological semidirect product of
K and H), where H is a Sylow 7’-subgroup of G.

Proof. For each open normal subgroup U of G, let K, be the
normal Sylow w-subgroup of G/U (cf. [9], p. 232). Set K = lim Kj,.
Then (cf. [2], Th. 7), K is a normal Sylow z-subgroup of G. <—I;Iow,
let H be a Sylow 7n’-subgroup such that G = KH (cf. [2], Th. 13).
Then G is, as an abstract group, the semidirect product of K and H.
Since all the groups involved are compact, G is also the topological
semidirect product of K and H. In particular G/K and H are
topologically isomorphic and ¢ is open.

PRroOPOSITION 3.6. Let G be a profinite group, and H a normal
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Hall m-subgroup of G, where @ is a set of primes. Then H* =
HnG*.

Proof. By Proposition 2.2 we may assume that G is finite. Since
H* < G* (cf. [10], 7.3.17), we have H* S HN G* = N<|G. We may
assume H* = 1 (otherwise we reason with G/H*), and we shall show
N = 1. Since N is a normal nilpotent subgroup of H, it is contained
in the Fitting subgroup of H. But Fitt (H) is abelian since H* = 1
(ef. [10], 7.4.15). So N is abelian, and since H* = 1, H splits over
N (ef. [10], 7.4.14). Thus (cf. [9], IV. 7.a) G splits over N. Say
G = NLwithNNL =1. If L +# G, let M2 L be a maximal subgroup
of G. Then G = NM = M, and this is impossible. Hence L = G and
N=1.

COROLLARY 3.7. Let G be a prosupersolvable group whose order
1s divisible only by a finite number of primes. If p is the largest
prime dividing the order of G, and P is the unique Sylow p-subgroup
of G (Proposition 3.5), then P* = PN G*.

THEOREM 3.8. Let G be a prosupersolvable group whose order
1s divistble by only finitely many primes p,, D; +++, v,.. Then G is
topologically finitely gemerated iff G* is open.

Proof. By Proposition 3.2, all maximal closed subgroups of G
have prime index (in particular they are open). Suppose G is to-
pologically finitely generated; then for each prime p dividing the order
of G, there are only finitely many open subgroups of index p. There-
fore G* is an intersection of finitely many open subgroups, and thus
it is open. The converse is obvious.

COROLLARY 3.9. Let G be a topologically finitely generated pro-
supersolvable group. Then for each prime number p, every Sylow
p-subgroup of G is topologically finitely generated.

Proof. Let p be a prime number. We use the notation of
Proposition 3.5 with » = p. Then since 7’ is a finite set, by Theorem
3.8 H* is open in H. Let S, be the unique Sylow p-subgroup of H.
By Corollary 3.7, S} =S,NH*. Then S} is open in S,, and hence S,
is topologically finitely generated. Finally, it is clear that S, is also
a Sylow p-subgroup of G.

4. Subgroups of finite index of prosupersolvable groups.

LEMMA 4.1. Let G be a profinite group and n natural number
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relatively prime to the order of G. Then G = G, where G* s the
set of nth powers of the elements of G.

Proof. The result is obviously true if G is finite. Hence (G/U)" =
G/U for each open normal subgroup U of Gj i.e., the map

G/U—G/U,

given by « — z" is onto. Since G = lim G/U, and lim preserves
ontoness (ef. [7], p. 35), we have that the map

G— @G

given by « — 2, is also onto, i.e., G = G".

THEOREM 4.2. Let G be a topologically finitely generated pro-
supersolvable group. Then every subgroup V of G of finite index
is open, i.e., G is strongly complete.

Proof. We may assume that V is normal in G (otherwise we
work with the intersection of the conjugates V in G). Say (G:V) =
n. Let 7 consist of the prime numbers greater than . Let K be
the Sylow zw-subgroup of G; then we have a split exact sequence of
profinite groups

¢
11— K— G H——1

where H is a Sylow 7n’-subgroup of G (Proposition 3.5). Then % and
the order of K are relatively prime. Hence (Lemma 4.1) K = K", and
so K V. Therefore V=9 (pV). Thus it suffices to show that
@V is open in H. Now, H is topologically finitely generated pro-
supersolvable and its order involves finitely many primes only. Hence,
by Theorem 3.8 its Frattini subgroup H* is open in H. Therefore
H* is topologically finitely generated. On the other hand H* is pro-
nilpotent (Corollary 2.4). As we have pointed out in the Introduction
(also, cf. [1], p. 26), it follows then from Serre’s result that every
subgroup of H* of finite index is open. Therefore, (V)N H* is
open in H*, which in turn is open in H; hence (pV) N H* is open
in H. Since @V contains an open subgroup of H, it is also open in H.
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