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MINIMAL SPLITTING FIELDS FOR GROUP
REPRESENTATIONS, II

BURTON FEIN

Let p be an arbitrary prime and m an arbitrary positive
integer. A finite group G is constructed which has an ir-
reducible complex representation 7' with character y such
that the Schur index of y over Q is » but the minimum of
[K: Q(x)], taken over all abelian extensions K of @ in which
T is realizable, is p™.

Let @ denote the rationals and, for » a pasitive integer, let ¢,
denote a primitive nth root of unity over Q. Let ¥ be the character
afforded by a complex irreducible representation 7' of a finite group
G of order n and let my()x) denote the Schur index of ) over Q. In
view of the famous theorem of R. Brauer that 7' is realizable in
Q(e,), it is natural to ask how close to my()) is min[L: Q(y)], where
the minimum is taken over all subfields L of cyclotomic extensions
of @ in which T is realizable. Our main result shows that the
above minimum is not, in general, very close to my()).

THEOREM 1. Let p be an arbitrary prime and m an arbitrary
positive integer. Then there exists a finite group G of exponent m
and an irreducible complex representation T of G affording the
character ) such that me(x) =p and p™ = min[L: Q()})] where the
minimum 18 taken over all abelian extensions L of Q im which T
18 realizable. The minimum s attained at a subfield of Q(e,).

There are several results in the recent literature that are similar
in spirit to the above theorem. In [5], Schacher produces an example
of a finite dimensional division algebra D with center an abelian
extension of @ with the property that no maximal subfield of D is
an abelian extension of Q. It can be shown, however, that his
example does not arise from a group algebra of a finite group.
Given an arbitrary prime p and an arbitrary integer m = 2, Ford
and Janusz in [3] produce an example of a complex irreducible re-
presentation 7' with character ¥ of a finite group G such that
mo(X) = D, &,2¢ Q(), and for some r > m, T is realizable in Q(x)(s,r)
but not in any proper subfield. It can be shown, however, that T
is also realizable in a subfield L of Q(c,), » the exponent of G, where
[L: Q)] = p. In [2] an example is found of an irreducible complex
representation 7' with character ¥ of a finite group G of order =
with the property that T is not realizable in any subfield L of Q(e,)
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with [L: Q())] = me(x). It turns out, however, that there exists a
prime ¢ and a subfield L of Q(e,,) with [L: Q())] = me(x) in which
T is realizable. The example in this paper is obtained by suitably
modifying the construction we gave in [2]; both the details of the
construction and the verification of the properties asserted are much
more complicated than in that paper.

Notation and Terminology. We denote the completion of an
algebraic number field K at a prime = by K,. If A is a simple
component of a group algebra over @, the center of A being K, and
7, and 7, are primes of K extending the rational prime p, then the
indices of A@yx K., and A @x K., are equal [6, Corollary 6.3]. We
refer to this common value as the p-local index of A. If L > K and
L is an abelian extension of K, we refer to the local degree (re-
spectively, residue class degree and ramification degree) of a prime
7 of K from K to L as the p-local degree (respectively, p-residue
class degree and p-ramification degree) where © extends the rational
prime p. We denote the Galois group of L over K by Gal(L/K).
Let G be a finite group, T a complex irreducible representation of
G, and y the character afforded by 7. We say that the simple
component A of the group algebra of G over Q(y) is associated with
% if the representation of G afforded by a minimal left ideal of A
is equivalent to me(x)T. The index of A equals my()) and T is re-
alizable in a field L if and only if L splits A. In this case, we say
that L is a splitting field for y.

Proof of Theorem 1. Let p be an arbitrary prime and m an
arbitrary positive integer. Let 7 and s be primes with =1+
p™(mod p™™) and s =1 + p™* (mod p™). Let v e Gal(Q(e,)/Q) have order
p™'. By the Frobenius density theorem [4, Theorem 5.2], there is
a prime ¢, whose Frobenius automorphism [Q(e,)/Q/q,] is 7. Let ¢
be a prime with ¢ = ¢,(mod s), ¢ =1 + p**~* (mod »*"), and ¢ = 1 (mod 7).

Let F, be the subfield of Q(e,) with [Q(e,): F\] = p™* and let F,
be the subfield of Q(e,) with [Q(e,): F] = p™. Let (@) = Gal(Q(s,,)/
F(e,)) and {B) = Gal(Q(e,,)/F(s,)). Let K, be the fixed field of Q(e,,)
under <Cl(,3>. Then K,N Fie,) = K, N F(e,) = Fy(e) N F(e,) = F0F1
since an element in the first intersection, for example, will be in-
variant under both {a) and {@B) and so under {a, 8). [K,: F,F,]=p™
and [Q(e,.): K] = p™.

Since = qq, (mod s), g splits completely in F,. Since ¢ =1(modr), q
also splits completely in Q(¢,) and so ¢ splits completely from Q to
F(e,). Because of our choice of g, ¢ is inertial from F,F, to F(s,).
Thus ¢ is unramified from F,F, to Q(¢,,) with residue class degree
p™ ', Since K,NFy,) = F,F, and K¢,) = Q(¢,,), we see that ¢ must
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be inertial from F.F, to K,. Thus ¢ splits completely from K, to
Q(e,,) and has residue class degree p™* from @ to K.

Let { denote a primitive grsp*™-th root of unity. Let E be the
subfield of Q(e,) with [Q(c,): E] = p*™* and let {t) = Gal(Q()/E(&,qp2m))-
Let (o) = Gal(Q({)/K,(e,,2»)) and let K be the fixed field of Q)
under <{o7). As Dbefore, KN K, om) = KN Elpppn) = K(€gp2m)N
E(e,pem) = K E(e,2m). [QQ): K] = p** and [K: K E(g,2m)] = p™.

Since ¢ splits completely from K, to Q(e,,), ¢ splits completely
from K E(g,2m) to E(,2m). Since ¢ is totally ramified from K E(g,2m)
to Ky(e,p2m), we conclude that ¢ must be totally ramified from K,E(e,2m)
to K. Since ¢ =1 (mod p*™) we have determined completely the
behavior of ¢ from Q@ to K and from K to Q({): the g¢-ramification
degree is »™ from Q@ to K and p*™ ' from K to Q({) while the
g-residue class degree is »™* from Q@ to K and 1 from K to Q({).
We also note that since Q({) = K(g,), all primes except ¢ are un-
ramified from K to Q). Since p*™ = 4, K is totally imaginary.

Let G by the finite group generated by w, x, ¥, and z subject
to the following relations: w”" '=ai=y"=2'=(x, ¥)=(x, 2)=(¥, 2)=1,
w?”™ ™" central in G, waw = 2%, wlyw = y*, and w 'zw = 2° Where
() = (&,)% o(e,) = (¢,)%, and o(e,) = (¢,)°. The cyclic algebra &=
(Q(©), o7, €,2m) is a homomorphic image of the group algebra of G
over @ and so there exists a complex irreducible representation T'
of G with character y such that the enveloping algebra of T is &7
and Q(x) = K. The index of .o~ equals mq(Y).

Since % is a cyclotomic algebra over a totally imaginary field
and only primes over ¢ are ramified from K to Q({), . can have
nonzero Hasse invariant only at primes of K over ¢q [6, Lemma
4.2]. Since the index of .& is the least common multiple of the
indices of % @®x K, over all primes © of K [1, VII, §5], we conclude
that me(¥) equals the g-local index of .o7.

The g¢-local index of . can be computed from [2, Lemma,
page 428]. Since p*™* is the exact power of p dividing ¢ — 1 and
the g-residue class degree from @ to K is p™*, we conclude that
p*"* is the exact power of p dividing the order of the multiplicative
group of the residue class field of K at q. Since the g-ramification
degree from K to Q) is p*™!, we conclude that the g-local index
of .7 is p. Thus my()x) = ».

Let L be an abelian extension of @ which is a splitting field for
& and suppose [L: K] < p™. If Kc L,c L with [L,: K] being the
full p-part of [L: K], then L, must split . since % @x L, must
have index prime to p. Thus we may assume that [L: K] is a
power of p. Since L is abelian over Q, L — Q(¢,) for some b. We
clearly may assume that p is the only prime whose square divides
b. Since LD K, b is divisible by p*"qrs so we may write b = qrsv
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where (gqrs, v) = 1. Let W be the subfield of K(,), W > K, such
that [W: K] equals the full p-part of [K(e,): K]. Since ¢,, € K(¢,)=Q((),
we have W(e,)DLand WN K(e,) = K. Thus|[W(,): W] = [K(e,): K]=
p* . Since Gal(W(e,)/W) is cyclic of order p™™*, the subfields of
W(e,) containing W are linearly ordered and there is one such field
for each %, 1 < p' < p™ . Since [K(s,,): K] = p™ [W(,.): W] = p™
Since we have assumed that [L: K] < p™ [WL: W]<p™ and so
WLc Wie,,). Since (g, vre) = 1, ¢ is unramified from K to L and
L cW(,,.

Let the prime factorization of v be pip, .-+ p;. Let W, -, W,
be subfields of W such that KcW,c K(e,:), KCW;C K(e,;) for
j=2 LCcW, W, Wie,,), but L is not contained in any subfield
V.V,--- Vi, where V,CcW; 7 =1, and V; is a proper subfield of
W; for some j. Assume |W,;| = p™ for some j. Let V be the sub-
field of W(e,,) generated by the W, with k= 5 and by e¢,. Let
Y =W; and let Y,CY with [Y,: K| = p™'. By the minimality as-
sumption on the {W,}, L is not a subfield of VY,. Since Gal(YV/V)
is a cyclic p-group, the fields intermediate between YV and V are
linearly ordered. Since YNV=K|[Y,V:V]=][Y:K]=9p""
[LV.VIZS[L: K] p™* so LVcCY,V. But then LcCY,V, con-
tradicting our minimality assumption.

We have shown that [W;: K] < p™* for j = 1. Since L splits
.7, the g¢-local degree from K to L is divisible by p [1, VII,
§5]. Since ¢ splits completely from K to K{e,,), the g-local degree
from K to W,; must be divisible by p» for some j = 1. Since
W.cK(e,:) and [W,;: K] < p™t, W,C K(gsm—1). But ¢ = 1(mod p*™™)
and so the g¢-local degree from K to W, must be one.

We have now shown the existence of a prime ¢, (¢, pgrs) = 1,
such that there is a subfield S of K(e,), S K, with [S: K] = p? < p™!
and such that the g-local degree from K to S is divisible by p.
Since Q(¢,) N K = Q, S = K8, where S, C Q(¢&,), [Sy: Q] = »™*. But the
g-residue class degree from @ to K is p™ ' and so the completion
of S, at a prime extending ¢ is contained in the completion of K at
a prime extending ¢q. This proves that the g-local degree from K
to KS, = S is 1 and so we conclude that [L: K] = p™. Finally, we
note that since g =1 (mod p*" ), ¢ = 1 (mod p*™), K(e,s=) splits . and
[K(e,3m): K] = p™. This completes the proof of Theorem 1.

Our final result shows that examples as in Theorem 1 do not
exist if we require Q(y) to be a cyclotomic field.

THEOREM 2. Let Y be an irreducible complex character of a
finite group G of order n and suppose Q) = Q) for some 7.
Then there is a splitting field L for yx with Q(,) D LD Q() and
[L: QGD] = mqe()-
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Proof. This result was proved in [2] provided my(y) = 3. If
r = 3, the argument of that paper is still valid even if my(y) = 2.
Thus we may assume that me(x) =2 and Q()) = Q. Let .o be the
simple component of QG which is associated with y. If 8|n, set
t=—2p, --+ p,, Where p,, ---, p, are the distinet odd primes dividing
n. Then Q' t )cQ(e,) and the p-local degree from Q to Qv ¢t ) is
2 for all primes p of @ at which .® could have nonzero Hasse in-
variant. It follows that Qv ¢ ) splits .o and so we may assume
that 8 Y n. By [6, Theorem 9.1], 4|n. Let Q(e,) D K D Q be such that
[K: Q] is odd and [@(e,): K] is a power of 2. By the Brauer-Witt
theorem [6, page 31], there is a hyperelementary subgroup F' of G,
a normal subgroup N of F, and a linear character « of N such that
7 @, K is similar to a cyclotomic algebra (K(v)/K, 8) where the
values of B are values of + on N and where Gal(K(y)/K) = F/N.
If |N| is odd, then (K(y)/K, B)'"¥'~(K(4)/K, 1) is split, contradicting
me(x) = 2. Thus 2||N| and so |F/N|=2. It follows that the
quadratic subfield of Q(y) is our desired splitting field for y. This
completes the proof of Theorem 2.

It would be interesting to replace the = in the statement of
Theorem 2 by the exponent of G. If Q(y) # @, this result is already
in [2]. If 8 divides the exponent of G, the argument of Theorem
2 applies. There is only difficulty if Q(}) = @, me()) = 2, and, in the
notation of Theorem 2, .%7 has nonzero invariants at 2, -, and some
other primes of @. The problem, of course, is that the natural
candidate for a splitting field, Qv v) with v=—p, --- p,, need not
split .o at the prime 2. We have not been able to resolve this
difficulty.
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