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PLURISUBHARMONIC DEFINING FUNCTIONS

JOHN ERIK FORNAESS

Let £? be a bounded pseudoconvex open set in ^-dimen-
sional complex Euclidean space Cn with a smooth (^7co)-
boundary. It has been known for some time that it is not
always possible to choose a defining function p which is
plurisubharmonic in a neighborhood of Ω. We study here
the question whether for every point p e dΩ, there exists an
open neighborhood on which p can be chosen to be plurisubhar-
monic. Our main conclusion is that this is not always the
case.

1* Notation and results. In what follows, Ω will always be a
bounded open set in Cn with ^"-boundary. This means that there
exists a real-valued ^°°-f unction p: Cn —> R such that Ω — {p < 0}
and dp Φ 0 on dΩ. Let z — (zlf z2, , zn), Zj — x3 + iyjf denote complex
coordinates in Cn, and define

1- = λ(±- -i±λ ±- = U±- + i±λ
dzά 2 V dxj dyj J dzs 2 V dxj dyj '

DEFINITION 1. The set Ω is pseudoconvex if for every p e dΩ,
we have

(1) Σ-jΓ^-ίP&ty ^ 0

whenever

t = (tlf - , ί J eC - (0) and Σ ^{p)U = 0 .

If we have strict inequality in (1) for all p e dΩ, then Ω is said
to be strongly pseudoconvex.

DEFINITION 2. A real-valued ^"'-function, u, defined on an open
set V in Cn is plurisubharmonic if

n rP"iι -

Σ -/|τ-(P)ί**; ^ 0Σ

whenever peV and t = (tlf , ίw) e Cw ~ (0).

If we have strict inequality for all pe V, then u is strictly
plurisubharmonic.
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The following results are known:

THEOREM 3 [2], If Ω is strongly pseudoconvex, then p may be
chosen to be strictly plurisubharmonic in some neighborhood of Ω.

The next example shows that the theorem fails in general if
we drop the hypothesis of strong pseudoconvexity.

EXAMPLE 4 [l]. There exists a bounded pseudoconvex domain Ω
in C2, with ^°°-boundary, such that no f^2) defining function p
exists with

Σ

whenever

pedΩ and t = (tί9 , tn) eCn .

There exists an example, similar to the one above, which has a
real analytic boundary.

EXAMPLE 5. Let

Ω = Ωκ = {(zl9 z2) e (C - (0)) x C, σ

= \z2 + eilnz^\2 - 1 + K(\n z&Y < 0} .

Then, if, K > 1 is sufficiently large, Ω is a bounded pseudoconvex
domain in C2 with smooth real analytic boundary, such that no <if2

defining function, p, exists such that

j

whenever pedΩ and (tl9 ί2) 6 C2.

The details will be given in the next section.

EXAMPLE 6. There exists a bounded pseudoconvex domain Ω in
C\ with ^^-boundary, and a point pedΩ such that whenever p is
a r£"2 defining function for Ω,

Σ -f£-{q)tit5 < 0

for some (tlf , tn) and q e dΩ arbitrarily close to p.

This example shows that one does not have plurisubharmonic
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defining functions for pseudoconvex domains, even locally, in general.

2Φ Examples*

EXAMPLE 5. Clearly, Ω is bounded in (C — (0)) x C. If dσ/dz2 =
0, then z2 = -eilXiZίΊί. Hence, if dσ = 0, then 0 = zfa/dzt = 4JSΓ(ln z ^ ) 3 .
This implies that I2J = 1 and #2 = — 1 . At such points, o{z19 z2) =
— 1, so cίσ Φ 0 on 3β.

To show that Ω is pseudoconvex, we compute the Leviform

32<7 d2σ dσ dσ

dzxdz2 dz2 dzx

d2σ dσ dσ

Hzxdz2 dzx dz2

d2σ

dz2dz2

dσ

to obtain

12g(ln g^)

on
If I z2 + e l i n s l Γ l I ̂  1/2, we have

Inz&Wz& ,

since | s a | ^ 2 on 3i2. If i ί is sufficiently large, then | l n ^ J < 3/16
on dΩ and hence ^f ^ 0.

Consider next a boundary point where | z2 + β ί l n z l Z l | < 1/2. Then
ln ZiZiY ̂  3/4, since σ(zί9 z2) = 0. Hence

^ — 16ϋC| In z^/z.z, + 16iί2(ln z^Y/z.z,

| In z&WzM-l + #(ln ^ ) V | In ̂ | )

which is nonnegative if ϋΓ is sufficiently large.
Assume next that p is a ί̂ 72 defining function for Ω such that

whenever ί> € 3i3 and (ίx, ί2) € C2. In particular, p — hσ for some <g71-
function fe > 0. We observe that d2p/dz1dz1(zlf z2) = 0 whenever | zx \ = 1
and z2 — 0. (All such points are in 342.) Therefore, d2p/dz1dz2(zly z2) — 0
at these points also. Hence
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and so

JL(heilnz^Xei0, 0) = 0

Multiplying with eiJ^O8Zl we get that

which implies that h(ei0, 0) = ce20 for some constant c > 0, This is
of course impossible.

In the next example, we localize the above idea suitably.

EXAMPLE 6. Let us use coordinates (w, zίf z2) in C3 with w =
Ύ] + iζ and zs = xs + iyh j — 1, 2. We pick a ^°°, convex function
ISt)'. R^R such that Xx(t) = 0 when t ^ 1 and X&) > 0 when t > 0.
Define σx: C

3->R by

and let Ωx = {σx < 0}. Here K > 1 is a constant which will be chosen
later.

LEMMA 7. The set Ωγ is bounded and pseudoconvex with rέ?°°~
boundary for all K sufficiently large.

Proof. Computation shows that dσt = 0 only at points (—1/2, xίt x2)
with x\ + x\ ^ 1. Since σ1 = —1/4 at these points, it follows that
daγ Φ 0 on dΩt. Further computation shows that σt is plurisubhar-
monic in a neighborhood of Ωt if K is sufficiently large.

In the following K, sufficiently large, is fixed.
The next step is to make an infinite number of perturbations

of the boundary of Ωx. Let pd = (0, 1/2% 0), j = 1, 2, and let
B(ph r) - {(w, zl9 z2); (\w\* + \ Z ί - 1/2^|2 + \zz\ψ2 < r) be t h e ball

centered at ps of radius r. Choose functions X{j) e <&?{β{$h l/2i+2))
with Kj) = 1 on B(pj9 l/2i+3) and X(j) ^ 0, j = 1, 2, . . . Observe that
supp X{ί) Π supp X{j) = 0 whenever i ^ j . We may arrange that
\dX(j)\2 ̂ CjXU) and \dX(j)/dyk\ ^ d i h l for suitable C,, C2, •••, and
k = 1, 2. Let ε = {e5}7=1 denote a rapidly decreasing sequence, εL >
ε2 > > 0 and define
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Clearly σ2 is a ^°°-function, and if Ω2 = {σ2 < 0}, then dσ2 ^ 0 on
dΩ2 and Ω2 is a bounded domain which is pseudoconvex at every
point in 3Ω2 - (J; B(pjf l/2>+2).

LEMMA 8. The set Ω2 is pseudoconvex if ε decreases sufficiently
fast.

Proof. Fix a j ;> 1. I t suffices to show that σx + e,-%(i>-(2/i + yt)x2

2

is plurisubharmonic in B(ps, l/2i+2) for all small enough ε̂  > 0. This
is checked by a direct computation.

We fix a sequence {sj} decreasing sufficiently fast.
To complete the construction of the example, we will perturbe

σ2 inside each B(pjf l/2 i + 3). More precisely, let χ ( i ) e
 c^~{B(ph l/2i+3))

with

°' Xlf

for each j , XU) ^ 0. We may assume that |dX{S)/dη\f \3Z(i)/3ζ|, |dlU)jdyk\,
\dXω/dx2\ ^Cά(\Ύ)\ + | ζ | + 1^1 + lyj + ly.l), k = 1,2, Cά some constant.

If δ = {Sy}f=y0, δ i o > δ i o + 1 > > 0 is any sufficiently rapidly
decreasing sequence,

σ -=

is a ^ M u n c t i o n and dσ ̂  0 on 3i2, i2 = {σ < 0}. Moreover, Ω is a
bounded domain which is pseudoconvex on dΩ — \jB{ph l/2 i + 3).

LEMMA 9. The set Ω is pseudoconvex if S decreases sufficiently
fast, and j 0 is sufficiently large.

Proof. Fix a j > 1. It suffices to show that Ω is pseudoconvex
at those boundary points which are in B(pif l/2i+3) for all δ3- sufficiently
small. In B(pjf l/2'"+3), a = η + rf + KQ + K(y\ + ytf + (^2 + y^Q +
ei(l/ϊ + ί/D ^ + δj%(j) (y + C2/1). Differentiating, we obtain:

I2 1 = -T + 7 - «C - iC(̂ 2 + vϊ) Λ
dw 2

Δ

-£- = -2iK(yl
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- £ • = -2ίK(yly2 + y\) - iy2ζ
2 - ieάy2x\ + ε, (yl + yl)x2

uZ2

\ + §
2 2

2

fa)

±d.m
2 dw

2 dw

i) + 4 ^
2

2 3^! 2 3^! 4

dwdz,̂ - fa + 8£±!£. (v + fa) + ήrδ^P . - ±h^
dwdz,

i + Kyi + — ζ 2 + —erf
υ" 2 2 '

' 7Γσi
dzλ 2 3 dz±

- iεάyxx2 + δs—&r (η

(i)

and

3z23z2 2 2

+ ζT/J .+ iey(l/ϊ + Vl) + ^ | % L
2 oz2oz2

Observe t h a t η = 0(ζ2 + τ/2 + i/D on dΩ n Λ(l>i, l/2 i + 3 ). Hence t h e r e

is a D, > 1 such t h a t for all sufficiently small 3, > 0, d2σ/dwdϊd ^ K/2,

dwdzx

 1 4

32σ

dwdz2

21-^{%K- l)i/? +

Γ
4

ίy19 z2)\\ ,

32σ

1)1/1 + i-C + -f ε^2

2,
4 4

and
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fζ2
-fir ^Kvl + SJBΓyϊ + -fζ2 + %-xl .
dZzόZz 4 4

We compute the Leviform,

£?a = tf^Wo + 2 Re σ^^toίi + 2 Re σw72tot2

+ ^VA^i + 2 Re σ^tjz + α

for vectors (ί0> ̂ , ί2) such that

Using the above estimates, we obtain

. < Γ ^ ({ZK - 2)y\ + (K - 2)y\ + -k 2 + -ίeya

V ι 8 8

+ 2 Re (2Ky1y2 — ίejy1x2)t1t2

+ 2 Re rhBiL + λδjχΛ . \(
2

which clearly is nonnegative.

Assume that there exists a ί?2-function p: C3 -> /ί, such that
β = [p < 0} and dp Φ 0 on 3i2, with a nonnegative complex Hessian
on some neighborhood U of 0 in dΩ.

Let Ti, i = 1, 2, 3, 4, be straight lines in the (αlf x2)-plane,

γ ι goes from ( 1 --A,, θ) to (A + ̂ , o) ,

72 goes from ( i , + φ,, o) to (i_. + _J_, _1_) ,

T3 goes from ( 1 + J ^ , ^ ) to (A. _ _ 1 _ , _^_) and

74 goes from (— - -A-, -1-) to (— — θ) .
4 \23' 2j+2 2j+21 \ 2j 2j+2 I

We fix j so large that each yt c U. The function p = σh for some
^-function fe > 0.
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We will show that I d(ln h) Φ 0 for all small enough δ, > 0, while

[ d(ln h) = 0, i = 2, 3, 4 .

First consider the curves 72 and Ύ4. There <o = (^ + η2 + i£ζ2 +

If(2/? + 2/2)2 + (l/ί + yΐ)ζ?)h from which it follows that d2p/dz2dz2 = 0 on

72 U 74. Hence d2p/dwdz2 Ξ 0 on τ 2 U 7< as well. This reduces to the

equation 3fo/3£2 = 0 from which it follows that I d(in h) = 0, i = 2, 4.

Similarly ( d(lnA) = 0.

Finally, consider the curve 7X. Here σ = η + η2 + Kζ2 + i£(^ + τ/;)2 +
(̂ /i2 + 2/DC2 + εi%(i) (?/i2 + vD xl + δiZ(i, (ί? + ζ ^ ) . Clearly Pp/dzM = 0
on Ύί and hence d2p/dwdz1 = 0 there also. This reduces to the equation

d2σjdwdzι h + dσjdw'dhjdzί = 0 on 7X -

Hence

Since we choose X(j) such that

l I • i Λ ( -

it follows that 1 c£(ln h) Φ 0 for all small enough δ. > 0.
f in

So I d(ln h) Φ 0, which contradicts the assumption that h
was well defined.
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