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ASYMPTOTIC BEHAVIOR OF MULTIPLICITIES OF
REPRESENTATIONS OF COMPACT GROUPS

ROBERT S. CAHN AND MICHAEL E. TAYLOR

Let G be a compact Lie group, KX a compact subgroup.
We denote by {1} a complete set of irreducible unitary repre-
sentations of G, which we identify with lattice points within
a Weyl chamber € in R*, the cotangent space to a maximal
torus in G. Similarly we denote by {0} a complete set of
irreducible representations of K. The purpose of this paper
is to study the asymptotic behavior of the multiplicity
v(p, 2) with which p is contained in 2, for fixed p, as 21— oo
in &

We fix some notations and recall a few basic facts. Suppose G
is semisimple. If g, is the complexification of the Lie algebra of
G, then we may write gc= 0§ + Dso(8. + §_,) Where a runs
through the positive roots of &, with respect to some fixed order,
b ~ C* is the Cartan subalgebra of g.. We denote rank G = dim.}
by & and the number of positive roots by b&. The irreducible repre-
sentations {\} of G are naturally identified with certain linear funec-
tionals on Y, called dominant weights, which belong to a lattice
_# Cbi, intersected with a Weyl chamber . If T* is a maximal
torus in G, then all its representations are one-dimensional, and each
one corresponds to some point in _# Further basic results will be
recalled in subsequent sections.

Two special cases of our problem are particularly worth mention-
ing. First, K could be a maximal torus T* in G, which we will
suppose to be simply connected, semisimple. Then {p}C_# In that
case the multiplicity (o, ) is given by Kostant’s formula

(0.1) b0, \) = 3 (det $)P(s(h + 8) — (0 + ) -

Here W is the Weyl group, which acts on 7 and ¢ =1/23 ., is
half the sum of the positive roots, P(vy) is a partition funection
counting the number of distinet ways of writing v = Do 72, 7, 2
nonnegative integer. If .<Z is the lattice generated by the roots,
then .2 is a sublattice of #. Kostant’s formula shows that v(o, M) =0
unless x —pe.#Z and —x<p <. Thus vpo,N) 0 on a set of
density at most |_# /< |™. Thus there is wild oscillation in (0, 1).
It does not appear easy to read off from (0.1) the asymptotic formulas
which we will produce. In the second special case of our results, let
H be any compact, semisimply simply connected Lie group, with a com-
plete set of irreducible representations H={z}. Let G=Hx H, K= H".
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18 ROBERT S. CAHN AND MICHAEL E. TAYLOR

Clearly the irreducible representation of G are {r, ® 7,: 7; e H}, and
vz, &, ® 7,) are the Clebsch-Gordan numbers for the decomposition
of a tensor product of representations
(0.2) T, Q7 I 4= ZA”(E: T, QT .

TeH
In this case there is also a formula for the multiplicities, due to
Steinberg, which says

(7, T, Q) T,) = TZV det(ST)P(S(x, + o,) + T(m, + 0,)
— (7 + 20,))

where W, is the Weyl group of H and where §, is half the sum of
the positive roots of H, P is the same partition function as the one
in (0-1). Again, it is difficult to perceive the asymptotic behavior
of the multiplicities from this formula. In this latter case one of
our asymptotic formulas has a fairly striking feature. Namely, if
d,. denotes the degree of the representation 7, so the degree of \ =
T, @7, is dy = d.d., and if G = {7, ® 7.} is ordered according to the
size of |7, |* + |7 " — 2]0,)%, say G = {\;}, then

{0.3)

N
Zl dljv(ﬂ"’ >"J)
(0.4) _]:—_N__— ~ Cpd N7,

Note that the exponent of N in (0.4) is the same for all groups.

Our analysis of the asymptotic behavior of v(o, A) begins with
a result proved in [3]. Namely, if U is an open subset of & with
a decent boundary, U, = {Rx: x € U}, then
(0.5) > dp(0, N) ~ ¢ 0, R*

AtoelUp

where d; is the degree of the representation ), , is the degree of
0, =dim G, m = dim K, and

(0.6) ¢, =cU, K, G) = (vol K)"'2F7" "(NXK)N Ad G(U)) .

Here o7#°* denotes p-dimensional Hausdorff measure, Ad stands for
the co-adjoint representation of G on R*, and N}(K) is the conormal
space to K at the identity element ¢. We will sketch a proof of
(0.5) in §1, referring to [3] for most of the details. In §2 we will
draw further consequences from (0.5), making use of Weyl’s formula
for the degree d;. It is also desirable to consider the asymptotic
behavior of

0.7) > ¥, \)

I1téeUp
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(with the factor d; omitted). We give an example when (0.7) has
different asymptotic behavior than one would naively expect from
(0.5). In this example, (0, ) is supported on the walls of the Weyl
chamber . On the other hand, (0.5) and (0.6) give a geometric inter-
pretation of such a phenomenon. It also gives rise to some questions
which we have not answered. The last two sections treat the two
special cases we have mentioned, namely the asymptotic behavior of
the multiplicities of weights and of the Clebsch-Gordon coefficients.

1. Casimir operators and basic asymptotics. In this section
we will discuss (0.5) and some variations, referring to [3] for detailed
proofs. The method uses a spectral analysis of the Dbi-invariant
differential operators on G, also known as Casimir operators. An
example is 4, the Laplacian on G, endowed with a bi-invariant Rie-
mannian metric (which induces a metric on R*, the cotangent space
to a maximal torus T%). In general, the entry functions z¥(x) of an
irreducible representation A of G belong to an eigenspace of each
bi-invariant differential operator P, for each fixed A. For example,
we have

(1.1) —dml = ()N + ] — |87 .

The following important theorem describes the action of general
Casimir operators.

THEOREM 1.1. Let q,(\) be any homogeneous polynomial on RF,
of degree m, which s invariant under the action of the Weyl group.
There exists a bi-invariant differential operator @, of order m, such
that

(1.2) Q7Y = gu(\ + 0)y .

For a proof, see Zelobenko [4], p. 369. The principal symbol, ¢.(e, &),
of Q is described as follows. We think of \e TX(T*) included in
T*( @), and then gq,(\) = q.(e, N). Since g¢,(e, &) is invariant under
the adjoint action of G on T¥(G), this uniquely specifies q,(e, &).

We remark that, given any Casimir operator P, Pri = p(\)7¥
where p(\) is a polynomial whose leading term is p,(e, \), wWhere
p.(x, £) is the principal symbol of P. It seems to be a major out-
standing problem in the theory of compact Lie groups to completely
specify p(\). For the same reason, one does not know the complete
symbol of the operator Q satisfying (1.2).

As a consequence of Theorem 1.1 and a functional calculus, the
following result is proved in [3].
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THEOREM 1.2. Let p(\) € STHW(R*) be invariant under the Weyl
group. Let P. &' (G)— <7'(G) be defined by

(1.3) Pr¥ = p(\n + 0)7¥ .
Then PeOPS®, on G.

Here S, denotes the symbol class of Hormander [1]. Generally,
p(x, &) € 87, provided

| DiDsp(x, £)| < Cop(L + |£])71a14m .

The conclusion is that P = p(x, D) is a pseudo differential operator
on G. The principal symbol of P is specified by the relation p,(e, \) =
p(\) mod S7;'.  This result will be applied to a one parameter family
of funections p,(\) = p(t\), given p(\)e C(R*), which we think of
as a bounded subset of S!(R*).

The way Theorem 1.2 enters into the study of the multiplicities
v(o, \) is the following. By the Weyl orthogonality relations, one
sees that

8 SKW) tr p(@)de = P,

is the projection onto the subspace of V,, the representation space
of A, on which K acts like copies of p. Since d,¥(0, \) is easily seen
to be the square of the Hilbert-Schmidt norm of P,,, we have

Mo, M) = 0, 5 [ SKtr o)t (z)de |

a Z_P 35 [((tr o)ty Vdiw?)?
2 v

where , is Haar measure on K, considered as a measure on G. Con-
sequently, if p, is a sufficiently rapidly decreasing function on R*
we have

-2 d(e, Mp(V) = 6, 25 3 oV (B o), VAP
(1.4) e _fN¥ ¢ A 1§
= 0o(Putt, 1)
where ft = (tr o)y, and the operator P, is defined by
Pr¥ = p(\zy .

We suppose p,(A) = p(A + 6) with p(\) € S i(R*) invariant under the
Weyl group, s>n—m (recall that » = dim G, m = dim K). We can
replace p(A) by p(t\). Analyzing the operator P, defined by P,w¥ =
p(t(\ + &)zt as a pseudo differential operator, we can describe the
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behavior of (P,u, 1) as t — 0. The idea behind this, briefly sketched,
is the following. The leading term in P, is P,(x, tD,), which is ar
operator defined by a Poisson like kernel,

po(a, tDJu = | Ko, » — yyut)y
where
K@, — 9) = |puo, tg)et e .

From this follows that
Py 1) = K@, @ = y)dpy)dpca)

~ ool K|t p(@) a((de, d volyu(a, §)

= t~=b(yol K)™ SN'(K)ﬁM(e’ &)d voly:x)(§) ,

(2

since the bi-invariant operator P has a bi-invariant symbol %,, and
S [tr o(x)’de = 1 by the irreducibility of p. The symbol 7,(e, &) is
K
described in analogy to the symbols of the Casimir operators. Namely
Pnle, M) = p(\) and P,(e, &) is invariant under the adjoint action of G.
For further details, see [3].

Combining this analysis of (P,t, zt) with (1.4) yields the following
(taking R = t™).

THEOREM 1.3. >; dv(0, M)P(RT'(N + 0)) ~ ¢0,R"™, R — oo, where
& = (Vo K™ |z p(F(E)A VOlyz (&) -

Here we define F: R*— R"/W by F(f) = any M»e R such that
&= Ad(x)» for some xeG. In fact, one can obtain a complete
asymptotic expansion in decreasing powers of R (and log R terms).
Lower order coefficients may also contain interesting geometric
quantities. However, due to the unresolved nature of the precise
eigenvalues of the Casimir operators in general, we cannot analyze
these coefficients presently. In the special case when p(\) is radial,
so P, is a function of the Laplace operator, one could evaluate the
next couple of coefficients, but we shall not do so. Note that we
must distinguish between d volg, induced by the Riemannian metric
on G (which makes vol G = 1) and Haar measure on K, which assigns
to K a total mass of 1; dvoly = (vol K)y,. If K is discrete, for
example, vol K = 0(K).
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. Let V be a Weyl group invariant bounded open subset of RF,
whose boundary has @ measure zero, where the measure w is defined
by

[, p0do0) = | pFE) volyym(®) .

Then we can approximate the characteristic function of V nicely
by smooth functions with compact support and pass to the limit.
Since if p(\) is the characteristic function of V, then p(F(£)) is the
characteristic function of the orbit AdG(V) of V under AdG, in
R™ = T#*(@), Theorem 1.3 leads upon passing to the limit to the
following. We set U=V N %"

THEOREM 1.4. With notations as above, and U, = {BEn:he U}, we
have

.mn ) > dy(o,N) ~ o, R, R—— e
(Hiel g

where

(1.8) ¢, = (vol K) tvol (N¥(K)N Ad G(U)) .

This is the result (0.5) mentioned in the introduetion.

2. Mean behavior of multiplicities. In this section we examine
some consequences of Theorem 1.3, relating in particular to the mean
frequency with which a given representation p of K is contained in
the various representations of G. Thus we are interested in the
asymptotic behavior of

2 1 Z—iAglfpdzv(p’ X) F
( . ) T - U(R) .

itéelUp
In this case, we are weighting the (o, ¢t) in terms of the dimension
d; of the representation space on which A aets. This biasing is
natural if we interpret d,d;(o, \) as the dimension of the subspace
of L¥G) where K acts like copies of o, and regard it as the natural
object of study, and of course it was this perspective which produced
Theorem 1.3. Nevertheless, it is also interesting to consider the
asymptotic behavior of

z+§v,¢v(‘0’ M) F'(R
(2.2) 1 w(R) .

Itéelp,
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Our analysis of (2.2) will be less complete than the analysis of (2.1).
In order to analyze F.(R), in terms of (0.5), we use Weyl’s
formula

5 al;[o N+ 0, a)
(2.8) d; = ¢(N + 0) = W

Thus ¢(A) is a homogeneous polynomial of degree b, where b is the
number of positive roots of G. We remark that, if S is an element
of the Weyl group, then ¢(S\) = (—1)*®¢(\), where I(S) = the number
of reflections into which S factors (mod2). We see that

(2.4) S d; ~ S SOVAN = R
tvelp Up
while
(2.5) >, 1~ ¢R".
H"»“-’UR

From (2.4) and Theorem 1.4 we get the following result, using
the identity

(2.6) n==%k+2b.
THEOREM 2.1. F.(R) ~ ¢,c;'0,R™.

We can analyze (2.2) in the case where U is bounded away from
the walls of the Weyl chamber &. In fact, with X(\)eCy(C)
approximately equal to the characteristic function X, of U, apply
Theorem 1.3 with p(\) = ¢(\)"X(\). Since ¢(\) is homogeneous of
degree b we get

PR\ + 8)) = Ri¢(\ + 0)*'X(R*(\ + 0)) = RM;'X(R(\ + 9)) -
Passing to the limit yields the following.
THEOREM 2.2. Provided U is bounded away jfrom the walls of
<, we hawve
FL(R) ~ eci'0,R™

where

o= ol K| s(F@) Ko@) volyy(®)

e

The hypothesis that U be bounded away from the walls of &
is necessary for the above analysis because ¢(\)™* blows up at the
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walls. Note that the exponents of R in Theorems 2.1 and 2.2 are
the same in this case. For sets U which intersect the walls &,
Fy(R) and F(R) may under some circumstances have different asym-
ptotic behavior.

Indeed, consider ther following examples. Suppose (G, K) is a
Riemannian symmetric pair, so G/K is a symmetric space. We have
a splitting of the Lie algebra of G,g=f + p. Let a, be a maximal
abelian subspace of p. By definition, dima, is the rank of G/K;
denote this integer by k. Note that if a is a maximal abelian subspace
of g containing a, then a is the Lie algebra of a maximal torus
T* so k zk. Write a =aq;, +a,, The following important result is
due to E. Cartan.

THEOREM 2.3. LXG/K)~ 3izc4, Vi where V. is the representation
space of w, and

@K = {ﬂe@: v with ©(K)v = v} .

Furthermore, »e G belongs to @K if and only if NMa,) = 0.

In particular, » € G belongs to Gy if and only if (14, ) # 0, and
in that case, we have v(1,, \) = 1. @K belongs to a sublattice Z of
% satisfying the relation \(a,) = 0, which is a nontrivial relation
provided rank G > rank G/K. If U is the unit ball, intersected with

&, we see that, p = 1,,

@.7 Fy(R) ~ c,c;'R*™

while >i5c0, V(lk, M) = Disscvpiie sl ~ 6 R* yields
(2.8) FU(R) ~ e R .

In the case where rank G = rank G/K, the two exponents in (2.7)
and (2.8) agree; b —m =t — k = 0. However, if k> £, these ex-
ponents may differ. For example, in the case G = SO(2v), K =
SOQ@y — 1), where G/K = S*™', we have k =y, £ =1 while b =
vy —1),m=@— 1@y —1), so

2.9) Fy(R) ~ ¢,c; 'R0 | FUR) ~ cei 'R .

Clearly the exponents differ, for v = 3.

The reason for the different decay rates in (2.9) is explained
simply. The condition \(a,) = 0 implies that the element of Gy are
contained in a wall of the Weyl chamber &, indeed, perhaps even in
a corner. As the Weyl formula shows, d; is relatively small near
the walls. If it is known that (o, M) is nonzero only on a corner
of the Weyl chamber of codimension j, but v(p, M) is supported away
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from corners of codimension j + 1, one can work out an asymptotic
relation analogous to Theorem 2.2, with a different exponent.
Obviously, if v(o, A) is supported on the walls of 27, and if U is
chosen disjoint from 0%, Fy(R) = 0, so the constant ¢, of Theorem
1.4 vanishes. Consequently, if we write &, = & N {open unit ball}
as Z, = &, U (0% N {unit ball}), formula (1.8) implies the following.

PrOPOSITION 2.4. If v(o, \) ts supported on the walls of %, then
(2.10) VOl(N(K) N Ad G(Z) = 0 .

More generally, if v(o,\) is supported in a cormer 2%, and you
decompose %, as &, = (&, — ) U (Z N %), then

(2.11) VOI(N*(K)NAdG(&, — %) = 0.

We would conjecture a converse to this result, namely that if
(2.11) holds, then v(p, \) is supported in a lattice parallel to the corner
2. Note that (2.11) implies that, apart from a set of measure zero
in NX*(K), the entire intersection N*(K)N Ad G(Z,) is equal to
N#K)N AdG(&, N 2. This seems to be an interesting geometric
phenomenon related to the representation theory of G and K.

Finally, we mention one other measure of the mean behavior of
v(p, A). Namely, let ®(N) = Fy(R) where U is the unit ball (NZ)
and R is chosen so there are N elements of _# in U;. Thus we
are simply using the total number of representations, ordered by
highest weight, as a measure of size, rather than E. Theorem 2.1
yields

2.12) DO(N) ~ e, N1k

3. Multiplicities of weights. As was remarked in the intro-
duction one of most interesting cases to consider is when K = T%,
a maximal torus. Since K is abelian each irreducible representation
is one-dimensional and each irreducible represention of G splits, when
restricted to K, into a direct sum of one-dimensional subrepresen-
tations. The representations of K, pp, will be identified via the
exponential map with linear functionals p belonging to 7; the lattice
of dominant weights. ¥~ will contain as a sub-lattice of equal rank
the root lattice 2. For a fixed weight o, the structure theory of
semi-simple Lie algebras gives v(o, M) =0 a prior: unless — A< o=\
and » — pe 2. If both of these conditions hold then

(3.1) (e, M) = 35 (det $)P(s(v + 9) — (0 + 9)

with the notation as in the introduction.
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Formula (3.1) is difficult to work with for two reasons. The
partition function is rather unwieldy in even small rank for A of
any size and the situation is further obscured by the cancellation
produced by the sign of dets. In particular the asymptotic behavior
of (8.1) is unclear even if we restrict ourselves to A going to infinity
along a ray passing through the origin. However, we are able to
state the following results about the average size of v(o, \).

THEOREM 3.2. Let {\;} = G ordered by the eigenvalue of the
Laplace operator; then

(P, \)

S,
i= ~ CGN(b—k)/k .

Proof. First we remark that since all Cartan subgroups are
conjugate that the constant C,; is independent of the maximal torus
chosen. Secondly, we note that d, =1 for all p. Lastly, we note
that (2.12) finishes the proof.

It is desirable to also have an average multiplicity without the
factors d;,. We will be able to state a theorem for the average size
of v(p, M) but we will have to restrict ourselves to representations
whose dominant weights are sufficiently nonsingular.

THEOREM 3.38. Let U be a bounded open domain in & such that
the @ measure of 0U = 0 and 0UNE = @ and let U, be U dilated
by a factor R. Then

2 Yo, ) -
F( (R) & ae{ki—-i-—-— ~ C4C;;>1R .

itdelUp

We note this is just Theorem 2.2 restated in our setting.

4. Clebsch-Gordon coefficients and induced representations.

If H is a compact Lie group we may take a tensor product of
two or more representations of H to create a new, generally reducible,
representation. Since H is compact complete reducibility allows us
to write such a tensor product as a direct sum of irreducible repre-
sentations. We will be interested in the multiplicity of a fixed
representation 7 in 7, ® 7,.

Let us start by examining the simplest case. If H = R/2nZ
then H=Z. A tensor product is irreducible, i.e., e™* ® e'"® =
gime If 7 is the trivial representation then ¢'™* &) ¢*** = = when
n, = —n,. Thus if N = (n, n,) Y(7, N) =1 on the line through the
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origin of slope —1 and is 0 in all other cases. The eigenvalue of the
Casimir operator on the tensor product is n? + n? so if we order the
tensor products by the eigenvalue we see S\, v(7; T, Q ;) ~ 2/V T N2,
The average value of y(r, 7, ® 7,) in the first N representations is
2/ w N™2. The original Clebsch-Gordon coefficients were determined
for the case of SU(2). Here the rank is 1 so for each half integer
j there exists a unique irreducible representation of dimension 2j -+
1, 7;, corresponding to the weight jx. The tensor product is decom-
posable by the Clebsch-Gordon series as

(4.1) T QT = Ty DTy D - DTy

so one sees V7T, T;@m,)=1if j+k —ieZ |j—Fk|l<i=<j+Fk and
zero otherwise. One may directly compute the average behavior of
y(r,, ) but we will instead make a computation which holds for all
the semi-simple groups.

As in the case of the multiplicity of a weight there is an exact
formula for the Clebsch-Gordon coefficient v(x, 7, ® 7,), for semi-simple
groups, due to Steinberg. Keeping the notation as before,

(4.2) ¥z, 7, ® m,) = IZ,” det(ST)P(S(z, + 6,) + T(w, + 6,) — (T + 24,)) .

The difficulties in asymptotically evaluating this formula are the same
as in Kostant’s formula.

We will now use the machinery of §2 to analyze the average
behavior of the Clebsch-Gordon coefficients. Let G = H x H with H
compact, and simply connected. Let H? be the diagonal subgroup-
Then

(4.3) T, Q| H = ZA”(TC, T, Q) T .

zell

The set {7(1®7r2i7tieﬁ} = G. The two copies of H are orthogonal
so the eigenvalue of the Laplace operator is |z,[* + |7,[* — 2[6,[* and
degs, = d-,d.,. We will order G by the eigenvalue and call the j’th

product %,. Since the rank of G is 2k we can apply (2.12) to find

N
Z dlj” (:T’ ’\’.’f>

(4.4) O(N) = =t ~ Cpd Nk

N

but since n = 2b + k& we have

THEOREM 4.1. If H any simply connected semi-simple compact
Lie group
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N
3, dip(x, 1)

= ~ Cud N7,

We conclude with a word about b, the critical exponent. As we
remarked in §2 the asymptotic behavior of >;.;cv, 0,Y(0, N)d; measures
the part of L*G) corresponding to U, which when we restrict to
the action of the subgroup K transforms by o. The function F,(R)
can be thought of as the weighted mean of the multiplicities v(o, \).
Let us look at the case when o = idx. Then Frobenius reciprocity
for compact groups states that the multiplicity of X\ in L*G/K)
equals v(idg, A). Thus we have

THEOREM 4.2. If dim K > b then most representations of G do
not occur in L*G/K) mean sense.

For an arbitrary p: K— Aut(V,) we may form the associated
homogeneous vector bundle E,: G XV, — G/K. L*E,), the space of
L’-sections, is naturally a G-module and again reciprocity gives

THEOREM 4.8. If dim K > b then most representation of G do
not occur in L*(E,) mean sense.
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