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DENSE STRONG CONTINUITY OF POINTWISE
CONTINUOUS MAPPINGS

PETAR KENDEROV

Let Y be a topological space and Z be a metric space
with metric d(-, -). Denote by C(Y, Z) the space of all con-
tinuous functions from Y into Z. For a given topological
space X and a pointwise continuous mapping 7: X - C(Y, Z)
a theorem is proved asserting (under some conditions) that
T is continuous at the points of some dense G; subset of
X with respect to the topology of uniform convergence in
C(Y,Z). A ‘set-valued’’ version of this result is also proved.
It is shown how one can use these results in order to get
new information about points of continuity and single-
valuedness of (multivalued) monotone operators and (mul-
tivalued) metric projections. As corollaries some known
results about Gdteaux or Fréchet differentiability of convex
functions on a dense subset of their domains of continuity
are obtained.

0. Introduction. Let Y be a compact topological space and
Z be a metric space. By C(Y, Z) we denote, as usual, the space
of all continuous functions from Y into Z. In C(Y, Z) we will
consider two topologies. The topology of pointwise convergence
and the topology of uniform convergence on Y. Throughout this
introduction X will always denote either a complete metric space
or a compact topological space.

Let T: X - C(Y, Z) be a mapping which is continuous with re-
spect to the pointwise topology in C(Y, Z). 1. Namioka (Pacific J.
Math., 51 (1974), 515-531, Theorem 2.2) proved that there is a dense
G;-subset A of X such that, at each point of A, the mapping T is
continuous relative to the topology of uniform convergence in
C(Y, 7).

If E is a real normed space and B* is the unit ball of the dual
space with the weak* topology, then E can be considered as a sub-
set of C(B*, R), where R is the real line. The pointwise conver-
gence topology in C(B*, R) coincides in E C C(B*, R) with the usual
weak topology of the normed space E and the topology of uniform
convergence in C(B*, R) induces the norm topology in E. This is
why the above mentioned result of Namioka implies the following
one: Let T: X — E be a continuous mapping from the (compact or
complete metric) space X into E with its weak topology. Then
there is a dense G;-subset A of X such that, at each point of A4,
the mapping T is continuous relative to the norm topology in E.
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As an immediate corollary Namioka obtained from this result that,
if X is a weak compact subset of the normed space E, then the
identity map (X, weak) — (X, norm) is continuous at the points of
some dense G;,-subset of (X, weak). This result contains a lot of
information. For instance, by means of it Namioka proved that
every weakly compact convex subset of £ is the closed convex hull
of its denting points. However, the question of norm continuity at
some points of a given weak*-continuous mapping T: X — (E*,
weak*), where E* is the dual of E, is more complicated. There
exists a Banach space F and a weak*-compact subset K of E* such
that the identity mapping (K, weak*) — (E*, norm) is not continuous
at any point of K. Nevertheless Namioka gave in the same paper
two positive results. If E* has one of the two properties mention-
ed below, then the identity mapping (K, weak*) — (E*, norm), where
K is a weak*-compact subset of E*, is continuous at the points of
some dense G;-subset of (K, weak*). These two properties are:

(a) (E*, norm) is weak-compactly generated (i.e., there is a
weakly compact set C of (&*, norm) such that the linear span of
C is dense in (E*, norm)).

(b) There is an equivalent norm in & such that its dual norm
[|-]|* satisfies the condition: for any net {f.}.C E*, it follows from
[ fell* = [IFI* and weak*-lim,f, = f that lim,.||f. — f||* = 0.

In this connection it is natural to look for all those Banach
spaces K for which any weak*-continuous mapping T: X — (E*,
weak*) is norm continuous at the points of some dense G,-subset of
X. It turns out this is the case if and only if every separable
subspace of E has a separable dual (equivalently, if and only if E*
has the Radon-Nikodym property or, if and only if every continuous
convex real-valued function in E is Frechet differentiable at the
points of some dense G;-subset of its domain of continuity (in the
latter case the space F is called “Asplund space’)).

This result as well as the above mentioned result of Namioka
are obtained in this paper as corollaries of one and the same general
theorem. The proof of this theorem is, in essence, identical with
the classical Cantor-set-construction. The Cantor-set-construction
was already used for proving similar kind of theorems. C. Stegall
(Trans. Amer. Math. Soc., 206 (1975), 213-223) proved that, if E*
has the Radon-Nikodym property, then every separable subspace of
E has a separable dual. After that Namioka, basing on a proof of
Stegall, adapted the Cantor-set-construction to give a proof of the
fact that, if every separable subspace of E has separable dual,then
every weak*-compact subset of E* contains relatively weak*-open
subsets of arbitrarily small diameter. It was this proof of Namioka
(J. Diestel, J. J. Uhl, Jr. “Vector Measures”, Amer. Math. Soc. Math.
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Surveys No. 15, p.213) that suggested to the author the idea how
to use Cantor-set-construction in proving the results contained in
this paper. We also prove a general “multivalued version” of the
above continuity result. As a partial case we have: If T: X —
(E, weak) is an upper semicontinuous multivalued mapping with
convex and weak-compact images: then at every point x from some
dense G;-subset A of X the mapping T has the following “continuity
property”

for every ¢ > 0 there exists an open UcC X, Usz,
(ep) such that inf{||f" — f"|: ffeTa, f"ecTx"}<c¢
whatevery o', 2” ¢ U.

In some particular situations, when the mapping 7T, the space
X and the space E are chosen in an appropriate way, the points at
which T satisfies the (ep)-condition turn out to be exactly the con-
tinuous linear functionals € £* which strongly expose a given weakly
compact subset of E. Or, more generally, the points where T
satisfies (¢p) are the points at which a given convex function is
Frechet differentiable. In this way we give a direct proof, without
introducing the notion of “dentability” or the Radon-Nikodym pro-
perty, of the fact that, if every separable subspace of E has a
separable dual, then each continuous covex real-valued function de-
fined in E is Frechet differentiable at the points of some dense
G,-subset of E.

In another situation (under another choice of T, X and E), the
points with (¢p) are exactly those points where a given (multivalued
metric projection is single-valued and norm-to-norm upper semicon-
tinuous. The same (¢p)—condition allows us to obtain new informa-
tion about continuity property of (multivalued) monotone operators
defined in weak-compactly generated Banach spaces.

1. Strongly countably complete spaces and the Cantor-set-
construction for single-valued mappings. Let v be an open cover-
ing of a topological space X. Some subset S of X is called v-small
if S is contained in a member of . The topological space X is
said to be strongly countably complete (Frolik [8]) if there exists a
sequence {v;:t =12, ---} of open coverings of X such that a de-
creasing sequence {F}};», of closed subsets of X has nonempty inter-
section whenever each F; is v,-small and nonempty. We will con-
sider only Hausdorff and regular strongly countably complete spaces
X in this paper. This class of spaces is very large. Every locally
countably compact space is strongly countably complete. In parti-
cular every (locally) compact topological space is strongly countably
complete. Every complete metric space is also countably complete
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(as the covering 7v,,n =1, 2, 3., one takes the collection of open
balls with radius 1/#). The same argument as in the classical Baire
theorem shows that the intersection of every sequence of dense
open subsets of the strongly countably complete space X is again a
dense subset of X.

By C(Y, Z), where Y and Z are topological spaces, we denote
the set of all continuous maps f: Y- Z. For an arbitrary subset
Y, of Y we denote by »,:C(Y, Z) — C(Y,, Z) the “restriction map”
assigning to each f from C(Y, Z) its restriction on Y,. In C(Y, Z)
we will consider different topologies. The simplest one is the point-
wise convergence topology which will be denoted by “p”. When Z
is a metrizable space, we consider in C(Y, Z) something like the
uniform convergence topology. Suppose d(-,-) is a metric in Z
generating its topology. For a given f, from C(Y, Z) and a positive
number ¢ put U(f,, ) = {f € C(Y, Z): d(f, fo): = sup{d(f(»), fi(): ¥ €
Y} < t}. The sets {U(f, t): feC(Y, Z),t > 0} form a base for some
topology in C(Y, Z). This topology will be denoted by “w”. It de-
pends on the particular choice of the metric d(-,-) and may change
if in the definition of “w” d(-,-) is replaced by another equivalent
metric in Z. However, when Y is a compact space, all equivalent
metrics in Z generate one and the same topology in C(Y, Z) and
this is just the uniform convergence topology. This is why the
above defined topology “u” in C(Y, Z) will be called in the sequel
(even in the case of noncompact Y) “uniform convergence topology”.
Correspondingly, the function d(f,, f.) = sup{d(fi(y), f.(¥):ye Y},
where f, f.€C(Y, Z), will be referred to as “uniform metric in
C(Y, Z)” even though d(f,, f,) might be equal to plus infinity for
some f,, f,€C(Y, Z). For a given mapping T: X — C(Y, Z) we use
the following expressions as synonyms: “T is continuous at z,€ X
with respeet to »”, “T is p-continuous at 2,€ X” and “7: X —
(CY, Z), p) is continuous at x,€ X”. This agreement is also valid
for every other topology (instead of p») which appears in our text.

We are now ready to formulate a general sufficient condition
for a given continuous mapping T: X — (C(Y, Z), p) to be u-conti-
nuous at the points of some “fat” subset of X.

THEOREM 1.1. Let X be a strongly countably complete space, Y
a topological space, Z a metric space and let T: X — (C(Y, Z), p) be
a continuous mapping such that, for every countably compact set
4CX and every closed separable Y,CY, the set ry T4 is a separable
subset of (C(Y, Z), u). Then there exists a dense G,~subset A of X
such that T: X — (C(Y, Z), w) is continuous at every x € A.

Before giving the proof of this theorem we want to show two
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important for our applications examples in which the requirement
of the theorem is fulfilled for every p-continuous mapping T: X —
C(Y, z).

PRrOPOSITION 1.2. Let Y be a compact space and Z be a metric
space. Suppose further T:X—C(Y,Z) is a p-continuous map
from the topological space X into C(Y, Z). Then, for every count-
ably compact subset 4 of X and every closed separable subset Y, of
Y, the set ryoT4 is a separable subset of (C(Y,, Z), u).

Proof of Proposition 1.2. Puts: =2, and A =roT4. roT: X—
(C(Y, Z), p) is continuous and therefore the set A is also countably
compact. By a result of Troallic ([18], Proposition 1) A is u-separ-
able if and only if it is p-separable. Hence it is enough to prove
that A is a separable subset of (C(Y, Z), »). To prove this we
remark first that in C(Y, Z) there is a metrizable topology “m”
which is weaker than p». This topology “m” is just the topology of
pointwise convergence at the points of some countable and dense
subset of Y,. This means that the set A is m-countably compact
and consequently m-compact. As any other metrizable compact, the
space (4, m) has a countable dense subset Cc A. We prove now
that C is dense in (A, p) as well. Indeed, take f,€ A. Since C is
dense in (A4, m) we find a sequence (f;);»,CC m-converging to f,. As
(4, p) is countably compact, the sequence (f,);~, must have a p-cluster
point fe A. But the topology p is stronger than m and f is also
m-~cluster point of the sequence (f,),»,. Since the latter sequence
has only one m-cluster point and this is f,, we get f=f,. Thus
(A, p) is separable and Proposition 1.2 is proved.

Let now E be a real Banach space and E* be its dual. Denote
the unit ball of E by B: ={x e E: ||z|| =< 1}. The set E* can be con-
sidered as a subset of C(B, R), where R is the usual real line. It
is clear that the usual pointwise convergence topology » in C(B, R)
induces the weak* topology of E* and the uniform convergence
topology w of C(B, R) generates the norm topology of E*. By
“w*” and “n*” we will denote the weak* and the norm topology of
E* correspondingly. “w” and “n” are reserved for the weak and
the norm topology of E. When there is no danger of ambiguity
we will omit the star in “n*”.

Let Y, be a closed separable subset of (B, n). The restriction
mapping 7: C(B, R) — C(Y,, R) turning every f from C(B, R) into its
restriction on Y, will assign to every f* e E* its restriction on Y,
and the latter restriction can be identified (in a one-to-one way)
with a continuous linear functional defined on the closed linear span
L of Y, in E. Thus r(E*) is a subset of L*. Moreover, the
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n*-topology of L* is stronger than (or equal to) the one inherited
from (C(Y, R), u). One needs no more argument for the following.

PropOSITION 1.3. Suppose that every closed separable linear
subspace of the Banach space E has a separable dual. Consider E*
as a subset of C(B, R). Then the image of E* under any “restric-
tion mapping” defined by a closed separable subset Y, of (B, n) is
a separable subset of (C(Y,, R), ) (i.e., the requirement of Theorem
1.1 s fulfilled for every weak*-continuous mapping T: X — E*C
C(B, R)).

We turn now back to the proof of Theorem 1.1. Let T: X —
C(Y, Z) be as in the formulation of the theorem and let n be a
positive integer. Put H, = {x € X: for every open U, xc U, the
diameter of the set TUC C(Y, Z) with respect to the uniform
metric is greater than 1/n}. Clearly, the condition x,¢ U, H,
implies that T7: X — (C(Y, Z), u) is continuous at x,. Thus, what
we have to prove is that H, is nowhere dense in X (the set H, is
also closed in X but we are not interested in this at the moment).
We will make a repeated use of the following observation.

LEMMA 1.4. Let v be an open covering of X and U be an open
subset of X with UNH, #+ @. Then there exist two nonempty open
sets U', U"c U and a point y€ Y such that:

(i) the closures U’, U" in X of the sets U', U" are contained
m U and are v-small sets.

(ii) for every ao'eU’ and every x’e€U”, the inequality
d(Tx'(y), Tx"(y)) > 1/n holds (where d(-,-) is the metric in Z).

Proof of Lemma 1.4. Take some open UcC X with UNH, + Q.
By the definition of H,, diam 77U > 1/n. This means that we can
find !, x’ € U and an ye€ Y such that d(Tz{(y), Tz (y)) > 1/n. Put
B = (d(Txi(y), Tx)(y)) — (1/n))/2 and consider the sets V'={fe
C(Y, Z): d(f(y), Tx(y))<Btand V" = {f e C(Y, Z): d(f(y), Tz (y))<B}-
These two sets are open in (C(Y, Z), p) and Tx,e V', Tz’ e V. Ac-
cording to p-continuity of 7T:X — C(Y, Z) there exist two open
neighborhoods U’ and U"” of x, and x{' correspondingly, such that
TU'cV'and TU”"CV"”. Since v is an open covering and X is a
regular space, we may assume that the closures U’, U"” are v-small
and lie in U. Thus (i) is fulfilled. To check (ii), take 2’ € U’, 2" € U".
Then T2'e V' and Tx” ¢ V”. In another words d(Tx'(y), Txy(y)) < B
and  d(Tx"(y), Tx'(¥) <B.  Then d(Tx'(y), Tx"(y)) = d(Txi(y),
Tx(y) — d(Tx(y), Tx'(y) — d(Tx"(y), Ta'(y)) > d(Tx(y), Ta'(y)) —
28 = 1/n. Lemma 1.4 is proved.
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Suppose that the set H, is dense in some open U,cX, U, # @.
By Lemma 1.4 (with U = U, and v = v,) there will exist two non-
empty open sets U,: = U'cU, U,: = U"cU, and y,: = ¥y Y such
that (i) and (ii) from Lemma 1.4 are satisfied. Since H, was sup-
posed to be dense in U, H,NUy, % @ and H,NU, # @. We can
apply now Lemma 1.4 to U, and get as above a pair of nonempty
open subsets Uy, U, of U, and a point y,€ Y such that (i) and
(ii) from Lemma 1.4 are fulfilled for U’ = Uy, U” = Uy, ¥ = Yo
and ¥ = v,. The same can be done with U, in order to get another
pair of v,-small sets U, U,, cU, and a point y, €Y such that (i)
and (ii) from the lemma are satisfied. Proceeding by induction, we
can construct a sequence of open nonempty subsets of X and a
sequence of points in Y which are indexed by symbols of the type
JoJiJs - -+ Jr, Where j, = 0 and all other j,,7=1,2, ---, k, are either
equal to 0 or to 1. This is done in such a way that

(1) Ujjips, 1S 7e-small subset of X;

(2) if p <k, then the closure ﬁjojl...jkCUjojl...,-p.

(8) if 5,=4,1=0,1,2, ---, 5, and J,4, # Ji+,, then for every
'€ Ujjyjiiyini, and every a”eUj;.. i+, the inequality
A(Te' Y50y T2 (Yjp3,--5,)) > 1/m holds.

Now take an arbitrary sequence s = (4,);s, With j, =0 and
Jis1=1, equal to 0 or 1. It defines a decreasing sequence of closed
sets U, = U;,0U;,;,2U,4,4,---- By (1) and by the strong countable
completeness of X, the intersection 4(s): = N{Uj,...;,: & = 0} is not
empty. It follows from (2) that 4(s) = N{U,,,...;,: ¥ = 0}. For an-
other sequence s’ = (5));s, With 75, =0 and j; =0, 1, we get another
decreasing sequence of closed sets (Ujji.;0)k= and another set
48" # @. From (8) it follows that for every ' € 4(s") and z" € 4(s")
with s’ == s”,

(*) d(Tx'(y_,é}i,k) , Tx"(yj(’)’ji'...jjc’)) > 1/’)’&

where k& + 1 is the smallest positive integer with 3/, # 7%, (this
means that the two “y” in (*) are one and the same point of Y).
Since there are uncountably many different sequences s of the
above type, we get uncountably many different sets 4(s). Their
images T4(s) under T: X — C(Y, Z) will form an uncoutable system
in C(Y, Z) which is (due to (*)) “very discrete” in (C(Y, Z), w), i.e.,
af’, f”) > 1/n whenever f'eT(s'), f"eT(s") and 8’ = s". Put 4=
U{4(s): s runs over all possible sequences s} and denote by Y, the
closure in Y of the sequence of points y;,...;, € Y constructed above.
Consider the restriction mapping 7: C(Y, Z) — C(Y, Z) and the uni-
form metric in C(Y,, Z) (we denote it again by d(-,-)). Then the
system {»-T4(s):s runs over all possible sequences} will form in
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(C(Y,, Z), u) (due to (*)) an uncountable discrete family. Therefore,
it will be a contradiction and the proof of Theorem 1.1 will be fini-
shed, if we show that 2074 is a separable subset of (C(Y,, Z), ).
The following lemma together with the requirement of Theorem 1.1
shows that this is the case.

LEMMA 1.5. The set 4C X is countably compact.

This is almost trivial. For a given sequence (x,).., 4 we find
step by step a sequence of zero’s or one’s (j9),., with 75 = 0, such
that each set Uj,l...;5 from the construction of 4 contains infinitely
many members of the sequence (,),-,. The set F, = Up0.,'N
(Ty)m=r 18 then closed, nonempty and v,-small. Therefore i Fi+# ©.
Every point from this nonempty intersection is a cluster point for
the sequence (2, ).-,. Lemma 1.5 is proved. Theorem 1.1 is also
proved.

COROLLARY 1.6. (Namioka |[13], Theorem 2.2). Let X be a
strongly countably complete regular space, let 'Y be a compact space
and Z be a metric space. If T:X— (C(Y, Z), p) is a conlinuous
map, then there exists a demse Gyset A in X such that, at each
point of A, T is u-continuous.

Proof. Apply Theorem 1.1. This is possible because of Pro-
position 1.2.

COROLLARY 1.7. (Namioka [13], Theorem 4.1). Let X be a
strongly countably complete regular space and let E be a normed
space. If T:X > (H, weak) 1is continuous, them there is a dense
G,-set A in X such that, at each point of A, the map T is norm
continuous.

Proof. Denote by B* the unit ball of the dual space E*
endowed with the weak*-topology. The space E can be thought of
as a subset of C(B*, R). The pointwise convergence topology » of
C(B*, R) generates the weak topology in # and the norm topology
in £ is just the one inherited by (C(B*, R), ). Since B* is weak®-
compact space, it remains to apply 1.6 to the map T: X — EC
C(B*, R).

COROLLARY 1.8. (Namioka [13], Corollary 4.2). Let K be a
weak-compact subset of the mormed space K. Then there is a dense

! For separable normed spaces E this result belongs to Alexiewicz and Orlicz [1[;
see also Fort [7].
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Gs-set A in (K, weak) such that the identity map (K, weak) —
(K, norm) 18 continuous at each point of A.

Proof. (K, weak) is compact and thus strongly countably com-
plete.

COROLLARY 1.9. Let every separable closed linear subspace of
the Banach space E have a separable dual and let X be a strongly
countably complete regular space. If T:X — E* is a weak*-conti-
nuous mapping, then T 1is morm-continuous at the points of some
dense G;-subset of X.

Proof. Proposition 1.3 shows that Theorem 1.1 can be applied.

COROLLARY 1.10. Let every separable closed linear subspace of
the Banach space E have a separable dual and let K* be a weak*-
compact subset of E*. Then there is a dense G;-subset A of (K*,w*)
such that, at every point of A, the identity mapping (K*, w*)—
(K*, n*) is continuous.

Proof. This is immediate from Corollary 1.9 because (K*, w*)
is a compact and thus a strongly countably complete space.

REMARK 1.11. It follows from Corollary 1.10 that, if every
separable subspace of the Banach space E has a separable dual,
then every weak*-compact set K* of E* contains relatively weak*-
open subsets with arbitrarily small diameter. This property in turn
(see the proof of Proposition 9 from the paper of Namioka and
Phelps [14]) implies that every separable linear subspace of E has
a separable dual. Therefore the assertion contained in Corollary 1.9
is actually nessesary and sufficient condition for the space E to be
an Asplund space (see also Lemma 3 and Corollary 10 from
Namioka and Phelps [14]).

2. Cantor-set-construction for multivalued mappings. We
want to give here another version of Theorem 1.1 which concerns
multivalued maps. Considered for single-valued mappings only, the
“multivalued result” does not give the full generality of Theorem
1.1. But it is still sufficiently general to provide some new and
useful information concerning continuity properties of monotone
mappings and metric projections. As corollaries we get also new
proofs of some known and important results about the properties
of weak-compact subsets of Banach spaces and about differentiability
of convex functions defined on such spaces.
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Fist of all we recall some definitions and notations. The multi-
valued map T: X — Y, where X, Y are topological spaces, is said to
be upper semicontinuous (use) at some point z,€ X if, for every
open set UCY with Tx,c U, there exists a neighborhood V of «,
in X such that Txc U for each x from V. The mapping T: X -»Y
is called upper semicontinuous if it is upper semicontinuous at every
point of the space X.

Let (F, ||-]|) be a normed space with unit ball B. Denote the
unit ball of the dual space F* by B*. Take Y c B* and put
Y ={feF:{f,y) =0 for every y€ Y}. The quotient space Q(Y)=
F/Y, is also a normed space. The elements of Y can be viewed as
continuous linear functionals on (Q(Y), ||-||) and it is not difficult to
see that, for each ¢e Q(Y), the norm ||q|| is greater than or equal
to sup{|[<q, ¥>|: y € Y} (for any fe F, ||f|| = sup{|{f, f|: freB*} =
sup{<f, > l:ye Y} if 1leY,, then |f+ 1| =sup{/[{f,:yeY};
this means that the norm of ¢ = f + Y, in Q(Y) satisfies the above
inequality).

Further, the linear subspace G of F* will be called “norming
subspace” if

1l = sup{{f, 90: 9 € G N B*} for each f from F'.

By w(F, G) (resp. w(G, F)) we will denote the weakest topology in
F' (resp. in G) with respect to which all elements of G (resp. of F')
regarded as linear functionals on F (resp. on @) are continuous.

For a given YCB* we denote by 7, the quotient mapping F —
QY)=F/Y,.

THEOREM 2.1. Let X be a strongly countably complete space,
(F, ||-1)) be a nmormed space and G be a norming subspace of F'*.
Suppose T:X — (F, w(F, ) is an upper semicontinuous (multi-
valued) mapping with w(F, G)-compact and conver images and such
that for every countably compact 4C X and every countable YCB*NG,
the set ryoT(d) is separable in (Q(Y),||-|]). Then there exists a
dense G,set A in X at every point x of which the following “con-
tinuity property” (cp) is fulfilled:

for every € > 0 there is an open UC X, Usx, such
(ep) | that inf{||f’ — f"|: fleTx, f"eTx"} < ¢ whenever
x,x"eU.

As in §1 we will first point out two situations in which all re-
quirements of this theorem are fulfilled. This situations are import-
ant for us because of the applications we have in mind. As a first
step we need a topological result.
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LEMMA 2.2. Suppose T: M,— M, is an upper semicontinuous
mapping with countadbly compact images from one topological space
M, into another M,. If 4cC M, is countably compact, then T(d4) =
U{Tx: x € 4} is also a countably compact subset of M,.

Proof. Let s = (y,);z, be a sequence in T(4) and let z,€4, 7 =
1,2, ---, be such points that y, € Tx,. Consider the closures (¥,);»; of
the tails of the sequence (¥,);.,. It is enough to show that the set
N{(Y:)i=:: k = 1} is not empty. Since 4 is a countably compact subset
of M,, we can find a point Te N{(x,)=s:k=1}. The set T% is
countably compact and the proof will be finished if we show that
TxN (Y):=x is not empty for every %k > 1. Suppose this is not the
case. By the upper semicontinuity of T at T we can find an open
VcM, eV, such that (V)N (%,);=» = @. But this contradicts the
fact that V, as an open neighborhood of the cluster point %, must
contain x; with arbitrarily large indices.

PrROPOSITION 2.3. Let 4 be a countably compact space, (F,||-]])
be a normed space and T: 4 — (F, weak) be an upper semicontinuous
mapping with weak-compact images Tx, x€d. Then, for every
countable YC F*, the set ry0T(4) 1s a norm-separable subset of Q(Y).
In other words, Theorem 2.1 is wvalid im the case when G coincides
with all of F*.

Proof. Since the quotient map 7y: F — Q(Y) is continuous with
respect to the weak topologies in F and Q(Y), it follows from the
previous lemma that »,07(4) is a weak-countably compact subset of
the normed space @(Y). On the other hand, the countable set Y,
which can be thought of as a subset of Q(Y)*, generates a metric
topology “m” in Q(Y) which is weaker than the weak topology of
Q(Y). The set ryoT(4) will be m-countably compact and hence
m-compact. As any other metrizable compact, the space (7y0 T(4), m)
is separable and has a countable dence subset CcC 7,0 T(4). As in
the proof of Proposition 1.2 we can prove that C is dence in
ryo T(4) in the space (Q(Y), weak). Indeed, for ¢,c», T(4) we can
find a sequence (q;);~; ©C which is m-converging to q,. As #,oT(4)DC
is weak-countably compact, the sequence (¢,);»>;, must have a weak-
cluster point gery0T(4). Then ¢ is also m-cluster point of the
sequence (¢;);=,. Since the latter sequence has only one m-cluster
point and this is ¢,, we get § = ¢,. This means that 7,0 T(4) is a
weak separable subset of Q(Y). Therefore it will be also norm-
separable subset of Q(Y). The proposition is proved.

PROPOSITION 2.4. Let E be a mormed space such that every
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separable subspace of it has a separable dual. Put (F,||-|]): =
(E*, norm*) and G: =E C E**. Then the requirements of Theorem
2.1 are fulfilled for every wpper semicontinuous mapping T: X —
(F, w(F, @) with convex and w(F, G)-compact images.

The proof can be omitted.

Proof of Theorem 2.1. Let m be a positive integer and H, be
the set of all x € X such that in every open UcCX, <€ U, there ex-
ist at least one pair 2/, 2" e U with inf{||f  — f"||: f'e Tz, f'e
Tz} > 1/n. As in the proof of Theorem 1.1 we need a lemma.

LEMMA 2.5. Let v be an open covering of X and U be an open
subset of X with UNH, = @. Then there exist two nonempty open
sets U', U" and an element g€ G N B* such that

(i) the closures U’, U” in X of U’, U” are contained in U
and are v-small subsets of X;

(i) [Kf' = ", 9| > 1/n whenever f' € Tx', f"" € Tx"” and z' € U’,
w'/ e UII.

Proof of the lemma. As UN H, # @, there exists a pair x;,
x) € U with inf{||f" — f"||: f' € Tx;, f”" € Txy’} > 1/n. Since the images
Tx are convex and compact and since G is a norming subspaces of
F* we can find some geB*NG such that the number a: =
min{{f’, g): ' € Tx}} — max{{f”, g>: f' € Tx)} is greater than 1/n.
Put B: = (a — (1/n))/2 and consider the sets V' and V", where V' =
{(feF:{f, 9 >min{{f’, g): f'eTas} — B} and V" ={feF:{f, g <
max{{f", ¢>: f"" € Tz} + B}. These two sets are w(F, G)-open in F
and Tx;cV’, Tx)cV”. Since T:X — (F, w(F,G)) is upper semi-
continuous at 2, and z}’, we find two open neighborhoods U’ of x§
and U"” of z) such that Ta'c V' for every '€ U’ and Tx"c V" for
every 2" e U”. Since v is an open covering of the regular space
X, we may assume that the sets U’ and U” are v-small and lie in
U. Thus (i) is proved. To check (ii), we take any 2'e U’ and
2" eU". Because of Tx'c V' and Tx" V", we have, for every
feT, f"eTa”, {f' — f", 90 > min{{f’, g): f’ € Tas} — max{{f”, g):
f7eTx} — 28 =a — 28 =1/n. Lemma 2.5 is proved.

Exactly as in the proof of Theorem 1.1 we construct (with the
help of Lemma 2.5) a sequence (g,);s; in B*NG and an uncountable
subset X, of X such that

(a) X, is a subset of some countably compact 4 cC X.

(b) for every o, 2"eX, 2’ # x”, there exists ge(g,);., for
which
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**) min{{f’, g>: f' € T’} — max{{f”, g): f" e T2"} > 1/n .

Put Y, = (g,);-, and consider the quotient space (Q(Y)), ||-|)) and
its subset 7y o T(X,). By the hypothesis of Theorem 2.1 the latter
set must be norm-separable. On the other hand, by (**) this set
contains an uncountable “discrete” subset X,. This contradiction
proves the theorem.

We now give some applications of this theorem.

Let (Z,||-|]) be a Banach space which is generated by some
weakly-compact set K C E (i.e., the linear span L(K) of K in F is
norm dense in E). Without loss of generality we may assume that
K is convex and symmetric. Consider in E* the support function
of K: h(e*) = max{{e, e*):ec K}. It is a nonnegative, convex and
positively homogeneous function. Because L(K) is dence in (&, ||-]),
it follows from h(e*) =0 that <e,e*) =0 for every ecE. This
means that (E*, h(-)) is a normed space with norm h(-).

PROPOSITION 2.6. The dual of (E*, h(.)) is exactly L(K).

Proof. Let s(e*) be a continuous linear functional in (E*, h(.)).
Then s(.) will be continuous relative the norm topology of E*.
Hence s€ E**. It is no restriction to assume that the supremum
of s(e*) on the unit ball of the norm Ah(.) in E* is less or equal to
1. Since the latter unit ball is just the polar of K in E*, s will
belong to the second polar of K (taken in E**). By the theorem on
bipolars s must belong to the closure of K in (E**, w(E**, E*)). But
K is w(E, E*)-compact subset of E and is already w(E**, E*)-closed
in E**. Therefore s will belong to K. Proposition 2.6 is proved.

DEFINITION 2.7. The (multivalued) mapping T: E — E* from the
Banach space into its dual E* is called monotone if {x,—x,, ¥ —x¥)>=0
whenever zf e Tx;,, i = 1,2. T is said to be a maximal monotone
mapping from E to E* if its graph is not properly contained into
the graph of any other monotone mapping from E to E*. Using
Zorn’s lemma it is not difficult to see that the graph of every
monotone mapping 7 is contained into the graph of some maximal
monotone mapping. D(T) will donote the set {xeE: Tx + @} and
int D(T) will stand for the norm interior of the set D(T)CE.
Using some results of Rockafellar [15] and Browder [6] it is easy
to prove (see Kenderov [9]) that every maximal monotone mapping
T:int D(T) — (E*, w(E*, E)) is an upper semiconinuous mapping with
convex and w(E*, E)-compact images.

THEOREM 2.8. Let K be a Banach space generated by the weak-
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compact, symmetric and convex set K. Denote the support function
of K by h(.) and suppose T: E— E* ts a monotone mapping. Then
there exists a demse G,-subset A of (int D(T), ||-|l) such that, for
each x from A,

(i) Tz is a singleton.

(ii) T: (&, |]-]) — (E* h(.)) is upper semicontinuous at x.

Proof. Without any harm T can be taken to be a maximal
monotone mapping. Then T: (&, ||-||) — (B*, w(E*, L(K))) is an upper
semicontinuous mapping with convex and w(E*, L(K))-compact
images. Put X = (int D(T), ||-|]), F = (E*, k() and G = L(K). Pro-
positions 2.3 and 2.6 indicate that Theorem 2.1 can be applied to
the mapping 7T: X-— F. This yields a dense G,-subset A of
(int D(T'), ||-|]) such that, for every z,€ A, the following is fulfilled:

(ep) {for every ¢ > 0 there exists an open UcX, Usz, with
p inf{h(e™* — e"*): e’* € T, ¢"* € Tx"'} < ¢ whenever 2/, 2"’ € U.

The following lemma completes the proof and shows how the
(ep)-condition can be used in order to prove that T is single-valued
and upper semicontinuous at xz,€ A in the desired sense.

LEMMA 2.9. If x, belongs to the above determined set AC
int D(T), then Tx, contains only one point and T:(H,|-||)—
(E*, h(+)) is upper semicontinuous at x,.

Proof. It suffices to show that the h-diameter of the set TU
is less or equal to 2¢. We prove this by showing that, whatever
ef,efcTU and ec K, (¢, e6f —ef><2. LetecK,e+0,and ¢ € Tx,,
z,e¢U,i=1 2. When the number ¢ > 0 is small enough, the points
2’ = x, + te and z"” = x, — te still belong to the open set Ucint D(T).
By (cp) there exist ¢'* € Ta', ¢""* € Ta” with h(e'* — ¢'*) = sup{(z, ¢'* —
¢"*y:ze K} < 2¢. In particular

@) (e, &* — ") < 2e.
By the monotonicity of T' (with the inequality applied for the points
2 and z,) we get

(b) <{e, e* —ef) = 0.
Again by the monotonicity (for the points z”, x,)

(¢) (e er —e")=0.

The three inequalities (a), (b) and (c) give (e, ef — ¢f) = (e, ef—e'*> +
{e, &* — e"*y + (e, e"* — e}y < <e, &* —e"*) <2. Theorem 2.8 is
proved.

REMARK 2.10. That every monotone mapping T: E — E*, de-
fined on the weak-compactly generated Banach space FE, must be
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single-valued at the points of some dense G;-subset of int D(T) was
proved in another way in Kenderov [9,10]. We obtained here ad-
ditional information contained in (ii) of 2.9.

Let now f: E— R be a continuous real-valued function. It is
called Gateaux differentiable at some z,€ E if there exists x} e E*
such that lim,_ (f(z, + te) — f(x,)/t = <e, x¥> for every ec E. When
K is a bounded subset of E, the function f is said to be K-smooth
(Borwein [4]) at =z, if it is Gateaux differentiable at x, and
I(f(x, + te) — f(®y)/t) — {e, x)| tends to zero uniformly for e in K
as t—0. If K is the unit ball of £ and f is K-smooth at z,, then
f is called Frechet differentiable at x,.

COROLLARY 2.11. (Borwein [4], Theorem 2.2). Let the Banach
space E be generated by the weakly compact set KCE. Then every
continuous convex function f: E— R is K-smooth at the points of
some dense Gy-subset of (E,||-||). In particular (see Asplund [2]
and Trojamsky [19] for anmother proof), if E is a reflexive space,
then f is Frechet differentiable at the points of some dense G,-subset
of E.

Proof. The subgradient ¢: E — E* of the convex and continuous
function f is a multivalued monotone mapping assigning to each
xz, € E the nonempty set a(x,) = {a* € E*: f(x) — flx,) = (& — x,, *)
for every x€ E}. Since f is Gateaux differentiable at x, precisely
when 9(x,) consists of only one point, it follows from Theorem 2.8(i)
that there exists a dense G,-subset A C E at each point of which f
is Gateaux differentiable (for another proof of the last assertion see
Asplund [2], Theorem 2). According to a known result (see Asplund
and Rockafellar [3]) the condition (ii) of Theorem 2.8 implies that,
at each point x, of A, the function f is K-smooth. For the sake of
completeness and to meet our needs in the following pages we give
a short proof of the auxiliary result. With no harm K ecan be
supposed symmetric and convex. By () we denote again the sup-
port function of K.

LEMMA 2.12. If the subgradient o: (E, ||-|)) — (E*, h(-)) is single-
valued and upper semicontinuous at some x, € E, then f is K- smooth
at x,.

Proof. Let ee K and ¢t be a number. Denote by zF some point
of d(z, + te) and by x¢ the point d(x,). According to the definition
of 9 we have f(x, + te) — flx,) = {te, x¥> and flx,) — flx, + te) =
(—te, zF). Then 0= f(x, + te) — flw,) — (te, &) < te, x} — xy). The-
refore [((f(x, + te) — f(@))/t) — {e, x¥)| = |{e, aF — x> | = h(w¥ — x¥).
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By the upper semicontinuity of o: (E, ||-|) — (E*, h(-)) at x,, h(xf — x*)
can be made arbitrarily small (when ¢ — 0) independently of ec K.
Theorem 2.11 is proved.

In the next application of Theorem 2.1 the set K will play a
role quite different from the role it was playing till now.

DEFINITION 2.13. Let K be a subset of the Banach space E,
e*eE* and t > 0. Set once more h(e*) = sup{{e, ¢*>:e€ K}. The
set S(K, e* t) = {ec K: {e, e*)>h(e*) — t} is called a slice of K
generated by e¢* e E* and ¢t > 0. The point ¢, K is said to be a
strongly exposed point of K if there exists some e¢* € E* for which
(e, €*) = h(e*) and lim, ,diam S(K, e*, t) = 0. It is said in this case
that e¢* stromgly exposes the point e, of K or, simply, that e*
strongly exposes K.

THEOREM 2.14. (Bourgain [5]). Let K be a weakly compact sub-
set of the Banach space E. Then there i1s a dense Gset A in
(E*, ||-1]) such that each ef € A strongly exposes K.

Proof. Define a (multivalued) mapping 7. E* — KC FE by the
rule: T(e*) = {e € K: (e, e*) = h(e*)}. It is not difficult to see that the
graph of T is closed in (E*, ||-|)) x (K, weak). Since (K, weak) is a
compact space, the mapping T: (E*, ||-||) — (¥, weak) is upper semi-
continuous. Put X: = (E*, ||-|]), F: = (&, ||-]|) and G: = E*. Apply
Theorem 2.1 (this is possible by Proposition 2.3). This yields a dense
Gs;-subset A of (E*,||-||) for each point ¢¥ € A of which the follow-
ing is true:

for every ¢ > 0 there is 6 > 0 such that |jef — ™| <9
(ep) {and |le} —e"*|| < ¢ imply inf{||f" — f'j|: f'e Te'*, f" e
Te"*} < e.

From this “continuity property” we will deduce now that every
eXc A strongly exposes K. Indeed, take a slice S: = S(K, e, t),
where ¢ > 0. We have to show that the diameter of S in (&, ||-]})
tends to 0 as t > 0. To do this we take any x €S, ¢, € Tef, ¢* c E*
and estimate |(x — ¢, e*)|.

Let f'eT(ef +¢*) and f"eT(er —e*). Then (& — f,e*)=
{e— f',e* +efy + {f —ey,ely +<e,—x,efy. The first two terms
of the right-hand-side are less or equal to 0 by the very definition
of the mapping T. Since, in addition, x belongs to the slice S, we
have

(1) w—fle*)<t.
On the other hand {f" — e, ¢*) = (e, — f", eXf — e*> + {f"" — e, e}>.
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Again by the definition of T the right-hand-side is <0:

(2) (f" —e,e*) 0.
From (1) and (2) we get

(3) (w—ee) <t+ = fre) =t +If = fl-lle*]l .

Given ¢ > 0, by the last (¢p) we find the corresponding 6 > 0. For
an arbitrary w* € E* with [[u*|| =1 put e* = 6u* and choose f'¢
T(ex + e*) and f"” € T(el — e*) in such a manner that ||/’ — f"'|| < 2e.
Then, for 0 <t<ed, we have by (8) (& — ¢, ou™) <t + d||lf — f"lI<
3c6. This means that ||z — ¢,|| < 8¢. Theorem 2.14 is proved.

We add one more remark. It follows from the proof that TeF
is a singleton and that T7:(&* ||-|) — (XK, |[-])c(&, ||-]) is upper
semicontinuous at ef.

Now it is clear how to prove the following result.

THEOREM 2.15. (Lindenstrauss-Trojanslci). Every weakly com-
pact subset K of the Bamach space E is the closed comwvex hull of
its strongly exposed points.

THEOREM 2.16. (Kenderov [12]). Let E be an Asplund space and
T: E— E* be a monotone mapping. Then T is single-valued and
upper seimicontinuous (with repect to the morm topologies in E and
E*) at the points of some dense Gi;-subset of (int D(T), ||-|])-

Proof. In [12] the author proved this theorem using the fact
that E is an Asplund space if and only if every bounded subset of
E* is dentable. We prove now the same theorem taking as a
starting point the fact (see Uhl [20] and Stegall ]17]) that E is an
Asplund space if and only if every separable linear subspace of E
has a separable dual.

It suffices to consider only maximal monotone mappings. Then,
as pointed out after Definition 2.7, the mapping T: (&, ||-||) — (E*,
weak*) is upper semicontinuous. Proposition 2.4 shows that Theorem
2.1 can be applied for X: = (int D(T), ||-|]), F: = (E*, ||-])) and G:=
EcE**. We get in this way a dense G,-subset A of the strongly
countably complete space X = (int D(T), ||-]||) at each point =z, of
which the following is true:

for every ¢ > 0 there exists such a 6 > 0 that |ja' — || <o
(ep) {and ||2" — x|l <o imply inf{||e™* — &"*|:e* e Ta', "% ¢
Tx'} < e.

How one can use this condition (¢p) to prove that 7T is single-
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valued and upper semicontinuous at every point of A, is shown, in
fact, in Lemma 2.9 (where instead of the norm A(-) in E* we take
now the usual dual norm ||-|| of E*). This completes the proof.

We give now a direct proof (without even mentioning the no-
tion of dentability or the Radon-Nikodym property) of the following
known fact (see Stegall [17]).

COROLLARY 2.17. If every separable subspace of the Bamach
space B has a separable dual space, them every continuous convex
Sfunction f:E— R is Frechet differentiable at the points of some
dense Gy-subset A of (E, ||-|]).

Proof. As in the proof of Corollary 2.11 we consider the sub-
gradient mapping 0: E — E* of the convex function f: & — R. This
subgradient is a monotone mapping and, by the previous result,
there exists a dense G;-subset A of (E,||-||) at each point of which
o: (B, |I-1) = (E*, ||-1]) is single-valued and upper semicontinuous.
That f is Frechet differentiable at every x,e A is proved, in fact,
in Lemma 2.12 (where the norm A(-) of £* must be again replaced
by the usual norm ||-|| of E*).

3. Metric projections. We would like to describe here one
more situation where the “continuity property” (cp) provides new
information.

Let M be such a subset of the Banach space E that the cor-
responding metric projection P: E — M acting according to the rule
x— P(®): = {ye M: || — y|| = inf{||x — 2]||: z € M}} has weak-compact
images and is upper semicontinuous as a mapping from (E, ||-||) into
(M, weak) (for instance, this is the case when the intersection of M
with any closed ball is a weakly compact set in E; the latter is
fulfilled, in its turn, when E is a reflexive Banach space and M is
weakly closed).

Define the mapping 7: E — E by the formula 7T: = closed con-
vex hull of the set P(x). It is clear that T: (&, ||-||) — (&, weak) is
an upper semicontinuous mapping with weakly compact and convex
images. Proposition 2.3 shows that Theorem 2.1 can be applied
with X and F identical with (E, ||-||) and G = E*. As a result we
get a dense G,-subset A of (%, ||-|) such that, for every point , of
A, the following is true:

for every ¢ >0 there exists such a 6 >0 that
(cp) lla" — a,]] < 6 and ||a” — x,]| < & imply inf{]]y’ — ¥"||:
yeTld, y'eTx'} <.

The key point now is the following
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LEMMA 3.1. If the Banach space E is strictly convex (i.e., the
equality ||x + y|| = ||z|| + ||y|| implies y = tx for some real number
t) and the point x, belongs to the above defined set A, then the
metric projection P: E — M 1is single-valued and norm-to-norm upper
semicontinuous at x,.

Proof. Let ¢>0 and 6 >0 be as in the last (¢p) and V:=
{xeE:||x — x,]] <8). We prove now that the diameter of the set
P(V)= U{Px:xc V}in (&, ||-||) is smaller than ¢. This is enough
to conclude that P: E — M is single-valued and norm-to-norm upper
semicontinuous at x,, Take z,2,¢V and y,e P(x,),7=1,2. When
the real number ¢ >0 is sufficiently small, the points 2'=
ty, + @ — t)x, 2" = ty, + L — t)x, will still belong to the open set
V. By the strict convexity of the space E, P(z’) = y, and P(z") = vy,.
Therefore for T«' and Tx”, we have T2 = y, and T2"” = y,. It fol-
lows now from (e¢p) that ||y, — v.|]| < ¢ and the diameter of P(V)
will also be smaller than ¢. Thus we have proved:

THEOREM 3.2. Let E be a strictly convex Bamach space and
suppose that the metric projection P: E— M has weak-compact
images and s wupper semicontinuous as a mapping from (&, ||-|])
into (M, weak). Then there ewxists a dense G,-subset A of (&, ||-|])
scuh that, at every point x € A,

(i) P:E— M s single-valued.

(i) P: (B, ||-]) — (M, ||-]]) 18 upper semicontinuous.

It should be noted that (i) was already proved in another way
in Kenderov [11]. The new information (due to (¢p)) is contained
in (ii) of the last theorem.
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