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ON INTERPOLATION OF L,[a, b] AND WEIGHTED
SOBOLEV SPACES

Z. DITZIAN

The goal of this paper is to characterize the interpolation
spaces between L,j[a, b] or Cla, b] and the space of functions
for which W(x)f (x) belongs te L,[a, b] or Cla, b]. In order
to achieve this, for a class of weights W(x) the Peetre K
functional is characterized.

We recall that the Peetre K functional on f € B, + B, where B,
are Banach spaces, both of which are contained in a linear Hausdorff
space, is given by

1.1 Kz, f)=_inf (IA£lls + 2lifills,) -

i
F=r1+fq

The Peetre interpolation spaces (B, B,)s.x for 0 <6 <1 and
1< g £ ~ are given by their norms

1.2 17 o5 = 11 leex = SUP = K(c, 1)

and

A3 Uf s = {] @K@ -2} for 15 g <
0 T

It is therefore obvious that to find a characterization of the
space (B, By, x it is enough to characterize the functional K(z, f)
in terms of f(x). It can be noted that sometimes a natural condi-
tion can be given for a function to belong to a specific (B, B,)s,,:x
without going through the function (see [4]), but it is preferable
to attain a description of K(z, f), since that will yield results for
all 1 < ¢ £ « simultaneously. In this paper f e B, and therefore
K(z, ) =inf, (|| f — glls, + llg]ls,). Moreover, for the sake of con-
venience, we shall substitute = = ¢".

The functionals in which we are interested, K.(¢", f) and K(¢", f)
are given by:

(1.4) K., f)= i?glf f —gllz +dlgllz + | W) 97l
and

(1.5) K@, f) =f ([f — glls + (W97 lle)

where B is L,[a, b] or Cla, b] and where ¢~ exists except perhaps
at zeros of Wi(x), and ¢g“" is locally absolutely continuous for z ¢
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[a, b]\{xy; w(x,) = 0}. Using the K, and K functionals of (1.4) and
(1.5), in (1.2) and (1.3), we have the norm || f|ls,. x. and seminorm
[l f1lo,s:x respectively. For 6 >0, ||fllsgx is bounded, that is, f
belongs to the interpolation space, if and only if || f||s,,. x is bounded.
This follows the simple observations that: (a) K(z, f) <||f|l and
K. (7, f) £ || fll; and, since g in both (1.4) and (1.5) can be chosen
among ||g|| < 2|| f|| (otherwise g = 0 would yield a smaller number),
then (b) K,(z, f) = K(z, f) = K.(z, f) — 2]||fllz. For 6 > 0, in (1.2)
when the supremum is taken on 7 > 6 and in (1.8) when the inte-
gral is g , the estimate (a) would imply boundedness. For 6 > 0 (b)

would ir;lply, for z < 6, that the difference between the expressions
with K and K, is bounded.

We shall solve the problem for W(x) having finitely many zeros
z; for which A,|z — «,|"" < W(x) < A,|x — 2, for x <z, or z > @,
when 7 =1 or 2 respectively. Actually in §2 we shall show how
to reduce the question to that of characterization of K(¢7, f) when
the function is defined on [0, 1] and its support is in [0, 3/4] and
where the weight function is W(x) = z*. We shall solve this main
problem in §3 for continuous functions and in §4 for L, functions.
We shall later, in §5, fully state the general result for the char-
acterization of K. We shall also state the actual interpolation
results as a corollary.

For C[0, 1], W(x) = 2* and w*(f, h) given by
(1.6) ;(f, k) =Sup Sup |4.«f(2)]

n=h (r|2)7<z

where 4if(x) = 4,(4i7*f(x)) and 4,f(x) = f(x + t/2) — f(x — t/2) we
will have the relation

1.7 Cwr(f, 1) = K(t', f) = Co(f, t) for 0 <¢ <4

It is clear that away from the singularity 0 w?(f, t) behaves like a
modulus of continuity while near 0 much smaller differences are
taken, in other words, for w}(f, h) to be small the function has to
be much less smooth near 0 than away from 0. For example,
f@) = 2® and a = 1/2 will yield w¥(f, t) ~ ¢t*®. The result in (1.7),
which will be proved in §3, can be stated also as the following
interpolation theorem.

THEOREM. Let f(x)eC[0, 1], Supp f [0, 3/4] and A, be given
by A, = {feC|0, 1]; zf"(x) € C[0, 1], f " 1s locally absolutely con-
tinuous} then fe(C, A )ox, for 00 =1 or fec(C, 4)s,qx Sfor 0<
0<1land 1 = q< o if and only if t"w*(f, t) is bounded for t<o

0
or S E"w}(f, t))'dt/t is bounded, respectively where w¥(f, t) is given
0
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by (1.6).

For L, the expression of wX(f, t) is somewhat more complicated
and the exact characterization of K(¢7, f) will be given in §4 for
the above W(x).

The problem of interpolation between || f|lsw, and || £ |l50a,61
where B = L, (or C) i.e., the case W(x) = 1 was solved and treated
extensively. (See for instance [3] and [5].)

The problem of interpolation between L,(v) and L,(z) was solved
by Stein and Weiss [6] which covers in general the case where no
derivatives are involved.

For Cf[a, b] = C[0, 1] and W(x) = (x(1 — x))"* a characterization
of the class {f; K(t”, f)/t* = 0(1), t — 0} was given by the author [4]
in order to characterize the class of functions for which Bernstein
polynomials of f(x) and their combinations converge to f(x) at a
certain rate.

For this particular case the present paper yields a different (but
equivalent) result and in addition here the K funectional is charac-
terized and not only the class {f: K(t*, f)/t* = 0(1)}. It is clear that
the difference between K, and K is bounded by 2||f|/t" and the
cases of interest would occur when ¢t" = o(K(¢t", f)), t— 0 + .

2. Some simplifications. We first observe that if 0 < A4, <
W(x) = A,

(2.1) Ky (t", f) = il}]f (I = glls +tUlglls + 1| Wg™ s
where B is L,[a, b] or C[ea, b] and

Kt f) = mE(Lf —gll + T'lglls + [lg7l2)

are equivalent norms independent of ¢ and therefore the situation
in which a continuous W(x) has no zero does not interest us in this
paper since it has already been solved and discussed elsewhere.

One can mention here that if W(x) is equal to zero on a sub-
interval of [a, b] the values of f in that subinterval will not affect
K,(t", f). In any case the treatment in this paper is for W(x)
having only isolated zeros «,; satisfying A,z — 2, W) <
A,|x — x;|* for x either only on one side of x, for that or on both
sides.

We can define

Ki(trf f) = iI;f [Hf - gllB[Zi,xi+1] + tT(”g(x)“B[ﬂ}i,Zi+1J
+ H W(x)"'g(’r)(w) HB[zi,xi.H])]
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where «;, x;;, are consecutive zeros of W{(x) or one of them may
be an edge of [a, b] even in case a or b are not zeros of W(x). We
observe

K.t f) = 3K, ) -

That K,(t", f) < 3, --- is clear from the definition of the K func-
tionals being infimums, and the inequality in the other direction
follows, since when ¢, chosen for [z, x;;,] it does not affect its
choice elsewhere. In fact there is no relation between K,(¢", f) and
K;t", f)(4# j) and all the information of f(x) can be derived
separately.

Moreover, if (a,b) is infinite, that is a = — or b= « or
both, and x; are infinitely many zeros of W(x) that do not have an
accumulation point, we still have K,.(t", f) = S Ki(t7, f).

For a single K, a linear transformation can bring [z, z;..] to
[0, 1].

To simplify even further we would like to separate the problem
into two symmetric problems near 0 and near 1.

For that we shall define the C* function 4 (x) 0 < 4, (x) <1,
Jr(x) =1 on [0, 1/4] and ¥ (x) = 0 on [3/4, 1]. Recalling

K, f) = nf ([[f — gl + (lgll + [ W™ ()1
we have
K., f) = K (U, f4,) + K&, f(L— 1)) .
We shall show
(2.2) Kyt", f+9) = MK, ), K, fF(L — 9) = MK, f) .

Therefore characterization of K.(t", f4r,) and K.(t", f(1 — 4)) separ-
ately will suffice. This is the only point where K, (rather than K)
is used since when f = ¢ and g = 0 (g4 is not necessarily equal
to zero.

To prove (2.3) we shall need the following lemma.

LEmMmA 2.1. If f,f"eL,a,b] 1< p < or Cla,b], (f"" is
locally absolutely continuous), then for 0 < k <7

2.4) L7t = M (GlLler) + 6 — a5,

where M does not depend on p nor on [a, b].

The lemma is well-known (see Adams [2, p. 81]) if M can
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depend on » and [a, b], which would suffice for this section but not
for the following sections. With M not depending on » or [a, b] I
was not able to find a reference, so a simple proof is enclosed. For
the space Cla, b] the validity of Lemma 2.1 was mentioned to me
by S. Riemenschneider who has a different proof (just for Cl[a, b])
using B-splines.

Using Lemma 2.1 we now prove (2.3). There exists g, satisfy-
ing | f — g.ll + ¢(lg.ll + [|[W7gi”|]) < 2K, (", f). Therefore

Ko, £4) S (| f — geinll + U genll + W @) ) < 11 — gl
+ tr” Wrgér) HB[0,1/4.| + t ”gt ”B[o,ﬂ + t” H Wr(ge”‘l"l)m ”B[1/4,3/4] é ZK*(#; f)
r
Lt max WS (k> 109 lotso 140 L = 2K.(#, f)

1/450<38/4

+ M| 9:" ||sr1/s,5m + Hgellsssa) = 2K (t7, f)
+ t'MlllW(w)rgvf”ﬂsm,a/u + trMHgt”B[o,ﬂ é MK*(#, f) .

In fact we have shown a little more, that is

K.(t", f) = M, iI;f S — gllswsm + T 5080 + W@ G| 510,/51)

and a similar estimate for K,(¢", f(1 — 4)) and the interval [1/4, 1].

In this section we show the equivalence treating different
K., f). In what follows K(t", f) will be used rather than K,,
but the difference is at most O(t") so that our result will relate to
K, only if ¢" = O(K(t", f)) (in which case t" = O(K,(¢", f)) too).

Proof of Lemma 2.1. We first observe that instead of proving
for 0<k<n

2.5)  fPlls = M(n, B{(® — a)*[|flls + b — &) *[|f 5},

it is enough to show
(2.6) 1 = MEX® — &) *|| fllz + & — &)l 45},

that is (2.5) with n =k + 1 since (2.5) follows (2.6) by induction.
For a £ 2 =< (a + b)/2 and h = (b — a)/2k we use the Taylor formula
with integral remainder that for locally integrable f*+" with f®
locally absolutely continuous is given by

f@+ it = £@) + g - o+ g

2.7) L on
+ “kTS (b — wFf* (@ + ) du

to obtain
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k(K )
> ( .)(*‘D""f(x + jh) = h*f ¥ (x)
=0\ 7
(2.8) 1 [k .

—k—‘-—g{ <j )(—1)""' go (Gh — w)tf**(x + u)du .
Therefore f, f*+" e L,a, b] (or Cla, b]) implies f* € L,[a, (a + b)/2]
(or Cla, (@ + b)/2]) and

h’k”f(k)”Lp[a,a+b/2] § zk”f“Lp[a b]
1 * [k (a+b)/2
+ k' J=1 <j > {Su

= 2"’”]“[;“[%” + -—kL‘— i ( )(.7h) 1 Hf(kH)HLp[a W -

i=1

S’ Gk — Wy f*(z + u)dul dx}

This can be written as

Lf Pz pte,@inm = 252K)°- (b — @) £ llzte1

&9 1 2Ky (D)
* (B + 1) ok & — )l f“ |2 ptam -

Using h=—(b—a)/2k we obtain a similar estimate for || ™[, tatse,n
or || f®|lota+sse,s1y and combining both we obtain (2.6) with the con-
stants in (2.9) for Cla, b] and with twice those constants for L,.
(The exact constants which we arrived at are not important since
they are not the best possible.)

3. The C[0, 1] case. In this section functions feC[0, 1] for
which Supp f €[0, 3/4] are investigated but, as discussed in §2, it
is clear that f eCJ0, 1] in general is actually being treated and the
condition Supp f [0, 3/4] is just for convenience.

THEOREM 3.1. Suppose f(x)eC|[0, 1], Supp f < [0, 3/4] and let

3.1) K, f) = £ (1F = gllewn + ¢1167%0C) leto)
and
(3.2) 0I(f, 1) = Sup Sup,_ |41.ef @), 45 @) = f(w45) = f(a—3)

then for a >0
(3.3) Mo (f,t) = KW', ) = Mw:(f, t)

where M, and M, depend on r and « dbut not on f and t.
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Proof. First we will show Mw}(f, t) < K(t", f). There exists
g. satisfying || f — g.|| + ¢"|[™g{"(x)|| = 2K(t", f). We have

@F(f, h) = @F(f — 9s h) + @¥g,, h)

and clearly w}(f — g, ) 27| f — g.|| < 2" K(t", f). To estimate
(g, h) we note that 77/2 < x'~* always and therefore we can
estimate 4;,.f for 7 < x'* and for 7»7/2 < x'~* < r7n separately.
We observe also that for ¢ =1 h can be chosen so small that the
first case (1 < 2'~*) always applies.

For ' =7 and » < h = t we write

| d7paf(2)] = [972™ 9" (&) = t7

2" o @) 5 22K, )

since © — (r/2)n < &€ < o + (r/2)y and |x/&| < 2.
Estimating ®}(g,, k) for »7/2 < 2** <7 (in which case only
« < 1 has to be considered), we have using Taylor’s formula

. r r 1 x4+ (1—7/2) na? l . r—1 "
[47.00(%) | = %( ; >(_r _—p Sx <x+<l— 2>77x u> g/ (u)du'
2"' x4 (l—r(2)ra® l_ " 2 a__ r—1
éllu’“gi"’(u)llm max S SAS 7@’?” “) dul )
For I > »/2
[ A2y g,
* ura
< [A=r2a] _ (; _ 7Y,
= x" <l 2> 7

For [ = r/2 the above is zero. For I < r/2, we have, since z+(I—
/2@ > 0,

Su—(l—r/z)vx“ (CL’ + (l - 7./2)779;0: . u)r—l ’du
© ura
e 1 1

< 'r—'ra—ld —_ = pri-a) I S L7 L

—Sou Yt a—et “sa—a !
Therefore using 7 < ¢

, r r r 1 ,
| 47.29,(2)| = K(F, f)?, : (,,'—__z—ij'—max(cr—%) ’ m—;—a)—"')
= MK, f) .

To prove now K(t', f) £ Myw3(f, t) we construct g,(z) such that

”f - gt”C[O,ﬂ + terMgt(r) ” é Mza);k(f; t) .
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To accomplish the construction of g, we have to define the
functions +(x) = ¥(4'x) where (x)eC™, 0= @) <1, (x) is
decreasing, J(x) =1 2 <1 and y(x) = 0 = = 3.

We also construct

0

a8 fo=(5) 1S e ] e udu-au,
and
=) -G T

hir R/ 7T r
<7 2(—1)“‘( )f<x+k<ul+---+u,>>du1---du,.

hi2r Rizr k=1 k

(3.5)

For o < 1 and ¢t satisfying 4-0+V0-o < ¢ < 4-10-2 we write

(3.6) 0:2) = 32 fossipr@)L = Yi@) + fitea(a)
where M will be chosen later and for a« =1 we write
(3.7) 00) = 3, Fuserpi @)L — @) .

We now have to show
(3.8) If = gilleon = KioX(f, t)
and
(3.9) e lamgi” [low,n = K@i (f, 1)

We recall that

@) = 3 @@ — 5,@) + f@hn()

or
@) = 3 f@ (@)L = dla)) -

(Both expressions are correct independently of a but will be used
respectively for « <1 and a = 1.)

Since in (8.6) and (8.7) at most two terms of the sum differ
from zero for any x we will prove (8.8) when we show for 47* <
x < 8-47F+

(3.10) | f(@) — firra(@)| = 07(f, 1)
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for all k¥ when a =1 and for k < I, | given by 4-¢t-og<g-tu-a
only for a < 1; but in the latter case for 2 < 3-4°! we have to
show also

(8.11) | f(@) — fif-| = 0F(f, 1) .
To prove (3.10) we have

@ = furu@| S Sup | L+ Tpao)
kg Sgam ke 2

= Sup | M.f(x)] < 0i(f, ¢) .
:::—-(T/2,)7’?2't“>4 k

We derive (8.11) as follows

| f — fime] £ t)%gngt Api=tay [ <x + 7]f— 4_l“>

= Sup |Lhen f(O)] = Sup [£:f Q)] = wX(f, 1)

ti2sn<t
c>(r/2)7;4 lay CZ(r/?)’)C”

for M =min(1, (r/8)*/*~%),since for such M, y(r/2)4""*M = (r/2)4"'(t/2)M =

(r/4)4—t4-t0-04-0-0 > 4-4pe/8. M = 47 (r/8)V*~%, (or =4' if M =1).
We shall prove (3.9) now. First let us observe

@1 @] = ](%)z( )( D, f @ + hJ2)

i=1

which can be proved following Achieser [1, p. 174] where the case
in which f, is translated to be centered at zero and » = 2 is treated.
Therefore, for 4™* < x < 8-47%"* (and k < for a < 1)

ltr raf('r)k (x)l < t137a|4—kraf(r) ra (x)| < 3ra,’. Z <‘7 ) |A“ k) r)f(x + ]t4 lca/")

< 372 max | L f(oc + jt4*’°“<%)). M Sup | Lf@)

z—(r/! 2)7]2”’)4 k

= Moy (f, ).

For f7#(x) we have

o= () (- (3 B (o

(3.15)
X { §h,rf<x + ﬂ%) Lipper f (@ + Jh/4)>} ‘

For h=t-4M, t = 4%+ and £<3-47' we derive t"||2"*f{Liay(@)|| <
Mw}(f, t) similar to our earlier calculation. To complete the proof
one has to check ¢{”(x) at points x for which g,(x) is equal to the
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sum of two terms or in other words, {r: 4 *<x<3-47 )N {x: 4741 <
x < 8-47%?% = {x: 47* < x < 3-47*+} on which g,(x) =r_,(X) fr.~ka(X) +
A — i@ fra—rara(®) = fr.o=ratra(®) + ()] fr.~ka(X) — fr.a=kara()]. Since
[vi(x)| = M4* we have to estimate only f/7l(x) — fi5ia(2) and
we will use on this function Lemma 2.1 where b — a = 2-47%+,
Using (3.14) (for » = » in the lemma) and using (3.10) for % and
k — 1, we obtain in 4-*+' < g < 8-4-F+!

£ () | F (%) — £ Dera®)| S Mo a4y =0k (f, t)
+ M A% 4B X (f, 1) .

Recalling t z™4* < 127¢74*"%~* which is bounded for a = 1 or other-
wise bk <l and ¢t < 47'"~® which still implies that t"z"*4*" is bounded,
we have 2|y (@)(f®) — fUGh(@)| £ Mwi(f, t). Similarly
we can treat g,(x) in 47! <z < 8-47%a < 1), (using (8.15) instead of
(3.14)).

4. The L, case. The expression for w} for the L, case is
more complicated. Possible different expressions for w} will be
discussed in §5 but a complete result will be obtained here with
w} given by

kolt}

wi(7, 1) = Sup { 3 |71 msef () o]

1/p

k=1

(4.1) e
+ Sup {S | 455 @) rdal (@)
pstl/i—a 0
where 4.f in this section is a forward difference given by 4f(x) =
fl@+ p)— f(x), d@)=1 for a <1l 6(@)=0 for a =1 and Fkyt)
given by k,(t) = Max {k: 4 + tr4-** < 4%}, One can observe that
for tr < 1/4 and a = 1 there is no bound on % and we replace k,(t)
by o. In accordance with the discussion in §2 we have Supp f C
[0, 3/4] with no loss of generality.

The functional ®}(f, t) represents the L, smoothness of f in
exactly the same way as the » modulus of continuity does when
away from the singular point, in this case 0. Near the singular
point the function need not be as smooth. The expression (4.1) is
a quantitative measure of smoothness needed near 0 (the singular
point) as well as elsewhere that expresses the above qualitative
description. For K(t", f) given by

(4.2) K, f) = irzf (f = glly + 129 [],)
we can derive the following theorem.

THEOREM 4.1. For f(x)e L, and Supp f [0, 3/4] we have
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(4.3) Awz(f, 1) = K", ) = Bwi(f, t)

where K, f) and @oX(f,t) are given by (4.2) and (4.1) respectively.

Proof. We first show wi(f,t) < AK(", f) for some A > 0.
By definition of K(t", f) there exists g, such that || f—g,||<2K(t", f)
and t"[[a™gi"(x)|| = 2K(t", f). Obviously wi(f,t) = w}(f — gt) +
®¥(gy, ).

To estimate w}(f — g, t) we write f — g, = F, and

@} (F, t) < r Sup Sup <;>

7=t J

A3 TR 4 miapae ) 2R

E=1 Jg-n

Since 4% 4 trd4—* < 4% (also 47** 4 tr4-** < 47-*?), each point
{=ua+nja* xe[47% 47%"] appears for fixed 7 and 7 at most twice

and therefore w*(F,, ) < r sup, (;)41{@: f) + 22K, f).

Somewhat more complicated is the estimate of w}(g,, t). Using
Taylor’s formula (and forward differences), we have

kolth ¢, ki1 Up
1= 8w (5 7 gro o) Pas )

pst \ k=1 J;—k
(o= or

(@ + gpa—wy g wyin| do )

kolth e, k41
= Sup( > S

<t \ k=1 J4—k

wam_’“’

x

=< M,(r) Sup Sup
7t jsr
kolth o k1
(2
=1~k

Observing that

[+ gnd="—u) " fulug{" (w)du

’ dx)w .

Sxﬂm'k"‘

(@ + jpu™ — W (G4 e 4
ura - (4——ka)r - 401

z+h
and writing M[u g{")(x)=Sup, l/hg ! luwg”(u)|du, the Hardy-Little-
wood maximal function of u™g\”(u), we have for 1 < p < =

kolthe, ot 1/p
1, = M) Sup Sup 7 ( {7 Mg @) o)

k=1 —k

= M(r)U2K(@, f) .

For » = 1 we estimate I, by Fubini’s theorem (using k,(t))
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kolthe, ki1 z+ e ke

IL = M(r)t S_tglp J [w 9" (w)|dudx
=T

k=1 -k

kolt}

—k+2
< merr 2|7 weer ) du < EM@KE, £) .
=1 J,—k
For @« <1 we have to estimate one more term i.e.,

I, = Sup {SOIA;gt[’dx}‘“’ .

ﬂgtl/l—a

Following the above and using Taylor’s formula around =z +
(r/2)7,

r=usu [ {['+}

Jsr

z+r)—37 . p
[ + o = gy — wy-gp )| dulrda |
z+(r'2)7y
=J, +J;.
Forx >7nor j<7»
l(x + ) — .777 _ u)r_l ‘ < (l] - 7‘/2]77)“’ < cyir—ra»-l
ura - (n)ra -

and the estimate of J, proceeds as that of I, since »"* < ¢". For
x <7 and j = r(u > x)

(x+rn —r) —u)y
ura

IA

r—ra—1
u

and

z
S u'r—ra—ldu ~ 7]1‘(1—&)
z+(r/2)y

Therefore we have

1/p

n T4 (ri2)y
J1 é C{S vr(l—a)p/qs lumgt(ﬂ(u) Ipur(1~a)—1dudx }
0 £

i/p

7+(r2)y
< ¢ fpre-ermprico [T fwregio ()| dul
< Oy ||lweg" )| < CF [|ugi"(w)]| < 2CK(E, £) .

To prove K(t", f) < Bo}(f, t) we define g, which will satisfy [|f —
9:ll, = Bw}(f, t) and ¢'||a"g" ||, < Byw}(f,t). Define f,, fi¥ and g,
the same as in §3 by (3.4), (3.5), (3.6) and (3.7) with possibly
different M in (3.6).

To show ||f — g:|| = Bw}(f, t) we write

1F = 00 = C{ S [17@ = fraselo) P[4 @)L = ula)) P

=1

+ \17@) = Fumtenl? o) P}



ON INTERPOLATION OF L,[a,b) AND WEIGHTED SOBOLEV SPACES 319

which follows since the sum is finite for every .
Since f,.,~r(x) can be written as

st = () [

7‘ . s —ka . o0
X ( ; )f(x+lc(u1+ Fu )y, - - -du,

and since 0 =+, <1 and +,_,(1 — ) = 0 in [47*, 8.-47F+'], the kth
term

Szj_kﬂ|f — frara|Pdr < <_';~_>7St/r . St/r

k 0 0

Ry
~ S lAruﬁ----+ur)4‘k"‘f’pdxdul' - -du,

—k

r(t/r t/r a—k+2
+ (—) g o .S S lA'Zul...u,.)4“(k—1)a/4af(x)Ipdxdul- . 'du,- .

0 0 4~ k+1

We observe now that with p=wu,+---+u, or p=4"%(u,+ -+ +u,)
and since the integral is the same for all terms, we have on
L[4, 1]

1F =gl = (2|7 [T tres, 0 + 0207, aldu, - au,

= Cox(f, t) .

Similarly we can treat the remaining integral remembering
that 4-000-0 < ¢ < 470-2 gnd ¢-47* < 477 and 4-'M < t/*-* for
appropriate M. To estimate [|x™g{”| we shall observe first that
(3.14) and (3.15) are still valid for f e L, except that the result is
valid almost everywhere rather than everywhere.

Rewritten to take into account forward difference, we have
for (8.14) and (3.15)

@ et = (L) 3 (] )it @) ae.

and

(4.5) iieul(®) = ('?)(1"(%))4 JZ; (;>(_1)j+1
X AL imemtanf (@) — Lpmitanf(2)}  a.e.

Using (4.4) and (4.5), we have
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3-4—k+1
t”’S [ f k() |Pd e

4~k

4 k+1

< M(r) max ja_k | 5oy itn F (@) [P0
1sjsr J4

(4.6) —kt1

gM(r){maxS L mere f@) Pd

1Sj<r J4—

s—k+2

+ max S IRV f(ac)l”dx} .
1=j<r Jamk+1

We notice that it is a maximum or a finite number of terms and

j(t/r) and j(t/r)4—* are smaller than ¢ and moreover it is a maximum

on the same terms for all k. Similarly one can estimate

4—lrl
t”’g " ity [Pl
0

To conclude the proof let us follow Lemma 2.1 in much the
same way as was done in the proof of Theorem 3.1.
To calculate the L, norm of ¢g{”(x) we recall that in

{o; 475 <o <847} gy () = fr.imrara()
+ "lfk—-l(x)[ft%_"“(x) - ft-4“k"+"(x)] )

and since [, | < M4*, we have to estimate in L, [47%+, 8.47%+]
(@) — [ ieia(x) and for this we use (4.4) and earlier estimates
in this section together with Lemma 2.1 where b — a = 2-4-*+.,

It can be seen that the estimate for L, norm in [47%+! 3.47%+]
is given by a maximum of a finite number of terms that depend
on j and » but not on k. Using this and the fact that in the
sums (3.6) or (3.7) we have for any x only two nonzero terms, we
can conclude the proof i.e., t||z™g{" || £ Bwi(f, t).

If » is even, we can write w,(f, , t)

koltl rq4—k+1 1/p
o (f, 2, ) =Sup { 3 | 145-wef (@) e}

k=1

+ sw {["ars@ e},

ﬂé;l/l—a

4.7

where the differences are symmetric (4,f(x) = f(z +9/2)— f(x—7/2))
and k,(t) = Max (k: 4% — tr 4% > 4-*'), In this case one can prove
similarly:

THEOREM 4.2. For f(x)e L, Supp f|0, 3/4], we have for t <t,
(4.8) Aw,(f, », t) = K1, f) = Bw,(f, », 1) .

Actually Theorem 4.2 does not yield a new result, just a similar
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characterization which is proved following the same method, but I
believe that (4.7) and ,,(f, p, t) will be convenient using symmetric
rather than forward differences.

5. Conclusions. In this section we will use the two main
results for §§3 and 4 as well as considerations of §2 to obtain a
global description of the K functional (which is a sum of translates
of the local case) and also the interpolation theorem involved.

DEFINITION 5.1. A weight function W(x) on [a, b] is of class A
if it is a continuous nonnegative function with finitely many zeros
at a =z, <2, < -+ <x, <b such that 0 < 4,;|x — o;|* < W(x) <
Ble — x® in 0<(x—x)(—17<d where a;>0 1=1---,n
and j =0,1 and where, in case x, = @ or z, = b, the above condi-
tion for i=1,j=1 or i=mn,5 =0 is void. (a¢ and b might be
— oo or oo respectively.)

For W(x) of class A we may define the modified modulus of
continuity as follows:

For feC and ¢ < ¢,

(5.1) xS, W,C) =23 8up  Sup |4 «f(x; + (—1)2)]

4,5 <t (rl2)p<zl—ag j
x<d/2
+ Sup {[A;f(x)l;w +r 2 €la, 8] and |2 — x| >i} .
7<i 2 4
For feL, and t <t, we have

(5.2 oXf, twiL) = Setu(f 0+ Sw | srpedd”

le—x;1>d/16
where ®},;; are the expressions given by (4.1) with a,; replacing
a, f(z; + (—1)'x) replacing f(x) and k starting from k, rather than
1, (chosen so that 4%+ < d/2, and therefore the distance between
2, and z; + (—1)’x is less than d/2). Both expressions are measure-
ments of smoothness showing that near a zero of W(x) less smooth-
ness is needed and that the amount of relaxation in smoothness
depends on the rate at which W(x) tends to zero near z,.

Now using the introduction, § 2 and the main result in §§ 3 and
4 we can conclude the following interpolation results:

THEOREM 5.1. For W(x) of class A, feCla,b] or feL,a,b],
and the expressions K, f), o}(f, t; w; C) and w}(f, t; w; L,) given
by (1.5), (5.1) and (5.2) respectively, we have for t=t,(t, small
enough)
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(6.3) Mwy(f,t;w, B) = K", f) = Mo} (f, t, w, B), 0<M,<M,<oo
where B is either Cla, b] or L,a, b].

THEOREM 5.2. Under the conditions of Theorem 5.1 and when
the interpolation space (B, B(r, W))s ..k, %S given by the norm in (1.2)
and (1.3) using the functional K.(f,t) defined in (1.4) for B=C
or B = L,, we have f € (B, B(r, w))s,,.x. tf and only if
(5.4) Sup t"w}(f, t, w, BYSM(f) for q= and B=C or B=L,

0<tsty

respectively and
(5.5) S:o(t‘”’wf(f, t, w, B))‘-’d-?th( f) for 1=q<e and B=C or B=L,
respectively.

6. Remarks and generalizations.

1. In an earlier paper [4] the author proved for Bernstein
polynomials, B.(f, %) for 8 <2 [[B,(f)— fllown = 01/n*) if and
only if |[z(1 — x)?4£if| < Mh®, as a result of the equivalence of
K, f)[* <M and Sups<.<, . |[#(1 — ®)]*4f | < Mh? where K(¢’, f)=
inf, (|| f — gllc + |lz(1 — 2)9"(x)||;). This paper yields the new
characterization of ||B,f — flloo,1 = 0(n~#?), that is ||B,f — fll =
0(n=#%) if and only if || iz fllcw? 1-15 <Mh? where a of our Theorem
3.1 is 1/2. Similarly with respect to other results of [4] one can
deduce additional results from Theorem 3.1. (Results on conditions
for rate of convergence of combinations of Bernstein polynomials.)

2. For the case C[0, 1] given in §3 the condition K(t", f)/t* <
M (which is an important case) is equivalent to

Sup |z 4y f | < MhP .
(r[2)h<z<1—(r/2)h
We did not go that route in order to characterize the K functional
completely and not just the case K(t", f)/tf < M.
3. An alternative for wj(f, t) could be

§ 1-C 1/p
wz*(f, ) = Sup (| |4ef @)l )
(6.1) = 4 1
+ S}l/p (S ”[A?ff(x)v’dx) " for a <1
pstlil—a >
and

1—-C 1/p
@x*(f, t) = Sup (S | #ef@)Pdz ) for @z 1,
7St 0
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While in proving wi*(f, t) < AK(t”, f) there was no problem, the
author was not able to show K(t, f) < Awi*(f, t).

4. Various « were treated and while the case a = 1/2 has
already yielded a result about the rate of approximation of Bernstein
polynomials, the rate of approximation of the Post-Widder inversion
formula for Laplace transforms or the Gamma operators relate to
a = 1 and together with a much wider class of operators will be
treated elsewhere.
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