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STRONG COMPLETENESS IN PROFINITE GROUPS

ANDREW PLETCH

A profinite group is strongly complete if every subgroup
of finite index is open. In this paper it is shown that a
profinite group with finitely generated p-Sylow subgroups
is strongly complete and that if G is a finitely generated
strongly complete profinite group and A is a finitely
generated pseudocompact G-modulo then any extension of
A by G is strongly complete.

The purpose of this paper is to extend some results of Anderson
[1] in the theory of strong completeness of profinite groups. A
profinite group is a topological group whose topology is Hausdorff,
compact and has neighborhood base of the identity consisting of
certain subgroups of finite index. A profinite group is strongly
complete if every subgroups of finite index is open. Since all open
subgroups are also closed, a strongly complete profinite group has
no dense subgroups of finite index except itself.

QOur first result is:

THEOREM 1. Let G be a profinite group, G, a p-Sylow subgroup,
UG with (G:U) =n < 0. U is open in G ifand only if UNG,
is open in G, for every prime p which divides n.

COROLLARY 1. Let G be a profinite group all of whose p-Sylow
subgroups are finitely generated. Then G is strongly complete.
Our second result is:

THEOREM 2. Let A>> E — G be a short exact sequence of profinite
groups. If G is a finitely generated stromgly complete profinite
group and A is a finitely generated pseudocompact Z[[G]]-module
then E is strongly complete.

COROLLARY 1. Let A E - G be a short exact sequence of pro-
finite groups where G is as in the theorem and A contains a
finite sequence of subgroups which are normal in E: A=A, =
A = ---= A, = (e) such that A,/A,., is a finitely generated pseudo-
compact Z [[G]]-module for © =0, ---,n —1. Then E 1is strongly
complete.

In this paper all groups are profinite, all subgroups are closed,
and all homomorphisms are continuous unless otherwise stated. We
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will call a proper subgroup of finite index large.

1. For any group, G, z<€ G, the closed subgroup generated by
x, {xy, is cyclic and so there is a continuous homomorphism p:
Z - {wy defined by p(\) = «*. Writing Z as [[, Z,, the product over
all primes p of p-adic integers, and then as Z, x [I,., Z, and allow-
ing the generator of Z X (0) to be (1, 0) and the generator of (0) X
.+, Z, to be (0, 1) one sees that (@™ is the p-Sylow subgroup of
{xy and (x®Y) its p-complement. Finitely generated pro-abelian
groups are known to be strongly complete. Hence any homomorphism
from {x) to a finite group is continuous. With this we prove:

PROPOSITION 1. Let U be a large normal subgroup of G, U not
necessarily open, x€G such that Te(G/U),, p-Sylow subgroup of
G/U. Then 2 = in G/U.

Proof. The morphism <{x) to <(Z) < G/U is continuous as we
have noted. <Z) is a finite cyclic p-group. Since xz = x®? .2 and
2" is an element of G whose order is prime to p, its image <{Z) is
the identity. Hence

T = B0 . 00 = L0 p00 — 0 ]

We call an element of G a p-element if it belongs to some p-
Sylow subgroup of G. For all z in G, z*” is a p-element and z is
a p-element if and only if x = 2%% (see [4]).

A net of elements {x,} of a profinite group G converges to an
element z if for all open normal subgroups V of G, z,V = xV for
almost all «.

PROPOSITION 2. Let {x,} be a net in G converging to a p-element
2. Then {x3%} is a net of p-elements which also converges to x.

Proof. If x is a p-element then for any open normal subgroup
V of G, 2V is a p-element in G/V. By Proposition 1, 2,V =
23V if 2,V =2xV. The set {x{”} is clearly a net and hence the
result.

Before proving Theorem 1 we need the following lemma.
LEMMA 1. Let U<1G, U not mecessarily closed, such that for

some p-Sylow subgroup G, of G, UN G, is closed in G,. The set of
all p-elements in U ts closed in G.
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Proof. Let U,= UNG,. The set of all p-elements in U is
uunGa;= U U;

reC xer
since U is normal. Consider the function U, X G — G defined by
(u, 9) — g~'ug. Since U, is closed in G, it is compact and hence the
funetion, which is easily continuous, is a closed function. Its image,
which is precisely the set of p-elements of U, is therefore closed
in G. ]

Proof of Theorem 1. Let U<IG of finite index. If U is open
then UNG, is open in G, for all G,. Conversely suppose there
exists large U not open, the quotient group U/U has a nontrivial
p-Sylow subgroup for some prime p. Hence there exists x ¢ U such
that € #2e U/U is a nontrivial p-element. By Proposition 1 we
may assume 2z is a p-element of G. Since x ¢ U there is a net {x,}
of elements of U which converges to z. By Proposition 2, the net
{x$"} also converges to x. Clearly, x,€ U then z8” e U by the
strong completeness of (x,». Hence the net {x®} is a net of p-
elements in U which converge to a p-element 2 not in U. By
hypothesis and Lemma 1, the set of p-element of U is closed in G.
Hence x must be a p-element of U, contradiction. ]

Proof of Corollary 1 to Theorem 1. Finitely generated pro-p-
groups are strongly complete, [1], [6]. Hence if U<1G, U large
then UNG, is large in G, and so open. Therefore the theorem
applies.

The above corollary is another proof of the result due to Oltikar
and Ribes, [5], that finitely generated prosupersolvable groups are
strongly complete since in the same paper they prove that such
groups have finitely generated p-Sylow subgroups.

2. In this section we first show that the completed group
algebra Z[[G]] (which we denote by 4) for a finitely generated
profinite group, @, is in some sense strongly complete. Let Mod (G)
be the category of G-modules, G considered as an abstract group.

PROPOSITION 3. Let G be a finitely generated profinite group,
A < 4 such that 4/A is finite and A€ Mod (G). Then A is open in
the topology of 4.

Before proving Proposition 3 we first review the topological
structure of 4.
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4~ lim ZnZG|U).

i
2,U open
A neighborhood base of (0) consists of the kernals, 7, , of the con-
tinuous morphisms 4-» Z/nZ(G/U). 1In [2], Brummer notes that
7, is the closed ideal generated by {(v — 1)|ue U}. In fact, as a
pseudocompact A-module, 7,, is precisely nd + >, 4(u; — 1) where
{u;} is a set of topological generators of U. Therefore if G and
hence U is finitely generated I,, is a finitely generated pseudo-
compact d-module.

Proof of Proposition 3. Since 4/A is finite, there exists n such
that nd < A. As well, 4/A is trivial U-action for some large but
not necessarily open subgroup U of G. However U contains the
topological generators {u,, ---, u,} of U, its closure in G. In this
case I, 7 = nd + X5i_, A(u; — 1) = nd + >3, 4(u, — 1) and since clearly
B=3%_4u; —1) < A one has I, 7 < A which implies A is open as
well. |

The category of pseudocompact 4-modules, PCZ, is studied by
Brummer, [2], and in the thesis of Gabriel. These modules are
inverse limits of finite discrete G-modules with the corresponding
profinite topology. If MePC: and M is (topologically) finitely
generated then M is the continuous homomorphic image of @™ 4,
for some finite m.

COROLLARY 1. Let G be a finitely generated profinite group,
Me PC;, M finitely generated. If A< M such that M/A is finite
and A€ Mod (G), then A is open in M.

Proof. If w:@™ 4 M is defined, which is the case for M
finitely generated by at most m elements, then one easily shows
7~(A) open in @™ 4 and hence A is open in M. 1

We now prove Theorem 2.

Proof of Theorem 2. If U is a large normal subgroup of E but
not necessarily open, its image in G is open since G is strongly
complete and UN A is open in A by Corollary 1 to Proposition 3
since UN A is preserved under the action of G and hence belongs
to Mod (G).

Consider the following commutative diagram of profinite groups

A »» E 5@

l A

AlUNA—»EUNA» G.
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Clearly p~'(o(U)) = U and p is continuous so it suffices to show
o(U) is open or closed in E/UN A.

However, m, is a monomorphism when restricted to p(U) and
mwoo(U) is open in G. Therefore, restricted to m,0p(U), x, has an
inverse zi*, such that @, o7 = 1.,y and w7t o, = 1,,. Hence there
is a topology which we can place on p(U) to make it a profinite
group. Namely, V < o(U) is open iff 7,(V) is open in G. But this
is clearly the original relative topology on po(U). We argue as
follows: Let V< E/ANU be open in E/ANU. Then z,(VNp(U))
is open in G. Hence VN p(U) is open in po(U) equipped with its
profinite topology.

Hence the profinite topology of p(U) is finer than its relative
topology. Conversely, if the profinite topology is properly finer then
we extend this topology to a profinite topology on E/A N U. Hence
E/ANU can be equipped with two profinite topologies, one coarser
than the other and this is impossible. Hence the two topologies on
o(U) are identical so that p(U) is closed in E/ANU since it is
compact. Hence the result. N

Proof of Corollary 1 to Theorem 2. The profinite group, F, of
Theorem 2 is finitely generated. By the Theorem, E/A, is strongly
complete. By induction, if E/A, is strongly complete then the short
exact sequence A,/A., — E/A,., > E/A, shows E/A,,, to be strongly
complete. Henece, by induction, the corollary holds. O

Finally we notice that in the case A>» E—» G verifies the
hypothesis of Corollary 1 to Theorem 2 then F is finitely generated.

PROPOSITION 4. Let A>> E-» G be a split short exact sequence
of profinite groups where E is generated by n elements and A is
abelian. Then A s a pseudocompact Ad-module gemerated by =
elements.

Proof. A similar results is proved by Hartley, [3, Lemma 5]
for finite groups and easily carries over to profinite groups. O

COROLLARY 2 TO THEOREM 2. If A E-—-»G ts a split short
exact sequence of profinite groups such that E is finitely generated,
A 1s abelian and G is strongly complete, then E is strongly com-
plete.

Proof. Proposition 4 allows us to say A is a finitely generated
pseudocompact G-module and so we may apply the theorem. O
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