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CERTAIN TRANSFORMATIONS OF BASIC
HYPERGEOMETRIC SERIES AND
THEIR APPLICATIONS

V. K. JAIN

We obtain identities of Rogers-Ramanujan type related
to the modulus 13. We also obtain the g-analogues of the
nearly-poised summation theorems and use them for obtain-
ing ¢g-analogues of general transformations of nearly-poised
hypergeometric series. We also discuss some important
applications of the transformations obtained in this note.

Recently, Askey and Wilson [4] derived the transformation

a’, b, e, d; g q j o, b, A5 g% ¢ ]
1.1 —_— — = 3 ]
(-1 4¢3[abl/ 7, —abVq, —cd] # | a®b*q, —cd, —cdq

(provided a, b, ¢, or d is of the form ¢, N a nonnegative integer).
In an earlier paper [11] we have an alternative proof of (1.1). We
begin this note by showing in §3 that all the transformations
proved by Singh [13], for obtaining the g-analogues of identities
of the Cayley-Orr type, can be deduced from (1.1). We also show
that (1.1) may be used effectively to prove the following trans-
formation:

¢ a, QI/E "‘QI/—E, ’iq""’ ——iq—n’ _q—n, q—n, 0; q; __aql+4n—!
8¥'6 1/—&" —]/_a,—, __?:aql+n, ,l‘/aq1+n, __aq1+n’ aqH—n J

__lag; gl 3¢2[—Q‘“, ", 05 qu
[eg* " ¢!l | g™/, ¢*"/a ’

(1.2)

due to Andrews [2] which is his key result for obtaining the iden-
tities of the Rogers-Ramanujan type of modulus 11. In fact, we
shall prove the transformation:

— — 2 2420
; a, 0 a, —qV a, ¢ e, —e, —q", ¢ q;i%;;—
8¥7 — —
V' a, =V a, ag/e, agle, —aqgle, —ag"™", ag**"
(1.3) _ [0*¢; ¢’l.—ag/e: gl.,
[@*@/e; ¢*).]—aq; ql..
2 2 -
23_2_q—2n—1’ Eethzn’ 62, q-—Zn; qz; qz
X[a2q2/0262; qz]nem ¢ a a
3
[a?q?/e?; . ¢ %czq—zn, __e_az_q—zn’ ____e_z_ql—2n
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which is a generalization of (1.2) and to which it reduces for e =
iqg", ¢—0. (1.83) can be used with advantage for obtaining the
identities of Rogers-Ramanujan type related to the modulus 13, not
given, thus for. In the sequel, we also present a generalization of
(1.1) along the lines of a similar result of Burchnall and Chaundy
[9].

In §4, we prove the g-analogue of the summation theorem for
the nearly-poised ,Fy(1):

T A+ 20— e)y(—20)

(1.4) 4F3[

2a,1 + a, ¢, —N: ] (2a — 2c)y(—C)w
a,1+2a —¢,1+2¢c— N

in the form

(L.5) [az» ag, 6, € ¢; 4 J _ [@’/e’; qlsle™; alul—ag/c; aly
' | a, arqfe, g [a*q/e; qlyle™; qlul—alc; alx

This result also gives the g-analogue of the summation theorem for
nearly-posed .F,, viz.

(1.6) F[Za, o —N; :l _ (2a—2¢)y(1+a—c)y(—C)x ’
P M1t 2a o142 — N (T+2a—e)y(a—0)u(—20)y

on replacing ‘a’ by ‘—a’ and then proceeding to the limits in the
usual way.

In this connection it may be of interest to note that Andrews
had obtained a g-analogue of (1.6) in the form

p [az, ¢, ¢V, —a’g’/c; q; Q] _ [ qlsla’e™; gl
L azgle, g, —atqfe [a*ge™; qlyle™; qlw
A+ @) — @) + alget( — @Y + e}
1 = a*e™(Q + a’c'q)

1.7)

However, in view of the identity
& ¢, q ", —d'd’le; ;9] (1+a) a’, —agq, ¢, ", q; q
3Lﬁq/c, g, —a’q/e }_ (1+acq)" 3[ —a, a’qle, ¢;q"Y :’
_ all —age™) [ [@ 6, a7 q; 42]
(L + a*ge™ " atgle, g
_ (1+a) o, —ag, ¢, ;49
B m4 3[—a, alqle, ¢*¢" }

_al —age™) [_az, cq, ¢°%; q; Q}
(1 + a*qe™) 37 Laz(I/C, gt

(1.8)
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agl—age)(1—a?)(1—q¢") .[a'¢ cq, ¢V 4;q]
A+aee ) (I—age ) 1A—ca " L adle, c¢-r |’

(the last two series may be summed by g¢-analogue of Saalschiitz
summation theorem), it is not difficult to show the equivalence of
the summation theorems (1.5) and (1.7). However, we prefer to
stick to the form (1.5) as it has the added advantage that it gives
the g-analogue of (1.4) as well as of (1.6) in an straight forward
form.

The summation (1.5) has been further employed for obtaining
two transformations connecting a terminating nearly-poised Saals-
chiitzian ¢, into a terminating well-poised ,,6,,. It may be remarked
that Bailey in his book [7] has mentioned four known transforma-
tions of nearly-poised hypergeometric series [7; 4.5 (3-6)]. The
g-analogues of two of these [7; 4.5(3) and 4.5(6)] only were obtained
by Bailey [8]. The above two transformations deduced by us are
g-analogues of the remaining two transformations 4.5(4) and 4.5(5)
given in Bailey’s Tract [7]. We conclude the paper by obtaining
the summation formula

0,0 a, —0/q, 2, Lo, VT, —V A, VG, —VE, T 05
10¢9 — —_—
— S d v aqg _ aq q _ q §
L9 |[V'& —Vadg—g" 25— a\/E’ a\/}l—, ag+
_ _lag; ql¥la’qd”?; qlx ,
[agd™; qlyla’qd™; qly

which is a g-analogue of a summation theorem for well-poised ,Fy(1)
(different from the Dougall’s theorem) due to Bailey [7; Ex. 8, p.
98] (see also [6]).

2. Definitions and notations. If we let,
lgl <1, (a5, =1 —-a)1—ag---1—ag"™, [a;ql, =1
and
la; ¢l = 11 1 —-aq),
then we may define the basic hypergeometric series as

Qpy Qgy =+ 0y Api1; 5 X
p+1 P+r':bl’ bz, . bp_H, j|
— < las; gl - - [ap0; gl(=)mamg/mnn

=0 [; al.[b; ql. - -« [By1rs ql

’
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where the series ,,,4,..(x) converges for all positive integral values
of » and for all x, except when » = 0, it converges only for |z|<1.
Further, we shall denote by

@iy Uz "0y s G s H(l a.¢)---(1 — a,9°)
11 [bu By oo, :', the infinite product T b (= b

3. For obtaining the transformations used by Singh [13] to
obtain the g¢-analogues of identities of Cayley-Orr, we begin by
setting b = ak, ¢ = —a*°k’¢" and d = ¢~" in (1.1) to obtain

at, a’k?, —abkiq”, ¢~V; q; q a?, K, a'bktq®, ¢~ ¢; ¢
(3'1)4¢32 — 2 " epel.e 495 2 2 472 :
bV q, —a’kV q, a?b’k (abk)q, (abk)?, a'kiq

Using the transformation [12; 8.3]

[a, b, ¢, q7"; q; q]
4¢3
e, 9,h

(3.2) [i;q][ L9, ] <, L, e aqq
_ ab a b
- 4¢3 ¢ ’
[g; q]N[ b,q] e, —ql v, hq -

(where abc = eghg”™*) on both the sides of (38.2) (in the left hand
side with a— a%?, b— —a®’k’q", ¢ — a?, e — (abk)’, g — a’kV q, h —
—a’kV ¢ and on the right hand side with ¢ — ¢% @ — a?, b — (abk)‘q®,
¢ — a’k?, e — (abk)’q, g — (abk)’, h — a*k’q), we get

2 B2 __ 4—N =N. o -
[Va y b , —q 7,4 75,459 B [azq; qz]N[bz; qz]Nkzzv
s (abky, Lg-vrl _1g-ve 1|7 [0k ¢lylkg; ¢l
(3.3) L 2"k 2
l’ 2]02 bZqu’ (abk)—qu—ZN, q—-ZN; q2; qZ
X 4¢3 2b2k2 b2 ‘7 2N’ lz_q1~2N

Again, using the transformation (3.2) on the right hand side of (8.3)
(with ¢ — ¢, a — ’F, b — 1/(abk)* ¢, c—b*k’q, e—b~?¢**Y, g—a ¢,
h — a’b’k’q), we have
a‘z, b2, —q_N; q~N; q;q
4¢3 2b2k2 k—l —N-+ l ___k—l —N+_l_
TRy TR
(3.4) _ [ 1[0 ¢*lu[(abkq)’; g1y
[a’0’k?; qlon[F*q; Ply
[0°kq, a’k’q, (abk)™*¢, ;5 ¢ qz}
‘.- b—zqz—zzv, a-zqz—zN’ (abkq)2 °

X 49
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Once again using the transformation (3.2) on the right hand
side of (3.4) (with ¢— ¢, a — bk’q, b — a’k*q, ¢ — (abk)’q**", ¢ —
(abkq)’, g — b~*¢ ™™, h — a7’¢**"), we get

a0, —q ", q"; 0,9
@ 2yl ko L g+l
a ’ q 2 ’ q 2
3.5) [k @LIbH ¢'Tul(abka)’s @'l
B [(abk); qlnlk’a; @*lx
a’q, b%q, (abk)* ¢, ¢7*; ¢ qu
493 (abqu, b-zk—zqz—w’ a’~2k—2q?—21v

(3.5) is one of the results proved by Singh [13]. All the other
results due to Singh [13] may be deduced by applying the transfor-
mation (3.2) to (3.1) and (3.3) (see [1] for details).

Next, for proving (1.3), we start with the Watson’s transfor-
mation [14; 3.4.1.5]:

— —_ 2 .24n
a, ql/ a, —'ql/ a, ¢, d, ¢, fy q——n; q; "‘g‘g“'—
obr cdef

¢c d e f
[-ag q]n[ ] q e, f, T4 q
ef

]:aq, q] [aq, q] ef - aq (:zq

(3.6)

Reversing the order of the series on the right hand side of
(3.6), we obtain (on setting f= —e,d = —q¢™):

. " 2 2+2n
a, Ve, —qV a,ce —e, —q ", g q; % iez
o I . ‘
1/(1, —1/ a, gc—q, geg’ _%q’ ——aq“f", aq“"
( a9)"[aq; ql.le% ¢, [ g q]
e[ —agtt™; Q]n[—§Q:] [izq_; qz:\
(4 2l e n
—2n —n
[ o
e a a
B3l 1

q —-n ql—n _cq—2n
’ ’

e e a
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[¢*; ¢°).[a’g%; q“‘]n[ -%. q] (—ag)"

—[ aq,q]m[ . ,ql[“f,q] "

__!l—q q—2n 02

- -2
Sy —E—y 50T ¢
¢ e a a’
X 473 2—2n ’
q c _ C i
= —Zq Zn’ ___ql 2n
e a aQ

(using (1.1) with o’ — —ag/e’, b*— — ¢*"/a, ¢ — (¢/a)g™", d —q7")

22
q.
20 ’ q:l?n

[¢*; ¢*l.[a’d%; qﬁ]n[ 0;
= 242
ARy qz] [—ag; gl
An (4 n

c
i d/(] —_g/.q_z_ g_'.z_g.z. q‘2"- qz- q2
’ b ! ’ ’
e’ é e’ct
X _
4¢8 q2 2n anS a2q2 ’
’ ’
e’ é’c é’c

(using (3.2) with ¢ —¢,a— —a™'¢™, b—ca’¢™, ¢c— —age™’, e —
e—-zqz—zn’ g— _ca—lq—Zn, h— _ca—1q1~2n)‘

Reversing the order of the series ,4, in the right hand side of
the above expression, we get (1.3).

Furthermore, using (1.8) we prove the following three trans-
formations. These transformations on specialization yield identities
of Rogers-Ramanujan type related to the moduli 11 and 13:

—24 2 N ydn 20 (n—2p)
[a'dt; q4]w2 [ag; gl —a’g’c™; ¢~ —)Sa’q
[¢* ¢'l.la'e’; @'lelatqie™; ¢'l.
_ca—zq—4n—1 —ca” q-—4n q—Zn, q-—-Zn; qz; qz
4Ps cza—zq—m q-4n 1q1 in
(3'7) i [q—4p, q4]s( ) a4sq2s(s+l)
=0 la%; ¢,
w3 105 4l = ag™)le; glaa™ g7
" [g; q1.(1 — a)[“q, q]

’

)n 4n+4rq2n2+3'r2+4nr+4n+3r

4 [aq, q]4n+2r(
[a*¢*; ¢ % ”Z [25 qz] [¢; 7'l (' @ lonenr(L+ ag ™)

2 [aq, q] (1 —a q4n+2)( )naﬁnq(l/Z)n(13n+9)
[a; ql.

3.8)

and
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0 o . 7y dn+6r 4n2+8r2+12nr+4n+5r
a'q; ¢l [ag; q]4n+27(—) [ q
lo'd's el 2 2% [¢% ¢’Ll¢"; ¢'lla'd"; @ honser(1 + @’g*"4*%)
o [aq; Q]n(l — a2q4n+2)(_)nabnq(IIZ)n(lln-(-Y)
= [g; ql. '

(3.9)

Proof of (3.7). Setting ¢ = i¢g™™ in (1.3), we get

$ [a; ql.(1 — ag™)[¢; ql,a* ¢
g gl — @) [“—cq ; q] [0'e*; ¢*)ns. 1% @*laere”
(3.10) _ [og; dlul—a’@’c™; ¢La(—)"¢™™™
[a'e*; a*Lala‘ae™; ¢'l.la"; 4*l.
) _ca—zq—4n—-1’ ___ca——2q—4n, __q—-Zn, q—Zn; qz; q2
X 4P —ca7g, a7l g gt :

Now, in Bailey’s transformation [14] choosing

1 1 [a; ¢l.(1 — ag®)[c; ql.a™g*’

R P N P R aq
7 PR [q;q],;(l—a)[—g;qlcs

and
5. = 1 ¢'Lly; ¢'lag"7
N xsys

and evaluating {(g,>, {7, by using (3.10) and following formula [15]

a, b; ¢; % L, Ziq| labea;q
@11) .9 Dl v
L] 2¥1 - 3 ’
e e,_e J 2___~abq, 0
L ab e

(where, either a, b, or ¢ is of the form ¢~?, p a nonnegative integer.
In case only ¢ is of the form ¢~” then (3.8) is valid only if |ec/ab|<1),
we get (3.7) on letting z, y — .

Proof of (3.8). In (3.10), letting ¢ — <, we have

[ag; @lu(—)"g™ & [g7*"; ¢'lg" ™
[a*d*; ¢*Lale’; '], 7= [6% ¢l la™"¢™*"; q)ora™
_ n [a; q]r(l — an'r)(___)Taqu(l/Z)’r(ﬁr—l)
=0 [g; 1.1 — a)la'd*; ¢*1a.lats @'es
n [aq; q]r(_)ra2rq(1/2)r(5r+1)
= [g; qlla*e"; ¢*)as.l0; @*)aes
n [aq; q]r—l(l —_ qr>(_)ra27q(l/2)r(5r—l)
=t g; qlle*e’; ¢'lurla; @'La-s

-+
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_ i [aq; q]r(___)'raZ'rq(l/2)r(5r+l){(1 — a4q4n+4r+4) . a2q4r+2(1 - q4n-—4r)}
=0 lg; alla'e’; ¢')uirnld’s €'s

or,
n [aq; Q]r(l _ a2q4r+2)(__)ra2rq(1/2)r(5r+1)
lg; al.la'd®; @).snlat; @'aesr
(—a'g)(=)q*  $ [0 qlin-s(=)"q" "
(1+a2q4n+2)[a4q4; q4]2n =0 [q2; q2]r[q4; q4]n——r
Next, in Bailey’s transformation [14] choosing
. Ay 2eytsH2N [ \syh(Bs+1) 428

wy= 2 p =L _ o = 060l = ")) e

[g*; ¢l [a*e®; ¢*], lg; al.
0, = [%; ¢’L.ly; ¢'l.a*q®/2°y* and evaluating {B,>, {7,» by using (3.12)

and the g-analogue of Gauss’summation theorem [14;3.3.2.5], we
get (3.8) on letting x, y — oo.

(3.12)

Proof of (3.9). In (8.10), setting ¢ — 0, we get

[ag; qlx - la~*; ¢*l.9™"
[¢% ¢'l.la'e; @'l 7= [@F @*lla™q™*"; ql..
_ n [a; (I]r(l . aq2r)(_)rarq(1/2)r(3r—1)
=0 [q; q]r(l - a)[a’4q4; q4]n+r[q4; q4]n—r

(3.13)

(3.13) may be rewritten in the following form (its proof follows on
the lines of the proof of (3.12))

i [aq; Q]r(l _ a2q4r+2)(_a)rq(1/2)r(3r—1)
=0 lg; al.la*d’; ¢'nsnld’; €*)ns
— (1—a'q’) $ [045 qlino( )"0’ 0
A+a’e"a'e 5 ¢' k= (€% €Lle% @],
However, in Bailey’s transformation, choosing

us — 1 , vs _ 1 , as _ [aq; q]s(l _— a2q48+2)(_a)sq(1/2)8(33—1)
[ ¢*1, [a'd’; ¢*], [q; ql,

(3.14)

?

5. = L@ a'lly; ¢'l.atg™

s xsys
and evaluating {(B,>, (7,> by using (8.14) and the g-analogue of
Gauss’ summation theorem [14; 3.3.2.5], we get (38.9) on letting

@, Y — oo.

Identities of Rogers-Ramanujan type related to the modulus 13.
8.7) for ¢ — =, @ =1 and p = 0 yields
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[¢5 ') < & [0 Qlinsar (=) gentorttinr—r
(3.15) lg; gl PPy [o% a’1.lg%; ¢'L.[a*; @*)enser
= II (1—gm.

%#0,8,7 (mod 13)

b3

But, (3.7) for ¢— <, a =1 and p = 1, gives

[q4; q4]m i i [q; q]4n+2r(__)nq2n2+31'2+4n'r—4n—5r
(3.16) l¢;q) =04 [q% @"LIg%; ¢'ala*; @'Lenses

= W At T
7+0,3,10 (mod 13)

#%0,2,11 (mod 13)

On the other hand, (3.7) for ¢ — o, a = q and p = 0, reduces to

I—g)".

() @] o & (¢ Qinssrna(—) g Hortinrtintar
(8.17) [0;ql. 7=0+= [¢% ¢*Ll"; ¢'].lq"; @'Lenrorss
= I a-g9.

7+0,1,12 (mod 13)

Next, on setting a = 1, (3.8) yields

18509 $ 105 alsa, (o) g erttinrtinter
=0 0= % @104 'Ll @ enser(L+@*"F47H)

@3.18) la;dl-
= II.a1-g¢)

#+#0,2,11 (mod 13)

Whereas, in (3.8) setting @ = ¢~* and using (3.15), we get

@501 4§ $ 0 Qg )
s pant ] AP +
3.19) lg;4dl- { (2% *1.1a%; ¢'1ala; @' Lonsorse
— H (1 —_— qn)—l .
n#0,5,5 (mod 13)
Lastly, in (3.8) setting ¢ = ¢ and using (3.19), we have
[q4; q4]Do {1 o o [q; q]4n+2f+l(___)nq2n2+31‘2+4n7+12n+11r+8
==l il + ) 3
3.200 lg4dl- =i g% ¢'LIet 'Lt @' hnrarse
= I ad-g).
7n+#0,4,9 (mod 13)
Similarly the five identities of Rogers-Ramanujan type related to
the modulus 11 due to Andrews [2] may be obtain from (3.7) and (3.9).

In view of the above applications of (1.1), it may be of interest
In fact we prove that if a, b,

to record a generalization of (1.1).
e, f is of the form ¢~%, then
’ a2b2q; e

cq } [o% 1005 ¢, [ 2% ¢ |

a’ b, &, % q%
06 fha ath | = >, [ LI €
#z0 ’ 20C75 n
¢, —ef, —efq 4345 O
. . . - c‘Z —2n
s (65 Qlanl 3 qlenci"gm 2 [“2‘12 » a7, eq”, fO75 43 agbz
[—ef; ql(ab)™ '

(3.21) [

Log, —cg”, —efy
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(8.21) reduces to (1.1) for ¢ = abVq.
We complete the proof of (3.21) by evaluating

S = Z [a,z; qz]r[b?; qu[e; Q]r[f, Q]rczrq_“/z)f(r—l)
=0 [q; Q]r[c2; q2]r[""ef; q]r(ab)zr

(3.22) 2—27
e, Cl g g
X 3¢2 (4 ’
a—2q2-21‘ b—2q2—2r

in two different ways. Firstly, if we substitute the series defini-
tion of .4,, change the order of summations and then diagonalize
the two series, we get

S = s 8% €LY ¢l le; qlLf; gleorg” o™ 4 (a7, eq’, fa"; q; q:l
= g dlles ell—ef dl@h)” Y —q, —efy '
Summing the inner .4, by the g-analogue of Saalschiitz summa-

tion theorem [14;3.3.2.2], we get the left hand side of (3.21).
Secondly, we may rewrite (3.22) as

S = 3 19 €L b’ ¢'Lle; L. LSf; qlre7q” "
2 g5 9Ll @'l —ef; gl (ab)
r q2—4r

qa, ¢, = q; ¢

X 5@s ¢ g
@ b ]
+ 3 [a®; @°Lor 1a[0%; @Lsriale; @lor sl S5 @horsaC FPq 702"
r=0 [9; akeriil€’s @Lerisl —ef; qlorsi(ab)

(3.23)

—4r
o s g
X 3¢2 q—4r q—4r
a? ’ b

In the transformation

N
b, g q I [_g_;q] 2, eq0"; ¢ q
be c v b
& C 1w
Le)’—‘q
g

(which is obtained from (8.2) by substituting for % and then letting
a — ), transforming the ,4, on the left hand side by the same
formula (8.24) (with e replaced by g), we get

(3.24) .,

?

e g B lg; alv ’

60744 [g;q]Nl:—g-;qle + 00 a g
(3~25) P2 c = 302

L T2 <
& 5 [?qlv[e, alv |9 9

1-N
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Now, using (3.25) for transforming the two ¢, series in (3.23)
[to transform the first of the two .4, in (3.23), we use (3.25) with
q— &, N=re—¢"/a’,e/b— g /¢, c— ¢, c/lg—q™[b* and for
transforming the second 4, in (8.23), we use (3.25) with ¢ — ¢,
N =r,e—q7"/a’ e/b— g™/, ¢ — g7, ¢/g — ¢ *[b"], we get

_ 5, 105 0l alafes ol alee”, [209, ¢, 07 5
= g5 gl L% ¢l —ef; alan(ab)” [b2q g

[@%; qler44[0%; @lorsile; Qlerial 5 Qloraac®™ ™
rz0 [Q; Q]Zr+1[cz; q2]2,+1[——ef; Q]2r+1(a/b)4r+2

2b2 q—-Z'r 1 q—ZT 2. qZ
>< 3¢2 2 b b
Lbzq’ a q

= > 105 qLV% ql.[e; gL,LS; gl.c™ f“bq, 70|
= [g; gl.¢; @1l —ef; gl.(ab)”

Lb’q, a’q

Writing the series definition for inner ;4, and then interchanging
the order of summations of the two series, we get the right hand
side of (3.21).

If @ or b is of the form ¢, ¢ = %, f = o, then (3.21) yields

L [0 @110 01| 22 ¢ | [o5 gl
3¢2[arb:x)Q;'—‘:;

2k | =
a b "Zéo [qz; qz]"[c : qz]zn(ab)m n(2n—1)

2t B g™
a ’IL, n x n; .
xag{ a7, b'q”, 2475 g a2b2}

cq2n, — cq2n

2
)

In which replacing a, b, ¢, by ¢7%, ¢°, ¢° respectively and letting ¢—1,
we only get a terminating version of the following formula of
Burchnell and Chaundy [9; 5.7] (with # replaced by 1 — 2z):

zFl[a, b; 41 — m)J

(4]
1\ goon
(3.26) s (@0 (a+b~c+ E)J‘ .

= @)(€):n
P {Za + 2n, 2b + 2n; xJ .

e+ 2n

On the other hand to obtain the non-terminating version of
(3.26), we start (3.21) by replacing ¢ by —e, f=¢ " and then
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replace a, b, ¢, ¢ by ¢°, ¢°, ¢°, ¢° respectively and let ¢ — 1 to obtain
a, b, e, —N;
A —;—(e—N), -;—(e—N-i-l)

@O (2 +b =+ 2) (= N)dn

= (1)a(€)enle — N,
y F[za + 2n, 2b + 20, —N + 2n;]
¢+ 2n,e — N+ 2n .

(3.27)

In (3.27) on replacing ¢ by N(1 — 1/x) and letting N — «, we
get the non-terminating version of (38.26).

4. We begin this section by proving a g¢-analogue of the
transformation due to Bailey [5; 2.5] in the form:

2 S — —
%, av'q, —aV'7, -Z—l/ q; q; bz

195 a a —
—_——, =, bl/
V' q Vg wva
(4.1) "
] bl/q’ bl/g; '“yq, az

[a%%; g p q av’q
= ey P
[6°; gl b —-—b-——_, abV’ q

Ve Vg
provided |a’z| < 1, |b%2] < 1.

Proof of (4.1). Using the g-analogue of a nearly-poised summa-
tion theorem due to Bailey [8; (3)] in the form

T]“’ b]/q’ —bI/Q) 1/—’ q 345 q
5¢4 b b _
T T T e

[a’q7; ql.la’e; @7l [m/'"’ q]
(@0 ¢lIabv G alla b g,

the left hand side of (4.1) may be rewritten as:

%, w7, -7, 1/—, 7 ¢; ¢
i [a2b_2; q],,b“z" q aVv q

= g b b g B
1/?, l/?’ a Q’ azq
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- b
b¢™; ql.[b%g; %[———-—-; ]az’z’ @, o
B . 075 ql.[b%; ¢ a4, 1¢{b—2’q’bz}

= 2
= g; ql.[0*g7 ¢°L[adV g; gl, _
Summing the ,4,, we get the right hand side of (4.1).
Augmenting parameters on both sides of g-series (4.1) by using
g-beta transform [10], we get

a* vVa., —av'a a d: a: b
q:a q, a q: bl/—é-ycy ;(I; 2
a a —
Ty T b]/ y &
Ve v abv’ q, e, f
= [b°97%; ql.[b%g; ¢°l.
»=0 [q; ql.[b°¢7"; ¢*l.
b . :‘ . . 2N 2
% [al/-&-’ in[c’ Q]n[d, Q]na z 3¢2 Z—z-, an’ dq"; q; bzz .
[abV " ¢; ql.le; al.Lf; ql.

In (4.2) setting d =q7 7,2 = qb™% f = a’cb % '¢"¥ and summing
the inner .4, on the right hand side by the g-analogue of Saalschiitz
summation theorem, we get

2 — P
%“) al/ q, '—'al/ q, g ¢, q—N; q;q

s b'q’ _ lec™?; qlyleb’a™; qly
_‘/_az, _ 7a= abV/ 7, e, L " [e; qlyleb’c™'a™; gl
43 q q eb*
4.3) e . o B
bt bl/l], —b‘/q’ 7"_"" ¢, q 74,9
X o q alv q
8%'s
b b — e ¢,y
1/———_6., —————1/—q—, abV’ q, '—“‘a2 ’ e q

(4.8) for N —c yields the g¢-analogue of a non-terminating
version of a transformation due to Bailey [5; 2.51] in the form
(with e replaced by a’):

] %, al/_i—al/_q',z—l}?mq;—b%e—
, T e abV q, a’e
(4.4) ol %' g, —0Vq, aj?’ ¢; q; —a:—e-
:—[—I;ﬁb¢4 b b b q. B
2, ——, abq, b

vVig' Vg
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On the other hand (4.8), for b = —1, reduces to the summation
theorem:

2 —
%, aV'q,¢ a7 q4q
4¢3

a a’c
—=, €'~
e

(4.5) . .
_ [—6—; ‘I:IN[@“ 3l 1. d=0d = g Ma ¢
[e; qlylec™a™; qly (@ — e)<1 — Lg-v >

e

It may be worthwhile to remark that (4.5) could have been
obtained directly by transforming the Saalschiitzian .4, in (4.5) by
using (8.2) with ¢ —aq¢', b—aV'q, e—a/V'q, g—e and h—
(c¢/e)a’q*™>.

Now, if we specialize ¢ = a*/¢c in (4.5), we get (1.5) (on replacing
a by av' 9.

Next, using the summation theorem (1.5), we can prove the
g-analogue of a transformation of Bailey [7; 4.5 (4)] in the form if

I: a ] |: ﬂ/ ]N[ a ]N

[kg; alvlk*a™; qly [~ %; lv

[a o a,b e d, gV ¢ q
Ps!

]/-——aq ﬂ]’a_q a
¢ dk2

Tk, VT, —qF, KR, ke R e v Vo,
a a

a
(4.6) —1 aq, %q”, T q:q
X 19011 _ __ Lk k -
I/IC, —]/ k; (_Jr_q_’ '(qu gg: = g‘" k\/i’
b’ ¢’ d Via Via o
a

.

Further replacing “v"a” by “—1v a” in (4.6), we get the g-
analogue of another result of Bailey [7; 4.5(5)].

Proof of (4.6). Using the g-analogue of Dougall’s theorem [14;

3.3.1.1] in the form
]C (ﬂ/k "‘QI/I‘; kb kC, kd,aq 9799
a’ a’ a

WE VT, 8 6 b g
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— [%g; q1.[b; ql.le; gl.ld; ql. ,
a5 a5 o[ ]

we may rewrite the left hand side of (4.6) (denoted by S) in the
form:

» lasallgv e ql, [% ql[a‘”; al.a"

»=0

[¢; q1.[V" a; al.[a*k~%¢*™; ql.[kg; ql.

kg% —qV'F, kb % k—daq 49

1/7‘;: ”“1/75_: a-q; QLI’ (‘t‘q’ _]_G_’ ql—n qu—"
b ¢ d a

y Lk al.lka’; €1, [k—b; q} [@-; q] [@l; ﬂ lo; al. [0V a; ql,
— Z a L O _r
= g; qlIk; qz]r[“—bq; q] [“q, q] [‘Zq; q] [kg; ql..[V a; g,
[0"ql.a'q" ag”, Vagt, L, ¢V ¢ q
X T .

é k
a 1-N. 7 ’ — ’
l:k2 ; q] k Va q", kg, atkrgtNT

X sp7

summing the inner 4, by (1.5), we get the desired result.
Lastly, we prove the formula (1.9).

Proof of (1.9). In view of the ¢g-analogue of Dougall’s theorem
in the form:

a, 'a, =V a, ¢, dg", eq”", kq", " 4; ¢
897 l/~a-, ~_1/—a", a_q, gql_n’ iql-l—n, iql—n, aq1+'n.
d e k

_ e[l [§he) [ el Sl
EDIETNETIERIESE

(where k = a’q(cde)™), we have

[Cd’ ‘1} [de’ q] [g; q:Ln [d; al.[k; al.[a™"; al.q"

lq; q]n[i; q} (—9-; QJ [-@; qJ [d*a~*q~"; ql. [‘ﬂ; q] o
e nl C nl.Ce n e -2

(4
a
6

b

N
>
7=0
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[d; ql.l%; ql. [ " ,q] [Z;ql[q‘”; ql.a"
" g ql. [ ] [ag; ql. [“? ql [d*a~*g™; ql.

a, ¢ a, —qV a, ¢, dq", eq ", kg", 4" 05 q

X S —_—
"va v, o, 2aT 24T 24T, et

la; ql.lag® ¢*l.[c; ql.1d; al..[%; al..[a7"; ql.q"
o[q; ql.[a; qz],[“q [ qlr [@*a~*q¢"; ql.[aq; ql..c”

l
_d. &
a’
_‘1_

A.7

’—dq%', qur, R q—N+'r, q’ q

X 5P
24

q1+2'r aq1+2r dZa—Zq—N-)-T

In (4.7) taking ¢ = a/d, k = aq/e and then summing the inner
s, on the right hand side by the g-analogue of Saalschiitz summa-
tion theorem [14; 3.3.2.2], we get (1.9).

I am grateful to Dr. Arun Verma for suggesting the problem
and for his helpful discussions during the preparation of this paper.
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