PACIFIC JOURNAL OF MATHEMATICS
Vol. 121, No. 2, 1986

ISOMETRIES BETWEEN INJECTIVE TENSOR
PRODUCTS OF BANACH SPACES

KRZYSZTOF JAROSZ

Let K, H be real Banach spaces with strictly convex duals, and let
X, Y be any real Banach spaces. In this paper we find a general form of
isometries between the Banach spaces X ® Kand Y ® H. As a conse-
quence we obtain that X ® K and Y ® K are isometric if and only if X
and Y are isometric. We also derive a theorem characterizing Banach
spaces with a trivial centralizer.

0. Introduction. Let X, Y, K, H be real Banach spaces. The purpose
of this note is to study the isometries between the injective tensor products
X ® K and Y ® H. We find a general form of such isometries provided
K and H have strictly convex duals, and using this characterization we
investigate the following problems.

Problem 1. Under what conditions on K, H or on X,Y, K, H are the
spaces X ® K and Y ® H isometric if and only if either the spaces X, Y
and K, H or X, H and K, Y are isometric?

Problem 2. Under what conditions on X, K is every isometry from
X ® K onto itself canonical?

We call an isometry T from X ® K onto Y ® H canonical if one of
the following possibilities holds:
(A) T is of the form

(1) T(x ® k) = T)(x) ® T,(k) forall x€ Xand k € K,

where T;: X — Y, T,: K — H are onto isometries.
(B) There is a Banach space Z such that X is isometric to Z ® H and
Y is isometric to Z ® K, and under this identification T is of the form

2) T(z®h®k)=z®k®h foralzeZ, he H, k €K.
Notice that, in general, the implications in the problems do not hold.
For example, take four compact Hausdorff spaces S,,..., S, which are

pairwise non-homeomorphic but §; X S, and S; X S, are homeomorphic,
and put X, = C(S;) for i =1,...,4, where C(S) is the space of all
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continuous functions on S with sup-norm. We have
X, X,=C(S8;X8,)=C(S,x8,)=X,® X,,

but any two of the spaces X;, i = 1,...,4, are not isometric.

The special case of the above problems—X = C(S), Y = C(S’)—has
been studied by many authors, the most important of which, for our
purposes, is the monograph by Behrends ([1]), who proved, among other
things, that if the centralizers Z(K) and Z(H) of Banach spaces K and
H, respectively, are both trivial and if the spaces C(S) ® K and C(S’) ® H
are isometric, then K and H, and also C(S) and C(S’), are isometric.

All fundamental results on centralizers and function module represen-
tations that we use are found in [1]. We use standard Banach space
terminology. The set of extreme points of a convex set C is denoted by
extC. For a Banach space Z, B(Z) denotes the closed unit ball of Z. For
Banach spaces U, V, we denote by L(U, V') (K(U, V')) the Banach space of
all continuous (compact) linear operators from U into V, and by U = V
we mean that U and V are isometric. Throughout the paper we frequently
view a Banach space V as a subspace of C(ext B(V*)) or C(B(V*)),
where ext B(V*) C B(V*) are equipped with the weak-*-topology. The
space X ® K is regarded as a subspace of C(ext B(X*) X ext B(K *)).

1. The results.

THEOREM 1. Let X, Y, H, K be real Banach spaces and assume H* and
K* are strictly convex. If T is an isometry from X ® K onto Y ® H, then
there are Banach spaces Z and X, such that

X=(Z®&H)®_X, and Y=(Z®K)@®,_X,,
and, up to the above isometries, the operator T is of the form
T(z®h®k,x,®k,)=(z2® k®h, T,(x,® k,)),
where
(3) Ty(x, ® ky)(x* ® h*) = x*(x;) - h*(q)(x*)(kz))’

and ®: ext B(X}) = L(K, H) is an operator from ext B( X5*) into the set
of isometries from K onto H.

Before proving Theorem 1 we formulate the following two theorems
as corollaries.
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THEOREM 2. Let X,Y, K be real Banach spaces and assume K* is
strictly convex. Then

(@) X® K=Y ®Kifandonly if X = Y. If K has the approximation
property, then

(b) K(X,K) = K(Y,K) ifand only if X* = Y *.

Proof. Point (a) is an immediate consequence of Theorem 1, and to
get (b) it is sufficient to notice that if K has the approximation property,
then K(X,K) = X* ® K.

The next theorem characterizes Banach spaces with a trivial central-
izer.

THEOREM 3. For any real Banach space X the following are equivalent:
(i) dmZ(X)=1;
(ii) for any real Banach space K with K * strictly convex, every isometry
from X ® K onto itself is canonical;
(iii) for any real Hilbert space H every isometry from X ® H onto itself
is canonical,
(iv) for the two-dimensional real Hilbert space H, every isometry from
X ® H, onto itself is canonical.

Proof. To prove (i) = (ii), assume dim Z(X) =1, let K be a real
Banach space with a strictly convex dual, and let T be an isometry from
X ® K onto itself. Notice that if X were a direct sum, with the sup-norm,
of two Banach spaces, then the orthogonal projections onto both compo-
nents would be in the centralizer of X. Thus by Theorem 1 and our
assumption we have two possibilities.

(1) There is a Banach space Z such that X = Z ® K, and up to this
isometry 7 is of the form (2), so it is canonical.

(2) There is a linear isometry 7; from X onto itself and an operator
T,: ext B(X*) — Isom(K, K) such that T is of the form

T(x ® k)(x* ® k*) = Ty(x)(x*)(T,(x*)(k))(k*)
for any k* in K* and any k in K. Then the operator S;.,: X — X,
defined by

Sk"‘,k(x)(x*) =T(x® k)((Tl"l)*(x*) ® k*)

= x(x*)(T((T77) " (x*)) (k) (k*),
is a multiplier on X. So by assumption S , is just the multiplication by a

constant, for any k* € K* k € K. Hence 7T, is a one-dimensional
operator, and this means that 7 is canonical of the form (1).
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The implications (ii) = (iii) = (iv) are trivial.

To prove (iv) = (i), assume Z( X) is not one-dimensional. Then there
is a continuous, non-constant function ¢: ext B(X*) — [0,2) such that
the operator M: C(ext B(X*)) — C(ext B(X*)): M (f) = ¢ - f leaves
X invariant. It is easy to check that the operator

T: X®@ Hy,> X® H,: T(x ® h)(x* ® h*) = x*(x)®(x*)(h),

where ®(x*): H, = H, is the operator of rotation through angle ¢(x*),
is a well-defined, non-canonical onto isometry.

2. Proof of Theorem 1. The theorem is trivial when one of the spaces
K or H is one dimensional, so we assume dim K > 2, dim H > 2. We
start the proof with two propositions. The first is a special case of the
theorem of Ruess and Stegall (it can also be found in Tseitlin’s paper
([3])), and the second is a very easy, strictly algebraic fact.

THEOREM ([2], [3]). Let X and K be real Banach spaces. Then
ext B((X ® K)*) = ext B(X*) ® ext B(K*).

PROPOSITION 1. Let U and V be linear spaces and assume u; ® v, + u,
®uv,=u;®v;, where u;,€ U, v,€V, i=1,2,3. Then the vectors
Uy, Uy, U; OF Uy, Uy, Uy are proportional.

Proof. Let v* be any linear functional on V. We have

ulv*(vl) + up*(v,) = uv*(v;).

Hence, if v*(v;) # 0, then u, is a linear combination of u, and u,; if
uy, u,,u; were not proportional, then the coefficients of this linear
combination would be uniquely determined, and this would mean

v*(v,) = constv*(v;), v*(v,) = constv*(v;)  foranyv* € V*.

Hence, v,||v, and v,||v,.

Now let X, Y, H, K, T be as in Theorem 1. Fix yj € ext B(Y *), and
let k¥, h%, h* be any linearly independent elements of ext B(H *). By the
Ruess-Stegall theorem

(4)  T*(extB(Y*) ® ext B(H*)) = ext B(X*) ® ext B(K*),

so there are xf, x5, x¥ € ext B(X*) and kf, k¥, k¥ € ext B(K*) such
that

T*(y¢ ® h?) = x? @k fori=1,2,3.
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Since H* is strictly convex, it follows that (A + h¥)/||hf + h%|| is an
extreme point of B(H*), so
xt ® ki + x5 ® ky = T*(y ® (h¥ + h3)) =|| b + hf|x} ® k3

for some x} € ext B(X*) and k} € ext B(K*). Hence by Proposition 1
we have x||x¥ or kj¥||/k¥. The same arguments show that x||x¥ or
k¥|llk¥, and x3¥||x¥ or k¥||k¥, and this proves that xj¥||x¥||xF¥ or
Fllk¥||k¥. The strict convexity of H* together with (4) now implies that,
for any y§ € ext B(Y *), one of the following occurs:
(1) There is an element k; in ext B(K*) and a linear, weak-*-con-
tinuous into isometry ®: H* — X * such that

T*(y; ® h*) = ®(h*) ® k} forany h* in H*.

(2) There is an element x¥ of ext B(X*) and a linear, weak-*-con-
tinuous isometry ¥: H* — K * such that

T*(y¢ ® h*) = x* ® ¥(h*) forany h* in H*.

Let us denote by S; the subset of ext B(Y *) consisting of all points
y* for which the first possibility holds, and by S, the subset of ext B(Y *)
for which the second holds. We have four functions:

®,: S, XH* > X* ¥.:85 - extB(K*),
®,: S, > extB(X*), ¥,:S8,XH*->K*
such that for any y* € §;
(5)  T*(y*® h*) = ®,(y*, h*) ® ¥,(y*) forall h* € H*,
and for any y* € S,,
(6) T*(y*®h*)=&,(y*)® ¥,(y* h*) forall h* € H*.

Using the same arguments for 7}, we get that ext B( X *) is the sum
of two disjoint subsets S, and S,, and there are four functions:

®,: 8 X K* - Y*,
®,: S, > ext B(Y*),

¥,: §, > ext B(H*),

V,: S, X K*—> H*

such that for any x* € §

() (THY*(x*® k*)=&,(x*, k*)® ¥,(x*) forall k* € K*,
and for any x* € §,

(8) (TH)*(x*®k*)=d,(x*) ® ¥,(x*,k*) forall k* € K*.
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It is easy to see that for any y* € S, the operator ¥,(y*,-) is a
weak-*-continuous isometry from H* onto K *. Let 0 # y* € S| (the bar
always denotes closure in the weak-*-topology), and let (y*) ,r C S; be
a net convergent to y; we can assume that the net (¥;(y¥)),r tends to
k} € K*. By (5) we have k¢ # 0, and we get that the net (®,(y¥, h*)) 1
is convergent for any h* € H*. Moreover,

T*(y¢ ® h*) = lim ®,(y*, 7*) ® lim y,(y*) forall h* € H*.

By the same arguments applied to formulas (6)—(8), we get that the
functions @,, (i)i, ‘I’i,‘i',., i = 1,2, can be extended to the weak-*-closures of
their domains, and formulas (5)—(8) remain valid for the extended func-
tions. They will be denoted by the same letters. These functions are not
uniquely determined by the formulas (5)—(8), and we will show that we
can assume @' = (i>2. To show this, let us notice that by applying (6) to
the extended functions we get

ly*I 1B =]ly* ® h*|=|T*(y* ® h*)]

=[@,(y*) [ 1 %:(y*, #*)]|
for all h* € H*, for any y* € §,.

Hence, for any y* € §, — {0} thereisa A € R — {0} such that A%, (y*, -)
is an isometry. We can define an equivalence relation on S, — {0} by

yr¥~yr if ‘I'z()’l*, ) = A‘I’z(yz*, ) for some A € R.
Multiplying the function y* — ®,(y*) by a scalar function, and the
function y* — ¥,(y*, -) by its reciprocal, we can assume _that both
functions are constant in each equivalence class and, for y* € S, — {0},

|@,(»*)[|=ll*| and ¥,(y*,-)is anisometry.
By the same arguments &)2 and ‘i’z may have the same properties.
From (6) and (8) we get

9) y*®h* = ‘i)z(q)z(y*)) ® ‘i'z(q’z(y*)a‘l’z(y*,h*))
for any y* € S, and all h* € H*.

Hence y*||é>2(fb2(y*)), so we get y* = s&)z(@z(y*)), with |¢] = 1. Simi-
larly, for any A € R, if Ay* € S, we get

Ay* = ,0,(®,(Ay*)) with |e,|=1.
Hence, since the functions x* — \ifz(x*, -)" and y* - ¥,(y* -) are
constant in each equivalence class, we get
¥, (@,(5%), Bl y*, ) = B @2(Ay*), Tr(Ay, -)),
so (9) gives ¢, = € forall A € R.
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The above proves that by multiplying ®,, in any point of its domain,
by +1or -1, depending on whether e = 1or e = -1, we get &, ° @, = Idg,
and, by symmetry, ®;! = &,.

We now put

X, = {f’s_:fe xcc($ v 5'2)},
Y = {gls: geYcC(SUs,)| fori=1.2.

We show that X,,Y,, i=1,2, are Banach spaces, and X = X; & _ X,,
Y =Y, ®_ Y,. First we study the spaces X; and Y.

LEMMA 1.
(1) For any y¥, yy € S, we have

@, (yr, ) (H*) = ®,(ys, - )(H*)

@, (y¥, ) (H*) N @y, - )(H*) = {0}.
(iD) If @y(yf, - WH*) = @1(pF, )(H™), then
o (yr, )= }\fbl(yz*, -), where A= +1lor A= -1,

Proof. We first prove the following implication:
(100 1 @,(yr, hf) = @,(y7, k1), then ply} or hflh3.

For this purpose notice that, since 7 * is onto and ®,(S,) = S,, there
are y¥ € S,, h¥ € H* such that

T*(ys @ h3) = @, (yt, ht) @ (W yi) + ¥(»7)).
We have
T*(y¥ ® ht + y} ® h3)
= ®,(yit, h) © Wi(yf) + (55, k%) ® Wi(57)
= T*(y; ® h%).
Hence by Proposition 1 we get A;||h3 or y)| y5*.

Now assume that y}, y* € S, and A}, h{, h¥ € H* — {0} are such
that ®,(y, hf) = @y(y5, h3), but ®,(y, hE) & O,(y, H*). Let yg, ys
€ S;; hi, h* € H* are such that
T*(y ® hy) = @,(y. h3) ® 1(y7),

11)
( T*(y* ® ht) = @ (y¥, b + %) ® ¥,(»3).



390 KRZYSZTOF JAROSZ

We have
T*(y¥ ® h% + y} ® h¥)
= ®,(ys, %) ® ¥,(yr) + @,(pt, hE) ® ¥, (p3)
= ®,(y¥, by + hE) © ¥y(y5) = T(y# ® h¥).

Hence by Proposition 1 we have y}*||y} or A%||h%. By (10) and (11) we
also have h¥||h%, and h¥||h§ or y}||yy. Hence we have the following
possibilities:

1°. hgllAt;

2°. ¥l

3°. yillyi.

If h§||AT, then

@, (yr, hg) [ @ (rir, hY) = @,(y7, k%) € (55, H*),
which contradicts our assumption. If y¥||yF¥, then ®@,(yF, H*) =
®,(y}, H*), and by the assumption, ®,(y¥, h¥) & ®,(yF, H*), which
contradicts (11). If y|| yf*, then, since (11) implies ¥,( y5*)||¥,(yF), we get
WL ()1 (yF), and hence the vectors

T*(y¢ ® ht) = ®,(yit, ht) ® ¥,(yf) and
T*()’2* ® h;) = '1)1()6*, h;) ® q’l()’z*)
are proportional, so T* being injective gives y;*|| y;*, which is impossible.
So we have proved (i). To end the proof of (ii), let us notice that if the
images of the isometric embeddings ®,(yf, -) and ®,(yS, -) coincide,
then, by (10), for any h* € H* there is a number A,. of modulus one
such that

(I)l(yl*’ h*) = Ah*q)1()’2*a h*)-

So if we compose ®,(yf,-) with the inverse map to ®,(y¥, -)
(restricted to its image), we get the isometry I from H* onto itself with
the property that every element of H* is its eigenvector; hence I = const
- Id 4+, and this means that the function A* — A,. is constant, and we get
(i1).

For any y* € §,, the operator ®,(y*, -) is weak-*-continuous, so
(®,(y*, -))* maps X onto H. Let us denote the restriction of (®,(y*, -))*
to X by ®¥(y* -), and let @ denote the subset { A®F¥(y*,-): y* € S,
A = +1} of the space L(X, H) equipped with the topology given by the
family of seminorms

{(L(X,H)> R~ |h*(Rx)|: x € X, h* € H*}.
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We define maps Q and Q;:

Q: 8, > @@ extB(K*), 0(y*)=2a1(y*, )@ ¥(y*),

0, =00®Id s S; ® extB(H*) > Q ® ext B(K*) ® ext B(H*),
Oi(x* @ h*) = Q(y*) ® h*.

By (5) the operators Q and Q, are continuous and one-to-one, and by
Lemma 1 they are onto.

To prove they are onto, it is sufficient to show that, for any y§ € S,
and kg € ext B(K*), thereis a y* € S, such that ®,(y§, -) = e®,(»*, -)
and k& = e¥,(y*), where |¢] = 1. Let h{ € ext B(H*). Since T * is onto,
thereisa y* € S, and h* € ext B(H*) such that

(12) T*(y* ® h*) = @,(y5, hy) ® k.
On the other hand, from (5), we have
(13) T*(y* ® h*) = ®,(y*, h*) ® ¥y(h*).

Hence ®,(yy, H*) N ®,(y*, H*) # {0}, and by Lemma 1 there is an
e € R, |¢/ =1, such that ®,(yf, ) = e®,(y*, -). So by (12), (13) we get
¥ = e¥,(h%).
By definition we have
07 (0 ® k* ® h*) = (T7)*(w(h*) ® k*),
so Q7! and Q;* are also continuous.
Analogously we define ®¥(x*,-) € L(Y,K) for x* € S, the set
@ = {AD}(x* -): x* € §,, A = +£1}, and two homeomorphisms P and
P
P: S, > Q®extB(H*), P(x*)=®r(x* -)® ¥ (x*),
Py = P @ Id . p(x+)-
The maps Q, Q,, P, and P, are homeomorphisms, so they define the
isometric embeddings:

Q% Y, » C(Q ® ext B(K*)),
Y, H- C(Q ® ext B(K*) ® ext B(H*)),
P% X, C( ® ext B(H*)),
PY: X, ® K~ C(Q ® ext B(H*) ® ext B(K*)).
By (5) and (7) the homeomorphism P; e T* e Q7! is of the form
Q@ extB(K*)®extB(H*)2 w ® k* ® h*
> p(w)@h*® k* € Q @ ext B(H*) ® ext B(K*),
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where ¢ is a homeomorphism from £ onto . Hence, for any h* €
ext B(H*) and k* € ext B(K *) we have

ImQ° =Im Q!
Q8 (k*}

=Im P}
Q® (k*}® (h*} Qe (h*}® (k*}

=Im P°

Qe (h*) ’

so the space ImQ°|ge (k»y does not depend on the choice of k* €
ext B(K *), and we denote it by Z.
For any h* in ext B( H*) we have

Y, = ImQ° =Im P? cCZ®K,
1@ (h*} ®ext B(K*)

and by the same arguments, for any k* in ext B(K *),

X, = Im P° =Im Q? cZ®H.

Q® {k*}®ext B(H*)

So Y; (X)) is isometric to a subspace of Z ® K (Z ® H) which contains
any element of the form z® k (z ® h) for z€ Z, k€ K, h € H, and
therefore, to end the proofs of ¥, = Z® K and X, = Z ® H, it is
sufficient to show that Y}, X], and, as a consequence, Z, are complete. For
the sake of simplicity of notation, we will assume from now on, without
loss of generality, that S, = @ ® ext B(K*), S, = @ ® ext B(H*), ¢ =
dog, Z®HC X, C Z ®H Z®KC Y,cZ ® K, and, consequently,

(14) T*(w®k*®h*)=w® h* ® k* foranyw ® k* € S,

and h* € ext B(H*).

For any h* € H* and k € K we define a continuous, linear operator
Sprps X > Y2

Y*(Spe k(X)) = y* ® h*(T(x ® k)) for any y* € ext B(Y*).

Similarly, for any k* € K* and & € H we define a continuous, linear
operator Sy« ,: ¥ = X:

x*(Ses 4()) = x* ® k*(T7'(y ® b)) forany x* € ext B(X*).
By (14) and (6) we have
(15)  y*(Spesl(x))
© ® h*(x)k*(k) for y* =w ® k* € S,
(I)2(y*)(x)\1,2(y*’h*)(k) for y* € §2>
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and by (14) and (8) we have
(16) x*(gk*,h(y))
w ® k*(y)h*(h) for x* = w ® h* € §},

d,(x*)(y)¥,(x*, k*)(h) forx* € S,.

By the above equalities, for any x* = w, ® h* € S, we have
(17) xg(gk_"‘_,h ° Sh*,k(x)) = wy ® h*(x)k*(k)h§(h),
and for any x§ € S, the equality @, - ®, = Idj, gives
(18) x:(gk*,h ° Sh"‘,k(x)) = x;‘(x)\If2((i)2(x3‘), h*)(k)\i'z(xg’ k*)(h)'

To prove that X, is complete and X = X; & _ X,, we have to show
that for any x = (x;, x,) € X we have (x,,0) € X, and since the map
X 3 (x4, x,) = (x,0) € X is linear and continuous and Z ® H (alge-
braic tensor product of Z and H) is a dense subset of X, it is sufficient
to show that (z, ® h,,0) € X for any z, € Z, h, € H. For this purpose
fix xq=(zy ® hy, x,) € X with ||z|| = |||l = 1. We show that for any
¢ > 0 there is a continuous operator 4: X — X (which depends on x,
and &) such that Ax, = (z, ® hy, x;) with ||x}|| < e, and, hence, by
completeness of X we get (z, ® h,0) € X. To this end fix x* € S, and
let

h} € ext B(H*) be such that hf(hy) = 1,

k, € K be such that ||k,|| = 1 and

U, (D,(x¥), h¥)(k,) = 0 (such k, exists provided that dim K > 2),

k¥ € ext B(K*) be such that kf(k;) = 1.
By (17) for any x* = w ® h* € §, we have

@ ® *(Sip 1. ° S 1 (X0)) = @ ® M (24 ® ho, x,) ki (ky) h*(hy)
= w(z0)ht(ho) h*(ho) = w(zo)h*(hy)
=w®h*(z,® hy) = w ® h*(x,);
this means
Sk;,h0° Shi’,kl(xo)ls,l = Xg»
and by (18) we get, by the same arguments,

Ski“,hooshi",kl(xo) _ T Ixg " Xoo

where
Far(x%) = Wy (D, (x*), b ) (k) ¥y (x*, k) (o)
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is a continuous function on $,, of norm not greater than one and such

that f..(x§) = 0. Hence, by the compactness of S,, for any & > 0, by

iterating the action of the operators S;. , © S,. , for suitable k¥, h*, and
2o 0% J J

k,, we get x” € X such that

x5, = Xols, and |x*(x)|<e foranyx*e 5—'2-

So we have proven that X, and Y, are complete; we have actually
proven even more—namely, that X,,Y, are also complete and X =
X, @&, X,, Y=Y, ®&_Y, Thus to end the proof it is sufficient if we
restrict ourselves to investigating the isometry 7" between X, ® K and
Y, ® H. Without loss of generality we can assume that X, and Y, are
subspaces of some function modules II . X, and II Y, respectively,
and that the identity embeddings 7,: X, — Il s+ X, and 7y Y, —
Il 1Y, give the maximal function module representation ([2]). Hence
any y* € S, is of the form

8, ®yF
[1.oY>y " p(y(a)

aeTl

for some y* € ext B(Ya*) anda €T.

Let k€K, he H, k*€ K* h* € H*. By (18) the operator
Spx.n©Spx 2 X = X is of the form

5, ® x:(gk*,h ° Sh"‘,k(('xa)aer)) =f(°‘ ® x;“) 'x:(xa)a
where
fla ® x2) = ¥,(8,(8, ® x¥), h*) (k) ¥, (8, ® x, k*)(h),

so it is just multiplication by a function f: S, — R. Since we have the
maximal function module representation, the function f does not depend
on x* but only on a € I', and consequently the functions

$,28,8x*— &,(8,® x*)
and
5‘2 26,0 x> ‘i’z(Sa ® xX, )

also do not depend on x* but only on a € I'. Hence by (8) the operator
(TY)* is of the form

(T)*(8, ® x* ® k*) = ®,(5, ® x*) ® ¥,(8, ® x*, k*)
= 8,0 ® D, (x2) ® ¥, (k*),

where @: I' > I'and @, X* —» Y * V¥, K* - H* are weak-*-continu-
ous onto isometries.



ISOMETRIES BETWEEN INJECTIVE TENSOR PRODUCTS 395

Composing the above formula with an analogous formula for T *, we
get

8 ® X% ® k* = 8,.00) ®(Pya ° Dal(x2)) ®(¥ya)

o ¥, (k*)).
Hence ¢ is a bijection between I' and I', and we can assume T = T
¢ = id, and T* is of the form

(19) T*(8, ® y* ® h*) =5, ® ¢,(y) ® ¥, (h*),

where ®,: Y * - X¥, ¥ : H* - K* are weak-*-continuous onto isome-
tries.
Put

A=Tlor Il X~ 1] 7.

acl ael acT
The operator A4 is an onto isometry, and to conclude the proof we show
A(X) =Y. By (19) and (16) for any h* € ext B(H*), k € K the opera-
tor Su 0 A: AN(Y) > X is of the form
x2(Sen o A(w)(@)) = x2(w(a)) - ¥, (k*)(h).
Hence the function T' > « — ¥_(k*)(h) is continuous, and, since 47X(Y)
C I'l, e r X, is a function module, we get

SiencA(w) € XN A(Y)
forany w € A™(Y), k* € ext B(K*), h € H.

So to prove A7}(Y) C X and, by symmetry, 4-}(Y) = X, it is sufficient to
show that the set

Lin{$,. ,o A(w): we€ AY(Y), k* € ext B(K*), h € H}

is dense in A~}(Y), but this is an immediate consequence of the definition
of Spx s

X*(Senn(y)) = x* ® k*(T7H(y ® h)).

Hence
x*(z .S~'k*’hj(yj)) =x*® k*(T‘l(Zyj ® hj)),
J J

and theset {L,y,® h;: y,€ Y, h, € H} is dense in Y® H,and T7' is
onto.

REMARK. As proved by E. Behrends in the special case of Theorem 1
when X = C(S) and Y = C(S’), the assumption about K, H can be
weakened to effect dim Z(H) = 1 = dim Z(X). It is worthwhile to men-
tion that, in general, this strengthened form of Theorem 1 is not valid: to
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provide an example, let 4 be the disc algebra, i.e., the complex Banach
algebra of all continuous functions defined on the unit disc on the
complex plane which are analytic in the interior of the disc, and let A,
denote the Banach space 4 over the field of real numbers. Put 4} for the
injective tensor product of j copies of A,. We have dim Z(A4%) = 1 for
j=12,... and

A2 ® A3 = AL, ® A%,
while
Af =A% onlyif j=1i.
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