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HOLOMORPHIC CONTINUATION IN SEVERAL
COMPLEX VARIABLES

Guipo LuraccioLu

This paper is mainly devoted to the question about the holomorphic
extendability on a domain D c c C" of the CR-functions defined on a
relatively open connected subset 3D \ K of dD. Pursuing the investiga-
tion of our earlier paper proving that the ¢(D)-convexity of K suffices,
when n > 2, for the desired extendability, here we obtain some further
results on this and similar matters, and a Hartogs’ type theorem for
certain domains in a Levi-flat hypersurface. All the results of this paper
concern the case n > 3 and fail to be true in general for n = 2.

Introduction. Throughout this paper D and K will denote respec-
tively a bounded open domain in C”, n > 2, and a compact subset of 9D,
such that 3D \ K is a connected real hypersurface of class C* in C"\ K.
Moreover, CR(dD \ K) will denote the continuous CR-functions on
0D\ K, i.e. the complex-valued continuous functions on 9D\ K which
are solutions of the weak tangential Cauchy-Riemann equation.

We shall be concerned in the main with the following problem: under
what conditions on D and K does every f € CR(0D\ K) extend to a
function F € (D) N CY(D\ K)?

This problem is not a completely new one. A parallel problem in the
setting of holomorphic functions was considered, for D pseudoconvex, by
Stout [7], and some results relating to the problem itself have already been
obtained by Tomassini and myself ([S], [8] and [6]).

In particular, a condition on D and K which turns out to be
sufficient for the desired extendability property is that K is ¢(D)-convex,
i.e. that K; = K, where K3, denotes the O(D)-hull of K ([6], Theorem 1.
Cf. also [7], Theorem 1.1(A)).

A noteworthy case in which the above condition holds is when there
is a plurisubharmonic function p on some pseudoconvex open neighbor-
hood of D, so that K C {p = 0} and D\ K C {p > 0}; or, slightly more
generally, when there is a family {U;} of open neighborhoods of K which
are Runge in some pseudoconvex open neighborhood of D, so that
{U, N D} is a neighborhood basis for K in D.
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On the other hand, the 0(D)-convexity of K need not hold when p is
plurisubharmonic only on a pseudoconvex neighborhood of K, or, even
more, when the U,’s are required only to be pseudoconvex. For example,
the latter occurs in case K is contained in the boundary of a pseudocon-
vex domain , such that @ N(D\ K)= @ and © has a neighborhood
basis of pseudoconvex open sets.

Hence, it seems natural to ask if the extendability property under
consideration is still valid in the above situations and in similar other
situations which the results on this problem obtained so far do not suffice
to deal with.

In the present paper we wish to show that some partial positive
answers to such question are possible for » > 3 complex variables.

In the first section of the paper we discuss an improvement, for
n > 3, of the theorem of [6] quoted above; in the second section we obtain
consequently some further results of a more geometrical character, includ-
ing an improvement of Theorem I.1 (B) of [7] and a Hartogs’ type
theorem for certain domains in a Levi-flat hypersurface.

We point out that all the results of this paper relate to the case n > 3
and fail to be true in general for n = 2, in spite of the fact that our
previous result of [6]—concerned with the O(D)-convexity of K—is true
for n > 2. Indeed, the dichotomy, in this kind of problems, between the
cases n > 3 and n = 2 appears already in [7], and also in a part of the
proof of the theorem of [6] itself.

1. If N is any subset of C” with K C N, let us write

Kyv= N o'e(K)=N N o (e(K)),

pEO(N) UDN @€0(U)
where U ranges over the open neighborhoods of N. Thus K, is the
complement in N of the set of all points z € N such that there is a
@ € O(N) with ¢(z) = 0 and @ zero free on K. Plainly, K, ¢ K, (the
O(N)-hull of K), and K, C K, whenever N C N'.
The object of this section is to prove the following theorem:

THEOREM 1.1. Suppose n > 3. Every f € CR(3D\ K) has a unique
extension F € O(D) N CY(D\ K) provided either of the following two
conditions hold:

(a) There exists an open neighborhood N of K in D such that K v=K
and every component of the hypersurface 2 = (0D \ K) N N contains some
peak points for O(D);"

!We recall that a point z° € 3D is said to be a peak point for O(D) in case there is a
@ € O(D) with |o(z°)| > |¢(2)], for all z € D\z°.
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(b) There exists an open neighborhood N of K in D such that K, = K;
moreover K N 3D = K.

REMARKS. (i) This theorem is not true for n = 2, as the following
simple example shows. Let D = {(z,w) € C% |z|*> + |w|* <2, |w| <1}
and K = {(z,w) € C? |z|* + |w|* < 2, |w| = 1}. Then 3D\ K = {(z,w)
€ C? |z]* + |w|* = 2, |w| < 1} is a connected real hypersurface of class
C* in C"\ K. Given any open neighborhood N of K in D, let ¢ denote
the restriction to N of the canonical projection (z,w)— w. Since
¢ Y(@(K)) = K, it follows that K, = K; moreover, since D C B*(y2)
(the ball with center the origin and radius v2) and 9D\ K € dB*(y2), it
follows that every point of 0D \ K is a peak point for ¢(D) and also, as a
consequence, that K N 9D = K. Hence D and K verify both the condi-
tions (a) and (b) of Theorem 1.1. On the other hand, the function
f(z,w) = z7!, which is holomorphic on a neighborhood of 3D \ K, has no
holomorphic extension to D.

(ii) Since the condition (b) of Theorem 1.1 includes in particular the
case when K is O(D)-convex, it follows that Theorem 1.1 improves the
result of [6] for n > 3.

(iii) The condition “K5 = K ” is equivalent to the “.#(D)-convexity”
of K considered in [7].

Proof of Theorem 1.1. We use the same technique and follow the same
lines as in [6]. Therefore, though all steps of the proof are discussed, many
technical details are waived.

Let us first list some of the notations to be used in the following.

w($) € ZZ"H(C"\{) is the Martinelli kernel-form relative to a
point { = (§,,...,§,) € C*

L(o) is the level-set through { of a function ¢ € O(U) (U open set
containing {);

O0;(U X U) is the set of all holomorphic maps h = (hy,...,h,):
U X U — C” corresponding to a given ¢ € O(U) in such a way that
9(2) = (§) = Th_yh (2,02, — 8,), for every (2,8) € U X U;

®,(8) € A»"*(U\ L¢(9)) is the canonical 3-primitive of w({) asso-
ciated to a given h € O)(U X U) (cf. [6], §1).

Now, let { D,}%, be an increasing sequence of subdomains of D with
the following properties: for each s, D\ D,C N and 0D, =T, U K|,
where T, and K are compact hypersurfaces with boundary, of class C%,
such that I', " K, =9I, =0K,, I, CdD\ K and K ,\ 3K, C NN D;
moreover D =U?, D, and 9D\ K = U%,I,. Such a sequence {D,},
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which clearly exists, in particular allows one to express the assumption
“Ky = K as follows:

(1.2) NKc U U Ulvne(o(BND)),
UDN ¢elU) s=1
where U ranges over the open neighborhoods of N.

Next, corresponding to any given f € CR(dD \ K), we introduce the
following family %= { f} of complex-valued functions: for every open
nelghborhood Uof N, o € O(U), h € (U X U) and positive integer s,
f3 is defined on [U\ ¢ X (@(D \ D,)]\ aD by

£l ey B <I>
fi(@0) = [ fol€) = [ 12,(0)
It is then possible to prove the following facts.

1.3. A necessary condition in order that f be the boundary values of a
function F € (D) N CY(D\ K) is that F = f; on [U\ ¢ (¢(D \ D)]
N D.

1.4. The family & is coherent, i.e. any two functions f; and fJ of &
coincide on the intersection of their sets of definition.

1.5. Every f; € &% is holomorphic.

The proofs of these facts proceed as in [6] (cf. Propositions 2.4 and
2.5): 1.3 derives from the Martinelli integral representation applied to D;
1.4 and 1.5 from the general properties of the d-primitives of w({) which
enter (cf. the remark at the end of this section).

Now, let us denote by f the union of the coherent family %. Then
f is a holomorphic function on the open set E\ dD—where E =
Uysw U(pG@(U) U2, U\ ¢ (9(D\ Dy))]—which, by (1.2), includes
N N D = N. Moreover, in view of 1.3, if an extension F € 0( D)n
C%D\ K) of f actually exists, it has to coincide with 7 on N, which
implies in particular the uniqueness of such an extension.

Therefore, it follows that what is to be proved now is that f|; has
boundary values fon £ = (3D \ K) N N, i.e. that, for each point z° € X,
we have:

(1.6) lim  f(¢) = f(z°).

§'€N ¢ 20
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Consequently, it is plain that the extension F of f will be given by

[ o)+ [ fo)  forge D,
T, K,
f() for ¢ € D\ D,,

F(§) =

where s is any positive integer, and so the proof of the theorem will be
concluded.

For the proof of (1.6) the assumption “K, = K ” alone is no longer
sufficient, and hence we have to distinguish between the two conditions
(a) and (b).

In the first place let us prove the following:

1.7. Assume that the condition (a) holds. Let 2’ be a connected
component of 2 and V an open neighborhood of 2’ such that V'\ £’ =
V.U V_, where V,, V_ are connected separated open sets and V', C N,
V_c E\D. Then it follows that f=0on V' _.

Let z° € 2’ be a peak point for @(1_)). Then there exist an open
neighborhood U° of D and a function ¢° € @(U?) such that |¢°(z%)| >
l°(z)| for all z € D\z° Let 2’ € O%(U° X U®) and consider the
functlon fio. As in [6] (Proposition 2. 6) one shows that fb =0 on

= {{ € U% |9°¢)| > |9°(z°)| = maxy|¢°|}. Since f» belongs to the
family Z, it follows that f= 0 on W. Finally, since—by the maximum
principle— W N V_+ @, and V_ is connected, we conclude that f= 0
on V_ as well.

. Now, on account of 1.7, the proof of (1.6) proceeds as in [6]
(Proposition 2.7), with some minor changes, using a known potential-theo-
retic property of the Martinelli kernel-form.

It remains to prove the validity of (1.6) under the condition (b).
Actually 1.7 is still true in this case, but a direct proof would be more
involved, and we can dispense with it. Indeed we can prove the following,
from which (1.6) follows at once (as well as 1.7):

1.8. Assume that the condition (b) holds. Then f has a unique
extension ' € O(D\ Kp) N CYD\ Kp) and f’ = fon (D \ Kp) N N.

The existence and uniqueness of f’ follows from Theorem 2 of [6];
moreover f’ can be obtained as the union of a coherent family &%’ of
holomorphic functions of the same kind as those of % (but defined by
means of the holomorphic functions on the open neighborhoods of
D\ D\ K5 5)- Now, by the same argument which proves 1.4, it is possible to
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show that also the family #U %’ is coherent, and hence f’ and f
coincide on the intersection of their sets of definition. O

REMARK. Let us point out that 1.4, which is a crucial point in the
above proof, derives from the fact that, for n > 3, the difference ®,({) —
®;,(¢) of two O-primitives ®,(¢) € A" U\ L)) and @,({) €
AMTHUN\ L.(¢") of () is d-cohomologous to zero in (U \ L) N
(U’\ L,(¢)). This implies that, for f € CR(dID\ K), f(®,({) — ©;.(%))
is exact in (0D \ K) N (U\ L¢(9)) N (U’ \ L¢(¢")) (in the sense of con-
tinuous regular forms), and hence, if oI, C (U\ L (@)) N (U’ \ L(¢)),
it follows that:

(1.9) [ 7(@(6) - 2;.(6)) = 0.

On the contrary, for n = 2 ®,({) — ®,,({) is a holomorphic 2-form
and f(®,($) — @;,,({)) in general is only closed, so that (1.9) need not be
true.

Nevertheless (1.9) turns out to be true also for n» = 2 in case U and
U’ contain the whole of 9D\ K and |@({)| > maxyrlel, |9'($)] =
max,r |¢’|; which is the reason why Theorem 1 of [6] holds for n = 2 too.

2. Let us say that K has a pseudoconvex neighborhood basis relative to
D in case there exists a family { U,} of pseudoconvex open neighborhoods
of K such that the family {U, N D} is a neighborhood basis for K in D.
In particular this is the case if K has a neighborhood basis in C” of
pseudoconvex open sets, and, less trivially, if there exist finitely many
pseudoconvex open domains &, C C C", j = 1,..., m, with pairwise dis-
joint closures, so that K c U7_,92;, (D\ K)NU7_, @, = & and each
Q , has a neighborhood basis of pseudoconvex open sets.?

Now we prove:

THEOREM 2.1. Suppose n > 3. Every f € CR(0D \ K) has a unique
extension F € O(D) N C°(D\ K) provided the following two conditions
hold:

(i) There exists a C*bounded strictly pseudoconvex open domain
@ c C C” such that D C Q and, for a sufficiently small neighborhood V of
K,(dD\K)N V c 3%;

2 For example, as is well known, the latter occurs when asz, is C%-smooth and strictly
Levi-convex; and also when 9%, is real-analytic and weakly Levi-convex (cf.
Diederich-Fornaess [1]).
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(ii) There exists an open neighborhood N of K in D such that Ky =K,
or else K has a pseudoconvex neighborhood basis relative to D.

Proof. It is well known that every point of 9% is a peak point for
O(Q) (cf. Gunning-Rossi [2], Corollary IX.C.7) and hence the condition (i)
implies that every point of (9D \ K) N V is a peak point for O(D). In
view of Theorem 1.1, this already suffices to conclude the proof under the
former case of (ii), for we may assume that N C V, so that the condition
(a) of Theorem 1.1 is fulfilled. To deal with the latter case of (ii), we
consider first the particular situation when there is a plurisubharmonic
function p on a pseudoconvex open neighborhood U of K such that
Kc {p=0} and (D\K)NUC {p>0)}. Then, since the O(U)-hull
K, of K coincides with the hull K} of K with respect to the plurisub-
harmonic functions (cf. Hormander [4], Theorem 4.3.4), it follows that
K = K, = K,, for any open neighborhood N of K in D with N c U;
and so we fall back into the previous case. Finally, let us consider the
latter case of (ii) in full generality. Given a pseudoconvex open neighbor-
hood U of K, we can find a C*-strictly plurisubharmonic exhaustion
function u for U such that K C U; = {z € U; u(z) < 0}. Then, let
D’ = D\ U, and K’ = D N 3U,. Clearly, if U N D is small enough, we
are again in the above situation, with D’ and K’ in place of D and K.
Since we may choose U so that U N D is as small as we please, we
conclude that the theorem is true for D and K as well.? a

Our next theorem is concerned with holomorphic functions, rather
than with CR-functions, and improves a result of Stout [7] (Theorem
1.1.(B)).

THEOREM 2.2. Suppose n > 3. Let 2 C D be an open set such that
Q U (dD \ K) is a neighborhood in D of 3D \ K. For every f € 0(Q) there
exists an F € O(D) with F = f on Q near dD \ K provided the following
two conditions hold:

(1) D is pseudoconvex;

(ii) There exists an open neighborhood Nof K in D such that K, = K,
or else K has a pseudoconvex neighborhood basis relative to D.*

3 The role of the condition (i) of this theorem is merely to ensure that, for each component
K, of K, there are peak points for (D) on 3D\ K as close to K; as we please. Indeed
the theorem is still true under this weaker condition in place of (i).

4 Here we may dispense with the assumption, made in Introduction, that 3D\ K is
C'-smooth.
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Proof. In view of (i) we may find an increasing sequence { D, }3; of
C*-bounded strictly pseudoconvex subdomains of D such that D =
®_, D,. We consider first the former case of (ii). Let » C N be a closed
n~eighborhood of K in D and l~et P, = Ny eo N)qa“l((p(P)). Clearly, since
K, = K, we may assume that P, \ K is as small as we please, provided P
is small enough. Now let us set D; = D,\ Py, K; =D/ N Py and N, =
D! N N. Then (K)) ny = K, 9D/\ K] C 9D, and further, for all suffi-
ciently large s, D]\ K. C Q; and hence, on account of Theorem 2.1, it
follows that there exists an F &€ O(D\ P,) with F=f on Q near
dD \ P,. This concludes the proof under the former case of (ii), since
P, \ K may be as small as we please. The proof under the latter case of
(ii) is similar and even simpler: we just need to replace P, by the closure
of the open set U, considered in the proof of Theorem 2.1 a

From the theorem above we can readily derive the following further
result, relating to our main problem, which may be considered as a partial
improvement of the classical Hans Lewy extension theorem:

COROLLARY 2.3. Suppose n > 3. Every f € CR(0D \ K) has a unique
extension F € O(D) N C°(D\ K) provided the following three conditions
hold:

(1) D is pseudoconvex;

(i) There exists an open neighborhood N of K in D such that K, = K,
or else K has a pseudoconvex neighborhood basis relative to D;

(iii) 0D \ K is C?-smooth and its Levi form (with respect to D) has at
least one positive eigenvalue at each point.

Proof. By a refined version of Hans Lewy extension theorem (cf.
Harvey-Lawson [3], Theorem 10.2), we know that, for every fe&
CR(OD \ K), there exists an open neighborhood T of 3D\ K in D\ K
such that f has a unique extension f; € O(T N D) N C%(T). Hence our
thesis follows at once from Theorem 2.2, for @ = T N D. O

Our next—and last—result is of a rather different kind from the
previous ones, as being a Hartogs’ type theorem for a suitable class of
relatively open domains in a Levi-flat hypersurface.

THEOREM 2.4. Let M be a C?-smooth Levi-flat real hypersurface in an
open set UC C", n> 3. Let  C C U be a pseudoconvex open domain
such that the following two conditions hold:

(i) A=MnNQ is an open domain in M with connected boundary
04 = M N 909Q;
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(i) Q\ 4 = Q' U Q2% with Q' and Q? being separated open domains.
Then every [ € O(3A) has a unique extension F € O( A).

Proof. In the first place we observe that, since  is pseudoconvex and

M is Levi-flat, Q! and Q? are both pseudoconvex as well. Hence we may
consider three increasing sequences of C*-bounded strictly pseudoconvex
domains {€,}%,, {Q}}2, and {Q?}® |, such that @ =U® 0, Q' =
© @ and Q2 = U® Q2 Now, let f € 0(34) be given. Plainly, there is
an integer ¢ large enough so that f € O(M N 3Q,) for s > ¢, and there-
fore it suffices to prove that there is an F € O(M N Q,) with F= fon a
neighborhood of M N 3Q,. Writing D, = ©,\ (2! U %) and K, = Q,N
(99! U 992), it is readily seen that M N Q, =N2,D, and M N 3Q, =
* (0D, \ K,), and hence f € 0(dD,\ K,) for all sufficiently large s.
Since D, and K| satisfy the conditions of Theorem 2.1, it follows that
there is exactly an F € O(D,) N C%(D,\ K,) with F=f on dD,\ K,,
which yields the desired conclusion. m]

REMARK. None of the results of this section extends in general to the
case n = 2. As regards Theorem 2.1, Theorem 2.2 and Corollary 2.3, this
is shown by the same example which disproves Theorem 1.1 for n = 2,
discussed in the first remark of §1. In fact that example satisfies also all
the conditions of Theorem 2.1, Theorem 2.2, and Corollary 2.3 (both cases
of the condition (ii)). As regards Theorem 2.4, let M = {(z,w) € C?
|w| = 1}, which is a real-analytic Levi-flat hypersurface in C?, and Q =
B4(V2). Then M and © satisfy the two conditions of Theorem 2.4, with
A={(z,w)€C% |z| <1, |w/ =1} and 34 = {(z,w) € R?, |z| = |w| =
1}, but plainly the thesis of that theorem is not true in this case.
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