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THE HYPERSPACES OF INFINITE-DIMENSIONAL
COMPACTA FOR COVERING AND COHOMOLOGICAL
DIMENSION ARE HOMEOMORPHIC

TADEUSZ DOBROWOLSKI AND LEONARD R. RUBIN

A notion of true dimension theory is defined to which is assigned
a dimension function D. We consider those D which have an en-
hanced Bockstein basis; these include D = dim and D = dimg
for any abelian group G. We prove that for each countable poly-
hedron K, the set of compacta X € 22 with K € AE({X}) is
a Gs-subspace. We apply this fact to show that the hyperspace of
the Hilbert cube Q consisting of compacta (or continua) X with
D(X) < n is a G;-subspace. Let D=" (resp., D" N C(Q) ) denote
the space of compacta X (resp., continua) with D(X) > n. We prove
that {D2"}2, and {D2" N C(Q)}Z, are absorbing sequences for
o-compact spaces. This yields that each D" and DZ"*!' N C(Q)
(n > 1) is homeomorphic to the pseudoboundary B of Q; their re-
spective complements are homeomorphic to the pseudointerior of Q;
and the intersections (), D2", N, D2" N C(Q) are homeomorphic
to B>, the absorbing set for the class of F,;-sets. Results for the
hyperspaces of compacta X for which D(X) > n uniformly are also
obtained.

1. Introduction. The ultimate objective of this paper is topological
identification of certain hyperspaces of compacta related to dimen-
sion. Hyperspaces we are dealing with are subspaces of 22, the hy-
perspace of all compacta of the Hilbert cube Q = [0, 1]* endowed
with the Vietoris topology (Hausdorff metric) or C(Q), the hyperspace
of continua. By dimension we mean true dimension (§2) which in-
cludes covering dimension dim and cohomological dimension dimg
for any abelian group G. The classical result, IV.45.4 of [Kur], states
that the hyperspace of compacta with dim < » is an absolute Gj-set
(equivalently: a Gj-subset of 2Q). A natural question arises whether
the above statement holds true for dimg. (If this were not true for
G = Z, then it would implicitly yield examples of Dranishnikov type
[Dr1].) The question for, G = Z, was brought to our attention in
January 1991 by R. Pol. Apparently this had already been considered
by the authors of [DvMM]. Furthermore, Robert Cauty has communi-
cated to us a proof that this set is coanalytic. We shall prove (Corollary
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3.4(a)) that for all abelian groups G, the hyperspace of compacta of
dimg < n is a Gg-subset.

The second part of the paper is an application of the above Gy
result. It can be viewed as an expansion of the work [DvMM] of
Dijkstra, van Mill and Mogilski, where methods of infinite-dimension-
al topology were applied to identify hyperspaces related to dim. We
extend the results of [DvMM] in two directions: we replace dim by
any true dimension function D, where D has an enhanced Bock-
stein basis (§3), and we settle the case of the hyperspace of con-
tinua. We also recover their result concerning uniform dimension
in this setting including continua. More precisely, we show that the
sequences {D=2"}%, and {D=" N C(Q)}>2,, where D=" consists
of all compacta X with D(X) > n, are absorbing for the class of
o-compact spaces in 22 and C(Q), respectively. By the unique-
ness theorem for absorbing sequences, we infer that {D2"}>°, and
{D2"N C(Q)}, are homeomorphic to the unique absorbing model
sequence. In particular, each D>" and DZ"*!NC(Q) (n > 1) is
homeomorphic to the pseudoboundary B of the Hilbert cube Q ; their
complements are homeomorphic to the pseudointerior s of Q; and
N, Dz" and N,(D2"NC(Q)) are homeomorphic to B>, the absorb-
ing set for the class of absolute Fjs-sets. If we denote by D>" the
hyperspace of compacta X for which D(X) > n uniformly, then the
sequences {D-"}>, and {D>" N C(Q)}2, are absorbing for the
class of absolute F,s-sets. In particular, D>" and D>"*' n C(Q)
(n > 1) are homeomorphic to B> ; their intersections ), D>" and
N,([D>" N C(Q)) are also copies of B .

For background in the theory of cohomological dimension, the
reader may consult [Dr2], [Ku] or the appendix of [Na]. The the-
ory of covering dimension can be found in [En], [HW], [N], [Na] and

many other sources.
Unless otherwise stated in this paper, we shall use the metric

d((x:), ) =>_ 27" x; — il
i=1

for the Hilbert cube Q. We shall often treat 1" = [0, 1]” as [0, 1]" X
{0} x {0} x - -- C Q with the metric determined by d. Open balls will
be written B(x, €) and closed balls B(x, €).

The authors are grateful for the advice of Robert Cauty in preparing
this manuscript.
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2. Absolute extensors; dimension functions. The theories of covering
dimension dim and cohomological dimension dimg for metrizable
spaces share a common attribute. In order to properly describe this
and to effectively generalize it, let us first recall a notation. Let X be
a space and K be an absolute neighborhood extensor for the class of
metrizable spaces. Then K € AE({X}) means that K is an absolute
extensor for {X}. We shall also use X € &(K) to designate this
property.

We leave the proof of the next result to the reader.

2.1. LEMMA (sum theorem). If a metrizable space X is the countable
union of closed subsets Ay, A>, ... such that for each i, A; € &(K),
then X € £(K). O

The next result concerns limits of compacta. By a polyhedron we
shall mean the space |K| of a simplicial complex K with the White-
head topology. When no confusion is likely, we shall use the symbol
K to denote both the polyhedron and a given triangulation of it.

2.2. THEOREM. Let K be a polyhedron and suppose X =
(Xa, Py o> A) Is an inverse system of Hausdorff compacta such that
foreach ac A, X, € &(K). Then X =limX e &(K).

Proof. Let B C X be closed and let f: B — K be a map. Choose
a compact subpolyhedron P of K with f(B) C P. We take B =
limB where B = (p4(B), p, |, A). As a consequence of Theorem
8 of [Ma], there exist a € A and a map g: p,(B) — P such that
g ops|B and f are homotopic. Then since X, € &(K), there is a
map G: X, — K extending the map g.

Let Py be a compact subpolyhedron of K containing G(X,;)UP.
Since Gop,: X — P, restricts to the map g o p, on B, then the
homotopy extension theorem yields a map F: X — K extending

S O

We shall now develop an abstract notion of dimension, the idea
being to unify standard ones such as dim and dimg. Suppose 7 =
{Ky, Ky, ...} is a sequence of polyhedra with the property that for
each metric space X, X € &(K,) implies that X € &(K,4;) for
all j > 0. Then we shall say that .7 is a stratum for a dimension
theory. Whenever we have such a .7, then we want to define for
each metrizable space X , its dimension D(X) e {-1,0,1, ..., oo}.
This is done inductively as follows. One says D(X) = —1 if and
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onlyif X =2; D(X)=n (0<n <o) if X € &(K,) is true and
D(X) = m is false for all m < n; and D(X) = oo otherwise. We
shall write D(X) > n to mean that D(X) = k is false forall k < n.
We call D a dimension function stratified by .7 .

For D = dim, one chooses K; = S’. For D = dimg, one chooses
Ko =S° and K; a polyhedral K(G, i) for 1 <i < oo. In any event,
whenever % is a stratum for a dimension theory and D is defined
as above, certain properties are always true.

2.3. THEOREM (monotonicity). For each dimension function D,
metrizable space X and subspace Y of X, D(Y) < D(X).

Proof. This follows from the next lemma. o

2.4. LEeMMA. Let K be a polyhedron (or any absolute neighborhood
extensor for metrizable spaces). If X is metrizable and X € & (K),
then Y € &(K) forall Y CX.

Proof. The reader may simply adjust the proof of (D;) and (CDy)
on page 107 of [Wa]. The requirement of separability is unnecessary
since every open subset of a metrizable space is a countable locally
finite union of sets closed in the space. m]

2.5. LEMMA. Let D be a dimension function, X be metrizable, 7%
be a base for the topology of X, and 0 < n < oco. Then D(U) > n for
all nonempty U € Z if and only if D(U) > n for all nonempty open
subsets U of X . O

2.6. LEMMA. For any dimension function D and any nonempty
discrete space X, D(X) =0. O

2.7. CorOLLARY. For any metrizable compactum X with dim(X)
=0, D(X)=0.

Proof. Since X can be written as the inverse limit of a sequence of
finite spaces, apply 2.6 and 2.2. O

A dimension function D will be called true if D(R") = n for all
n. For such D, it follows from 2.1 and 2.4 that if P is a compact
polyhedron and dim P = n, then D(P) = n. If X is a metric com-
pactum and dim(X) < n, then X can be written as the inverse limit
of a sequence of compact polyhedra of dimension < n. Hence from
2.2 we have,
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2.8. THEOREM. If D is a true dimension function and X is a metriz-
able compactum with dim(X) < n, then D(X) <n. m]

3. Certain G;-subsets of 2. We shall now prove a theorem whose
corollaries will be vital to later developments in this paper.

3.1. THEOREM. Let K be a separable metric ANR and A be a
closed subset of a compactum Z . Then the space

S(Z,A) ={Xe2?|XnAec&(K)}

is a Gs-subset of 2% .

Proof. Choose a countable net & of closed subsets of Z . By this
we mean that for every neighborhood U of X in Z, there exists
DeZ with XcDcU. Foreach D e 9, let .#(D) be a countable
dense set taken from the space of maps of D to K, topologized by the
sup metric (here we use separability of K ). Let ¥ = |J{#(D)|D €
D'}, then & is a countable set. Let us index . as {f;: D; — K|i €
N}, where of course D; € & is the domain of f;.

Choose an open cover Z of K so that any two %/-near maps into
K are homotopic. Now define G; (i € N) to be

{Xe€2?|3amap g: X N A— K such thaton X N AN D;,
g and f; are Z-near}.

We are going to show that each G; is open in 2Z and that S(Z, A) =

21 Gi . These facts will establish the truth of our theorem.

To see why G; is open, let X € G;, and g: XNA — K be a
map satisfying the requirements in the definition of G;. There exists
a neighborhood U of XNA in Z and a map h: U — K which
extends g. Making U smaller if necessary, we may assume that on
UNAND;, h and f; are Z-near. Now there is a neighborhood
W of X in 22 sothatif Y € W then YNA C U. Then the
map kY NA: Y NA — K witnesses the property needed to show that
Y €G;.

It follows from the definition that S(Z, A) C ;2; G;, so let us
prove the opposite inclusion. Suppose that X € N2, G;, let 4 be
closed in XNA and let f: A — K be a map. We must show that
f extends to a map of XNA to K. Extend f to a map /4 from a
neighborhoodin Z of 4 to K. Thenfinda D € < suchthat AC D
and £ is defined on D. There exists i so that D; = D and f;|D;NA
is Z-near h|D;NA. Since X € G;, there existsamap g: XNA— K
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such that on XNAND;, g and f; are Z-near. Restricting all three
maps f, f; and g to A4, one sees that f is homotopic to f; and f;
is homotopic to g. Since g extends to X NA, then the homotopy
extension property shows that f does also. O

3.2. COROLLARY. For the Hilbert cube Q, S(Q,A) is a Gs-set
in 29 and hence the complementary subspace 22\S(Q, A) is a o-
compactum. If C(Q) denotes the (closed) subspace of 2 consisting
of all subcontinua of Q, then C(Q) N 2AS(Q,A)) is a o-
compactum. ]

Let us translate these two results into one concerning dimension
functions.

3.3. CorOLLARY. For any dimension function D with stratum % =
{Ky, K1, ...} consisting of countable polyhedra K;, and for any n
>0,

(a) the space D<"(A) = {X € 29|D(X NA) < n} is a Gs-subset of

2Q;

(b) the space D2"(A) = {X € 22|D(X NA) > n} is an F,-subset of

2Q,

Proof. By [M-S, Theorem 10, p. 302] each K; is homotopy equiv-
alent to a separable, metrizable ANR. u]

Given a dimension function D, an enhanced Bockstein basis for
D is a collection of dimension functions D; each having a stratum
consisting of countable polyhedra and having the property that for all
compacta X,

D(X) = max{D;(X)|i € N}.

Observe that if D = dim or D = dimg (for arbitrary abelian group
G), then D has an enhanced Bockstein basis. For dim this follows
easily. For dimg let us refer to [Ku, Theorem 6], in which it is shown
that for each abelian group G there is a Bockstein basis o(G) con-
sisting of a countable set of countable abelian groups G;. It is not
difficult to show that for each n and i there is a K(G;, n) which is
a countable CW-complex, or indeed, a countable simplicial complex.
Hence for each i, dim(;i has a stratum consisting of countable poly-
hedra. Therefore {dimg |i € N} is an enhanced Bockstein basis for

dimg. (We let K(G, 0) = S°.)
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3.4. CoROLLARY. Let D be a dimension function having an en-
hanced Bockstein basis. Then (a) and (b) of Corollary 3.3 are true
for D. In particular this is so if D = dim or dimg for any abelian
group G.

Proof. Let {D;} be an enhanced Bockstein basis for D. By Corol-
lary 3.3, and the fact that each D; has a stratum consisting of count-
able polyhedra, we have that (a) and (b) are true for each D;. Since
D="(A) = N;en D?”(A) , (a) follows for D, and (b) is a consequence
of (a). m]

In §6 we are going to obtain results related to the notion of uniform
dimension. The following fact will be used there.

3.5. CoroLLARY. For any dimension function D having an en-
hanced Bockstein basis and n > 0, the set EZ"(A) consisting of all
X €29 such that

X NA# @ and for every open W C XNA, W#o, DIW)>n

is an F,s-subset of 29. In particular this is true if D = dim or dimg
for any abelian group G.

Proof. In case A = @ there is nothing to prove, so assume A # &.
We need to show that ﬁzn(A) is a countable intersection of Fg-sets.
Take % to be a countable base for the topology of A with the empty
set removed from % . Let G = {X € 29I D(UNX NA) > n for all
Ue%}and H={X €29DUNXNA) >n forall U e %}.
Let U € % and denote Z(U) = {X € 29I D(UN X NA) > n}. From
Corollary 3.4(b) we conclude that ' (U) is an Fj-set. Thus G =
({Z(U)|U € Z} is a countable intersection of F,-sets.

We claim that G = H. Clearly, H C G. To show the reverse
inclusion, suppose X € 22 and D(UNXNA) > n forall Ue % . Let
Ve#.Thenwecanfind Ue % with Uc V. Hence UNXNAC
VNXNA and so D(V¥NXNA) > n. This shows that X € H. An

application of Lemma 2.5 shows finally that H = Ezn(A) . ]

4. Apparatus of absorbing sequences. Let us recall [Tor] that a closed
subset 4 of Q isa Z-set if every map of the n-dimensional cube I,
n=1,2,..., can be approximated by a map whose image misses
A. An arbitrary set 4 with the above property is called a locally
homotopy negligible set. This is equivalent to the statement that there
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exists a homotopy #;: Q — Q which instantaneously maps Q off 4,
ie., (Q)NA =2 for t >0 and hy =id. A set that is a countable
union of Z-sets is called a gZ-set. An embedding whose image is a
Z-set is called a Z-embedding.

Let %, be a topological class that is closed hereditary, n > 1, and
write & = {%,}32,. By a graded sequence X = {X,};2, in a space
E we mean a sequence of subsets of E such that X; D X, D ---.
A graded sequence {A4,}3°, in a compact space Y is called a Z-
sequence if 4, € %,, n > 1. We say that the graded sequence X in
a copy E of the Hilbert cube is strongly (Y, {4,}3,)-universal, if
for every map f: Y — E which restricts to a Z-embedding on some
compact subset K of Y, there exists a Z-embedding v:Y — E
which is arbitrarily close to f and satisfies:

(2) vIK = fIK,

(b) v H(X)\K = 45\K .

The sequence X will be called strongly % -universal if it is strongly
(Q, {4n}2,)-universal for every #-sequence {4,}52, in the Hilbert
cube Q. (This is equivalent to the definition given in [DvMM].) The
graded sequence X in E is called % -absorbing, if

(1) itis a #-sequence,
(2) X; is contained in a 0Z-set in E, and
(3) X is strongly #-universal.

For the graded sequences studied in this paper, verification of the
& -absorbing property will be done in the following manner. Let X
be such a graded sequence in a copy E of the Hilbert cube. By its
definition and the results of §3, each such X will be a #-sequence,
and hence (1) will be true. The tool for verifying (2) will be Lemma
5.3.

Our proof of (3), the strong % -universality will go as follows. We
will select a certain closed subset £y of E. Then we will show that

(i) the sequence {X, N Eg}, is Z-universal in Ey, i.e., given
a @-sequence {4,}, in Q, there exists an embedding w: Q — E
with w=1(X, NEg) =A4,, n>1, and

(ii) the sequence X is strongly (Ep, {X» N Ep}3,)-universal in
E.

As shown in [DvMM, Theorem 1] (the uniqueness theorem) two
& -absorbing sequences X = {X,}%°, and Y = {Y,}{2, in respec-
tive copies £ and E’ of Q are homeomorphic, i.e., there exists a
homeomorphism # of E onto E’ so that A(X,) = Y, ; in particular
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h(Xn\Xn+1) = B(Yn\Yn41) and k(N2 Xn) = (pZ; Yn -

In this paper our choices of & = {%,}5°, will always be such that
% = % = ---. Hence we shall specialize the above definitions for
that situation.

Suppose # is a topological, closed hereditary class and let %, = &
for n > 1. We say that a graded sequence {X,}°, in a copy E of
the Hilbert cube is % -absorbing if the sequence {X ny2 is {Bn}2
absorbing. If, additionally, X,, = X then the statement that X is a
relative & -absorbing set in E will mean that {X,}%, satisfies the
conditions (1), (2) and is strongly (Q, {4}, )-umversal for every
constant %-sequence {A4,}°, (i.e., 4, = A for n > 1 and 4 €
% ) in the Hilbert cube Q. It directly follows from the definitions
that such X is a Z-absorbing set in E in the sense of [BM]. In
particular, the uniqueness theorem of [DvMM] yields that two relative
% -absorbing sets are relatively homeomorphic.

Herein we shall apply only the cases where either & = &/ is the
class of all metric o-compacta or & = %, is the class of absolute
F,s-sets. Let B =[0, 1]°\(0, 1)> C Q be the pseudoboundary of Q
and s = Q\B = (0, 1)> be its pseudointerior. The next two theorems
show how /- and #,;-absorbing sequences compare with standard
models based on these spaces.

4.1. THEOREM. Let X = {X,}2, be an </ -absorbing sequence in
a copy E of the Hilbert cube. Then for n > 1 we have

(a) X, is homeomorphic to B,

(b) E\X, is homeomorphic to s,

(¢) Xu\Xpy1 is homeomorphicto B x s,

(d) (E\Xn+1> Xn\Xns1) is homeomorphic to (Q xs, B xs), ie,
Xu\X,+1 is a Z-absorbing set [VM] in a copy of s = R>,

(€) Nyey Xn is a relative F,5-absorbing set in E; in particular
Npey Xn is homeomorphic to B> .

Proof (¢f. [DvMM]). Let
Sp=BXBx---xBxQxQx---CcQ®

~
n -times

and
S, = {(x;) € Q®°|x; € B for some i > n}.

As shown in [DvMM], both {S,}3°, and {S;}32, are &/ -absorbing
sequences.
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To obtain (a) and (b) apply the uniqueness theorem for the .7 -
absorbing sequences {X,} and {S,} and the fact (see [vM]) that
(Q>, S,) is homeomorphic to (Q, B). To get (c) and (d) apply the
uniqueness theorem for {X,} and {S)}. For (c) use the fact that

S\ ;1’+1=\QxQx~~-xQJxBxsxs><'-' >

Vv

(n—1) -times

which is homeomorphic to B x s. For (d) use the fact that

(QX\Sy115> Su\Sps1) = (QXQ X X QXQXSXS X+,

v

(n—1)-times
QxXQx- - XQXBXSXS§X::-),

(n—1)-times

which is homeomorphic to (Q x s, B x 5). Item (e) follows from the
fact that (), S, = B®. O

4.2. THEOREM. Let X = {Xp}2, be an F;5-absorbing sequence
in a copy E of the Hilbert cube. Then for n > 1 we have X, is
homeomorphic to B> . Furthermore, (\,—,; Xn is also homeomorphic
to B>,

Proof. Since, by 4.1(e), B> is a relative .#,s-absorbing set in Q>

the sequence {7,}¢° ,, where

T, =B XB®x---xB®xQ¥xQ®x---,

is an %, s-absorbing sequence in (Q*®)>, a copy of Q (see Theorem
3.1 of [DvMM]). By the uniqueness theorem on absorbing sequences
there is a homeomorphism # of E onto (Q>)* with A(X,) =T,.
Now the assertion follows from the fact (see [vM]) that 7, is home-
omorphic to B>, O

5. Absorbing ./ -sequences in C(Q) and 22 related to dimen-
sion. Throughout this section, D will denote a true dimension func-
tion having an enhanced Bockstein basis (see §§2 and 3). We will be
interested in the following graded sequences in 22 related to D:

D*={D="}32, and D*|C(Q)={D>"NC(Q},,

where D2" = D2"(Q) (see 3.3(b) for the definition of D2"(Q)). The
sequences D* and D*|C(Q) will be considered in 22 and in C(Q),
the hyperspace of all continua in Q, respectively. By [C-S2], both 22



HYPERSPACES OF INFINITE-DIMENSIONAL COMPACTA 25

and C(Q) are copies of Q. Since D is a true dimension function,
by 2.8, we have dim>" D D2" for every n. We may treat D* and
D*|C(Q) as “subsequences” of dim* and dim*|C(Q), respectively.
By Corollary 3.4(b), the sequences

(%) D* and D*|C(Q) are &/ -sequences.

The sequence dim* was analyzed in detail in [DvMM], where it was
established that dim* is an ./ -absorbing sequence.
We now come to the main theorem of this section.

5.1. THEOREM. For any true dimension function D having an
enhanced Bockstein basis, the sequences D* and D*|C(Q) are & -
absorbing in 22 and C(Q), respectively.

Before proceeding with our lengthy proof of this theorem, let us
provide several significant consequences. Recall that D2" = {4 €
2Q|D(A) > n}. We define D" and D" similarly. Applying 4.1, 5.1
and 3.4, we have

5.2. COROLLARY. For n=1,2,..., we have

(a) D2" and D2"*' N C(Q) are homeomorphic to B,

(b) D=1 and D<"N C(Q) are homeomorphic to s,

(c) D* and D" N C(Q) are homeomorphic to B x s,

(d) (D", D™) and (DS"*1NC(Q), D™'NC(Q)) are homeomor-

phicto (Qxs, Bxs),

(e) D> and D> N C(Q) are homeomorphic to B> .
This is true in particular if D = dim or D = dimg for any abelian
group G. O

To prove Theorem 5.1, we must verify (1)-(3) of §4. By (x), (1) is
true, so the next step is to show (2), which is done in the next lemma.

5.3. LEMMA. The spaces D2! and DZ2N C(Q) are cZ-sets in 22
and in C(Q)), respectively.

Proof.. It is known [Cu] that dim>!,is a o Z-set in 2Q (see the first
paragraph of the proof of Theorem 4.6 in [DvMM)]). Since D2! C
dim2!, D2! jsalsoa 0Z-set. Lemma 5.4 below with p = co and the
fact that D22NC(Q) C dim>?>NC(Q) show similarly that D>2NC(Q)
is a gZ-set. O
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Denote by C(I?) the subspace consisting of all continua of the
hyperspace of the cube I?. By [C-S2], C(I?) is a copy of Q for
2<p<oo. Write

C2n(IP) = {4 € C(I?)| dim(4) > n}.

For any compactum X, % (X), will designate the hyperspace of finite
subsets of X .

5.4. LEMMA. The space C2%(I?), 2 < p < oo, is a gZ-set in
c(Ir).

Proof. The metric d indicated in the introduction has the prop-
erty that if B(x, €)n B(y, §) # @, then the line segment [x, y] C
B(x, e)UB(y, ). We shall use this fact in a moment.

Given € > 0, we will find a map

p: C(I7) - C(IP)
such that d (4, ¢(4)) < 2¢ and ¢(4) ¢ C22(I?) for every A €
C(I?). By Proposition 2.2 of [Cu], there exists a map y: C(IP) —
F (IP) with d(y, id) < €. Now, to every A € C(I?) we will assign a
continuum ¢(A) with the properties:
(1) ¢(A4) is 1-dimensional,

(2) w(4) Co(4),
(3) d(p(4), 4) < 2e.

Consider the finite collection of balls {B(x, €)|x € w(A)}. For every
X1, Xy € w(A), we let

14)61)62 = [xl > x2] N (F(xl s C) UF(xZ > 6)) s
where [x;, x;] denotes the segment with x; and X, as its endpoints
(clearly, if B(x;, €)NB(xy, €) # @ then Ay x, =[x, X2]). We set

9(4) = U Axlxz'
X, ,X,€EY(A)

Since d(y(A4), A) < € and A4 is a continuum, ¢@(A) is also a (1-
dimensional) continuum. Moreover, we have d(¢(A4), A) < 2¢. One
checks that 4 — ¢(A4) is continuous. o

Let Ay be a nonempty closed subset of Q. Consider the relative
hyperspaces

CQ, 40) ={4€ C(Q)|AN Ay # o},
29(4y) = {4 €29 4N A4y # 2}
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which are, by [C-S1], copies of the Hilbert cube. We write Cy(Q) =
C(Q, {0}) and 29 = 2Q({0}). Note that, by homogeneity of Q, 0
can be replaced by an arbitrary ¢ € Q. We denote Cy(I?) = {4 €
C(I?)|0 € 4} and C3"(IP) = CZ"(I?) N Co(IP).

Now we set out to prove (3) of §4 for D* and D*|C(Q). This will
be done in the two stages (i) and (ii) of that section. As E, we select
2(? when dealing with the sequence D*, and Cy(Q) when dealing
with the sequence D*|C(Q). Our approach will be to give the proof
for D*|C(Q) first and then indicate the modifications needed for D*.
We start with (ii).

5.5. PROPOSITION. The sequence D*|C(Q) = {D3" N C(Q)}2, is
strongly (Co(Q), {D=" N Cp(Q)}.,)-universal in C(Q).

We need two auxiliary facts.

5.6. LEMMA. There are homotopies y: 22 x [0, 1] — 22 and
@: C(Q) x[0, 11— C(Q) satisfying the following properties:

(a) Yo = idZQ and Qo = idC(Q) 5

(b) w(22x (0, 1) c F(Q);

(c) 9(4,1) & C2%(Q) for (4,1) € C(Q) x (0, 1];

(d) writing mn, for the projection of Q = [I;2,1; onto []2,.11:,
I; = I, we have m, (y(4, 1) = {0} for t > 1 and 4 € 22 (resp.,
na(9(A4, t)) = {0} for t > and A€ C(Q));

(e) (V/t( ) A) < 2t fOT (Aa t) € 2Q X [O’ 1] (resp., d(¢t(A), A)
<7t for (4,1) e C(Q)x[0, 1]);

() w(4,1)Co(4,1) for (4,1) € CQ)x[0, 1].

Proof. Since ¥ (Q) is locally homotopy negligible in 22 [Cu], there
exists a homotopy H: 22 x (0, 1] — ¥ (Q) such that d(H,,id) < ¢
for all ¢ > 0. Set Hy = id to extend H over 22 x [0, 1]. Pick a
homotopy p: Q x [0, 1] — Q so that

(1) po=1id,

(2) mapi(g) =0, ¢ €Q, provided ¢ > 1,

(3) d(ps,id) <t.
We may view p as a map from 22 x [0, 1] to 2Q via (4,¢) —
D (A x {t}). With this, write y; = p;o H; and note that the conditions
(a), (b), (d), (e) are satisfied for y; (e.g., we have d(y;(4), 4) <
d (p:Hi(A), Hi(4)) +d (H(4), A)) S t+1=21).
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To obtain ¢ fix A € C(Q). The set ¢,(A4) (¢ > 0) will be an
“enlargement” of the finite set y;(A4) to a 1-dimensional continuum
that “passes through” y;(4). We will apply the reasoning of 5.4. Note
that the finite family {B(x, 3¢)|x € w;(4)} of balls covers w;(4). For
every X, x; € y;(A), we let

Agcl)c2 = [x1, X2]N (F(xl s %t) U_E(.XZ , -;—t)) .

We set
9(A4) = U Agclxz'
X, X%,E€¥,(4)
Since A is connected, ¢;(A4) is also connected. The continuity of ¢
follows from the continuity of y restricted to C(Q). Moreover we
have
d(9:(4), A) < d(9:(4), wi(4)) +d(yi(A4), A)
<St+2t=1Tt.

Thus (e) follows. The property in (d) is a consequence of the same
property for . O

5.7. REMARK. Observe that the proof of 5.4 works for the space
Co(I7). We simply can assume 0 € y(A4). No other changes are
necessary to obtain that COZZ(IP) isa gZ-set in Cy(I?). Similarly,
the proof of 5.6 works for 28 and Cp(Q). Here we can assume
0e€ H(A, t) and get homotopies y: 2§x[0, 11— 28 and ¢: Cp(Q) x
[0, 1] — Co(Q) satisfying suitable properties (a)—(f) of 5.6. O

5.8. LEMMA. Fix pairwise disjoint infinite subsets Ny, N,, ... of
the set of positive integers N such that {1,2,... ,n+1}NN, =@
and fix k, € N,,. There is an injective map

X Co(Q) x (0, 1] — Co(Q)
such that
(@) % (DZ"NCy(Q)) =D="NCy(Q) for t>0 and n>2,
(b) if 7 <t < 5 then p x:(A) # {0}, while px:(4) = {0} for
all k € N\\(N,UN,,) and A€ Cy(Q) (p; denotes projection on the.

J-th coordinate of Q),
(c) d(x:(4),{0}) <t for (4, 1) € Co(Q) x (0, 1].

Proof. Select a homeomorphism 4, of Q onto [],cn \{k } Tk hav-
ing the property that 0 is carried to the element of [[ien \x 3 I all of
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whose coordinates are zero (which we also denote 0). Let 4, be the
homeomorphism of Co(Q) onto Co([Ixen \fx 3 Ix) induced by 4,.
Set T

hn(A4) = {0} x hn(4) x {0} U {0} x {0} x [0, 1]
c(H Ik)x( 11 Ik)xlknznlsz.
kEN\N, keN\{k,} keN

Define

X (A, s%+(1 _s)n—:- 1) =5hp(A)U (1 = 5) hypi(A).

It is clear that x(A, s% +(1 - s)n+r1) is the pointed union of sh,(4),
(1 —s8)h,1(A4), [0, s] and [0, 1 —s] (the basepoint is 0 € Q). Con-
sequently, using 2.1 and the fact that D is a true dimension function,
(a) easily follows. The construction assures (b). For je {1,2,...,
n+1}, j & NyU Ny, by (b) it follows that p;x,(4) = {0}, 1 <
t< % thus d(x,(4), {0}) < 7y <t.

To show that y is injective, suppose x (A4, t) = (A, t'). Assuming
! <tand 7 <t< g, weget g <t < (otherwise py x(4', 1)
would be {0} for £ > n+2 while p x(4, 1) # {0}). If 77 <
t,t < %, then clearly ¢t = ¢ and thus 4 = A’ because h, is a
homeomorphism. O

Proof of 5.5. Let F: Cy(Q) — C(Q) be a map and let K be a closed
subset of Cy(Q) such that F|K is a Z-embedding. We may assume
that F itself is a Z-embedding and that we have

(1) F(GQ\K)NF(K)=2.
Let €9 > 0 be given, ¢; < 1.

Pick a map €: C(Q) — [0, €g] such that

(2) €7 1({0}) = F(K), and

(3) d(F(4), F(K)) > 12¢ (F(A4)) for A€ Co(Q).
Note from 5.8(c) that y extendsto Cy(Q)x[0, 1] via (4, 0) = {0}.
Let €e* =€ o F: (Cp(Q) — [0, €] and take ¢ and y from 5.6. Our
€g-approximation G of F is given by

G(4) =9 (F(4), " (A) ULy (F(4), €"(4)) + x (4, €" (4))].

We use V' + W to denote {v+w|(v,w)eV xW}. If 4€K then
one checks that G(A) = F(4).
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Suppose 4 € Cy(Q)\K . Since
W (F(A), € (4)) +x (4, €*(4))
=J{x+x4, e Q)| x ey (F(4),€e* (1)},

by 5.6(f), G(A) is a continuum. Putting it informally, G(A4) is the
union of the 1-dimensional continuum ¢(F(A), €*(A4)) and a pair-
wise disjoint, finite collection of continua 7" with D(T) = D(A), each
of which intersects it. An application of 2.1 yields D(G(A4)) = D(A);
therefore G~1(D2"NC(Q)\K) = D2"NCy(Q)\K . (In those instances
where we do not need G(A) to be a continuum, as in the proof
of reflexive universality of D* in 5.9 and D~ in 6.1, we just omit
p(F(A), €*(A4)) in defining G. For such G we will have D(G(A)) =
D(A) in 5.9 and D(G(A)) = D(A) uniformly in 6.1. In the proof of
6.1 for continua, where we desire D(G(A)) = D(A) uniformly, then
we shall produce a different ¢ denoted @ so that D(@(F(A4), €*(A4)))
= oo uniformly.)
Using 5.6(c), we get

d(y (F(A), e (A) +x(4, € (4) , y (F(4), € (4)))
<d(x(4, € (4),{0}) <€*(4).

Consequently, by 5.6(¢) we have

(4) d(G(A4), F(4)) < d(p(F(4),€*(4))) U [y (F(4), e*(4)) +
x(4, € (A))], y(F(A4), €*(4)+d(y(F(4), €*(4)), F(4)) < 9¢e* (4)
+2¢e*(A4) = 11e* (4) = 11e(F(A)).

If A € Cy(Q)\K, then (1) and (2) imply that € (F(A4)) > 0; this
fact and items (3), (4) imply that G(4) ¢ F(K). The reader may
check that for 4 € K, G(4) = F(A). Thus to show that G is an
embedding it suffices to check that G|Cy(Q)\K is injective.

Assume A4, A" € Co(Q)\K, G(A) = G(A') and €*(4') < €*(4).
Suppose there are s and n with 3 < e*(4) <1 <L <e*(4)
<1 Incase ! < ;L then s # n,n+1; hence ks € N; C
N\(N, U N,41). Using 5.6(d), 5.8(b) and the definition of G, we
get p (G(4)) = {0}. Let ¢t = €*(A4’); then using 5.8(b) we have
Dk, (x:(A4")) # {0}. From this and the definition of G, one sees that

Pi (G(4')) # {0}, a contradiction. Consider the case { = i7.

N
Arguing in a manner similar to the above, one concludes that

173 (G(A)) # 0, whereas Dr, (G(A4")) = {0}, another contradiction.
We infer that L+ < e*(4) < €*(4) < 1, p (G(A') = x (4, e*(A"))

n+1
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and p; (G(A)) = x (A4, €*(A)) for all kK € N, U N,,;. Since x is
injective, we conclude that 4 = A4'.

It remains to check that G (Cy(Q)) isa Z-setin C(Q). To get this,
note that G(A) C Q is nowhere dense. Consider the map (4, t) —
A(A) = {x € Q|d(x, A) < t}. Clearly (4,;) is an instantaneous de-
formation of C(Q) off G(Cy(Q)\K). It follows that G (Cp(Q)) =
F(K) U G(Cy(Q)\K) is the union of a Z-set and a locally homotopy
negligible set, hence a Z-set in C(Q) [Tor]. O

5.9. PROPOSITION. The sequence D* = {D2"}%  is strongly (2,
{D2" N2y V-universal in 29,

Proof. Note that Lemma 5.8 holds in the 28-setting, 1.e., there is
an injective map y: 20Q x (0,11 — 28 such that suitable versions of
(a)-(c) hold (e.g., the condition (a) reads x~!(D2" N 28) =D2"nN ZOQ
for t > 0 and n > 1). The role of [0, 1] in defining %, can be
replaced by {0, 1} c [0, 1]. Now, correct the definition of G from
the proof of 5.5 to let

G(4) = y(F(4), € (4)) + x(4, €°(4)),
for 4€29. =

Let us pass to proving .2 -universality, step (i) of verifying strong
&/ -universality.

5.10. ProPosITION. The sequence {D2"NCy(Q)}., is & -universal

in Co(Q).

Proof. Fix an &/ -sequence {4,}3°, in Q. We need to show that

there is an embedding w: Q — Cy(Q) with
(1) w=Y(D2"N Cy(Q)) = 4, for n>2.
Represent Q as the product of two Hilbert cubes Q' x Q”. Assume
we are able to construct a map ®: Q — Cy(Q’) satisfying (1). Then
we could correct @ to a required embedding in the following way.
Write Q" =12 Ik, Iy =1. For x=(x;)€Q, (0<x; <1), set
[e ¢}
v(x) = [J ({0} x {0} x -+ x {0} [0, xa] % {0} x {0} x -+ ) € Q.

n=1 (n—1) -times

It is clear that v: Q — Cy(Q”) is an embedding and dim(v(x)) = 1
for every x € Q. Now, assuming ®: Q — Cy(Q’) is a map with (1),
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we can combine ® and v to get w:
w(x) = (P(x) x {0}) U ({0} x v(x)) c Q' x Q".

It is clear that w(x) € Cy(Q). Since v(x) is 1-dimensional and P
satisfies (1), by 2.8 and 2.1, w satisfies (1).

To produce @ we need the following modification of [DMM, Lem-
ma 5.4].

5.11. LEMMA. Suppose Z and Y are subsets of a copy E of the
Hilbert cube so that Z C Y, Y is a oZ-set and E\Z is locally
homotopy negligible in E. Then, given a g-compactum A C Q there
is f:Q— E with f(A) CZ and f(Q\4) CE\Y. ]

We continue the proof of 5.10. We will apply 5.11 with E = Cy(1"),
Y, = Cg*(I"), Z, = Cg"(I") and 4, C Q, n > 2. First note that ac-
cording to 5.7, COZZ(I”) isa gZ-set in Cy(I"), a copy of the Hilbert
cube. Moreover, Cy(I ”)\COZ"(I ") is locally homotopy negligible in
Co(I™), because the map (4,t) —» {x € I":d(A4, x) < t} is an in-
stantaneous homotopy of Cy(I") off Co(I")\Cg"(I"). Represent Q'
as the product

Q=DPxDPxI*x---.
Apply 5.11, to find ®,: Q — Cy(I?) so that
@;'(CF2 ™) = 4a.
Let n > 2. Use 5.11, to get ®,: Q — Cy(I") such that
®,(4,) C C5"(I") and ®,(Q\4,) C Co(I"\C52(I").

Now, define ¥,,: Q » (I2xI* x --- x I" x {0} x {0} x ---) c Q' by
letting

Y, (x) = U(jO} x {0} x ---x{O}de)i(x) x {0} x {0} x ---).

i=2

(i—2) -times

The sequence {¥,}32, is a Cauchy sequence of maps from Q into
Co(Q'). Hence its limit @ = lim ¥, is a continuous map. Notice that

®(x) = [ J({0} x {0} x --- x {0} x®;(x) x {0} x {0} x ---).

i=2 (i—2) -times

From the above formula, it follows that whenever x € 4;\4;,; then
®(x) is the pointed union of 4, B, C, where dim(4) <k, B isa
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k-dimensional subset of I* and C is 1-dimensional. Since D is
a true dimension function, then by 2.8 and 2.1 condition (1) fol-
lows. O

5.12. PROPOSITION. The sequence {D=" N Zg},"f:l is & -universal
in 22.
0

Proof. Represent = I x I? x --- and repeat the proof of 5.10
replacing the segment [0, x,] by {0, x,}. O

Proof of 5.1. Apply 5.3, 5.5, 5.9, 5.10 and 5.12. O

Let Ay be a nonempty closed subset of Q. We can define in a nat-
ural way the following relative graded &/ -sequences {D(4()="}%, in
2Q(4y) and {D(A4p)2" N C(Q)}, in C(Q, Ap), where D(Ap)2" =
D2" N 29(4,). Another variation might be to consider the follow-
ing sequences {D|45"}%°, and {D|457"NC(Q)}2,, where D|45" =
{4 € 29|D(ANAg) > n}. By 3.4(b), the above four sequences are also
&/ -sequences. It is reasonable to ask what are restrictions on A4p in
order that these sequences are absorbing (an obvious sufficient condi-
tion for the last pair of sequences is D(A4y) = oo ). In general, it is
not clear how to adjust the arguments of the proof of 5.1 in this case
(even for D = dim ). However, it can easily be done if A4y = {pt}.

5.13. REMARK. The sequences
{D2"N2Q}2, and {D2"N Cy(Q)}X,

are & -absorbing in 28 and Cy(Q), respectively. O

6. Absorbing # s-sequences related to uniform dimension. Let D
be a true dimension function having an enhanced Bockstein basis.
Consider the following graded sequences related to D:

D" ={D""}2, and D'|CQ)={D>"NCQ)}2,,

where D>" = D>"(Q) (see 3.5 for the definition of D>"(Q)). The
sequences D and D”|C(Q) will be considered in 22 and in C(Q),
respectively. By 3.5, the sequences D~ and D’|C(Q) are ;-
sequences. In [DYMM] it was shown that dim~ is an F,5-absorbing
sequence. We extend this result by proving
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6.1. THEOREM. For any true dimension functioE D having an en-
hanced Bockstein basis, the sequences D" and D*|C(Q) are F,;-
absorbing sequences in 29 and C(Q), respectively.

Before we give a proof of this theorem, let us provide a consequence
of it, 4.2 and 3.5.

6.2. COROLLARY. For n = 1,2, ..., 00, the spaces D>" and
D" n C(Q) are homeomorphic to B* (D> = N, D="). This
is true if D =dim or D = dimg for any abelian group G. O

The proof of the following auxiliary fact is implicitly contained in
[DvMM, Lemma 5.1].

6.3. LeEMMA. Suppose {Y,}%2, is &/ -universal in Q. Form the
sequence X = { Xy}, where

X = {(xn) € Q®| x, € Y, for infinitely many n} .

Then X is F;5-universal in Q™.

Proof (¢f. [DVMM]). Pick an F;; graded sequence {4;}°, in Q.
Since each A; is an Fjs-subset of Q, it can be expressed A; =
Nn=1 4}, where A} are g-compacta. We can assume that {4}}
decreases with n and k. Since {Y;}2, is ./ -universal, there is
Vp: Q — Q with v} (Yy) = 47 for k> 1. Set v = (v,): Q — Q™.
If x € Ay, then x € A} for every n and v,(x) € Y for every n;

hence v,(x) € X;. If x & Ay, then x & AZ" for some ny; con-
sequently x ¢ A7 for n > ng. This implies that v,(x) ¢ Y for
n > ng; hence v(x) & Xy . O

6.4. PrRoPOSITION. Consider the %/ -universal sequence
{D>* N C(Q)}2,
in Co(Q) and form
Xi = {(4n) € (Co(Q))® |4, € D3* for infinitely many n}.

Then the sequence X = {Xi}32, embeds into {Ezk N Co(Q)}12,,
meaning that there is an embedding o: (Cy(Q))> — Co(Q) such that

(1) a= (D N Co(Q)) = Xy for k > 2.
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We will modify the proof of [DvMM, Proposition 5.2].

Proof. Represent Q = (I x Q')®°, where Q’ is a Hilbert cube sub-
factor of Q. We find « in the form «a(P) = lim AAn(P) , where P =
(P;) € (Cp(Q))™ and P — AA,,(P) is a sequence of maps that converges
uniformly to a.

For convenience we shall treat I x Q' Cc (I xQ)x (I xQ)C---C
(IxQ)" C--- assubsets of (I xQ')* with all final coordinates equal
zero. The idea behind our construction is as follows. For each n
and P, AA,,(P) will be a continuum in (/ x Q’)” containing 0. We
shall identify in /f,,(P) a countable subset A4,(P). The continuum
A,1(P) C (I x Q)™ will be obtained as the union of A,(P) and
two sets R and S. The set R will be a countable, pairwise disjoint
union of segments, each of which intersects A, (P) in exactly one point
of A4,(P). The set S will be a countable, pairwise disjoint union of
continua, each of which intersects ffn(P) U R in exactly one point of
R. Certainly such a set must be connected, and we shall design the
construction so that 4,,;(P) is compact.

Define G = {0} U {27™|m > 1}. Let /fl(P) = [0, %] x {0}, 4{(P)
=(G\{0}) x {0} cIx Q. Put

ng; 1fg=2—my
F,(P) =
s(P) {{0}, if g = 0.

Apply 5.7, to obtain homotopies (y;): Cp(Q) — 281 and (¢;): Cp(Q)
— Co(Q), 0<t<1,s0that yp=gg=1id, w(4) € F(Q), t >0,
and y(4) C ¢(4), 4€ G(Q).

~

Assume inductively that A4,(P) and 4,(P) subsets of (IxQ')"~!x

~

(I x{0}) have been defined for n > 1 so that P — A,(P) is con-
tinuous, A,(P) is a continuum containing 0 and A4,(P) C
/i\n(P)\(I x Q)" 1 x {(0, 0)} is countable. Assume further that

(2) A(P)N(I x Q)" x ([e, 1] x {0}) is finite for all € > 0.
We let 4,,{(P) = A,(P)URUS, where

R={J{txy x {(a, 0} x ([0, 5] x {0}) | (x, @, 0) € 4n(P) }
and
S = J{x} x ({a} x @ap(Fa(P)))
x {(ab, 0)}|(x, a, 0) € A,(P), b € G}.
We need to show that /T,H_I(P) is compact. First, //1\,,(P) UR is
compact by an application of (2) and the fact that 4,(P) is compact.
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Second, suppose (z;) = ((x, , i, Vi, a;b;, 0)) is a sequence in S con-
verging to z € (I x Q)*+!. The proof that z € A,,+1(P) comes down
to checking three cases, b; = 0 for all i; b; > € > 0 for all i and
some €; (b;) is a positive sequence converging to 0. We leave the
details to the reader.

Let

Ans1(P) = J{{x} x ({a} x yap (Fa(P)))
x {(ab, 0)}| (x, a, 0) € A,(P), b € G\{0}}.
To prove (2) for A,,1(P), note thatif ab > € > 0, then a, b are both
bounded away from 0. Hence a, b occur only finitely many times
in the expression for A4,,{(P). Also, because of (2), the elements
(x,a,0) € A,(P) occur only finitely many times in this expression.
Since each y,;,(F,(P)) is finite, then (2) is true for A,.(P).
Using a suitable metric on Q we could achieve that

Zd(fi\n > 2n+1) <00.

n=1
Then P — ,Zf,, (P) is a Cauchy sequence of maps. Moreover, a(P) €
Co(Q) has the following form:

a(P) = cl (U ,Z,,(P)) :
n=1

To show that « is an embedding we shall demonstrate that « is
injective. If P # P’, then there exists g € G such that F(P) #
F¢(P'). In the part of Ay(P) designated S,set b=0 and a =g
Then a(P)N({g} xQ')x{(0, 0)} = {g} x Fg(P)x{(0, 0)}. Similarly,
a(P)N({g} x Q) x{(0, 0)} = {g} x Fg(P') x {(0, 0)}.

To show (1), let P = (P;) € Xy, i.e., D(P;) > k for 1nﬁn1tely many
i. Asin the proof of 5.2 of [DvMM], one checks that D(4 ,,+1(P)) >k
at every point p € A,(P) of the form (x,0,0) € (I x Q)" ! x
I x {0}, i.e., every neighborhood of p in 2,,+1(P) has D-dimension
> k. Since each p € A,,(P) has the form (x,0,0) € (I x Q)" x
I x {0} C A,,+1(P) then this implies that each point of A,,(P) has
in A,,+2(P) arbitrarily small neighborhoods with D-dimension > k.
Since U,2, Z,,(P) is dense in «a(P), we conclude that «(P) € ﬁzk N
Co(Q) .-

Now, assume P ¢ X, i.e., there exists m such that D(P;) < k
for all i > m. Then we have D(Fy(P)) < k for g < 27™. We
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have that D(4,(P)N C) < k for every n, where C = {(q;, u;) €
(IxQ)*®|q; < 27™}. To show this inductively, observe that D(R) = 1
and D(SNC) < k by an application of 2.1.

We claim that D(a(P)N C) < k. To verify this, note that

a(P)NC = ﬁ 1, (Ay(P)NC),

n=1

and nn(2n+1( P)NnC) = ( )N C, where n, is the projection of Q
onto (I x Q)" ! x (I x {0}). Moreover, we have

-~ T A T, A~
Ai(P)NC —— A (P)NC —— A3(P)NC +—— ---.

Assign to every x € a(P)N C an element ¢ = (m,(x)) € [To> A,, (P).
Clearly, we have ¢ € }iLn(A,,(P), m,) and the map x — ¢ is a

homeomorphism of a(P)NC onto 4 = liLn(,:f,,(P), m,). Since
D(A,(P)NC) < k for every n, by 2.2, D(4) = D(a(P)NC) < k.

This argument shows that if P ¢ X, then o(P) ¢ D3*n G (Q).
The proof of (1) is complete. O

Proof of 6.1. We will verify the conditions (1)-(3) of §4. To get
(1) apply Theorem 3.5. Use the inclusions, D>' ¢ D! and D>>n
C(Q) c D22N C(Q), and 5.3 to obtain (2). The verification of (3)
will be done in the two stages (i) and (ii) of §4. As previously we
take E; to be 28 when dealing with the sequence D and Cp(Q)
when dealing with 5*|C (Q). Proposition 6.4 together with Lemma
6.3 show that {52" NCo(Q)}2, is Fs-universal in Cp(Q), yielding
(i). The argument of 6.4 can be adjusted to get the .7, s-universality of
{52” n2Q} °, in 2Q The proof then will be a repetition of the proof
of Proposition 5.2 in [DvMM], except one should use our inverse limit
reasoning from the proof of 6.4 to conclude that D(a(P)NC) < k.
The fact that D" is strongly (22, {D=" n2Q},)-universal in 22,
i.e., condition (ii) of §4, follows from the proof of 5.9 and 5.5 (see
the comments in parentheses therein).

In what follows, we descnbe an adjustment of the proof of 5.5 to se-
cure the strong (Co(Q {D N Co(Q)}2,)-universality of D*|C(Q)
in C(Q). Let Ny, N1 , ... be pairwise disjoint infinite subsets of
N such that {1,2,... ,n+ 1} NN, = 2, n > 1, and let x be
as in Lemma 5.8. Then, by (b) of 5.8, prx:(4) = {0} for every
k € Ny. Find a homotopy 7: Q x (0, 1] — Q such that if ¢ € Q and
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gr = 0, then p;7,(q) = 0 forall ¢ and such that if .15 <7< 1 then

—_— n’
Pir(mi(x)) = 0 for k € N\(NoU{1, ..., n+1}) and pp(7:(x)) = pr(x)
for k € P,, where P, = {1,... ,n}U({n+4,n+5,...} NNy

(consider suitable projections and connect them using segment homo-
topies). Since d has the property that whenever g and ¢’ agree on the
first n-coordinates, then d(q, ¢') < n—}rl, we have d(m;(x), x)) < t.
Let ¢ be as in 5.6. Define for 1 >0, @(4, t) = n;(B(p(4, 1), 1)) .
By the construction it is clear that @(A, ¢) is a continuum. One
can see that (4, 1) C@(4,t). Forif - <1<l and zep(4,1),
then by 5.6(d), z = (z1,...,2,,0,0,...). Hence pym;(z) = z,
1<k<n,and pym,(z) =0, k >n. Thus z =m,(z) € m,(p(A4, 1)) C
n(B(p(A4, 1), t)) =9(A4, t). We claim that for such z, D(n,(B(z, t)))
= oo uniformly. For if w = (wy) € B(z, t), then =, is injective on
{q = (g;) € Q| gx = wy for k € N\P, }. Consequently every neighbor-
hood of w in B(z, t) contains a copy of Q on which x; is injective;
this yields D(n,(B(z, t))) = oo uniformly. Since 7;(B(¢(4, 1), t)) is
dense in @(4, t) we conclude that also D(@(A4, t)) = oo uniformly.
Now replace ¢ by 9 in the formula describing G and 12¢(F(A4))
by 14€(F(A))) in the proof of 5.5. Since d(@(A4, 1), (A4, t)) < 2t
the estimates of the proof of 5.5 work. The fact that D(9(4, t)) = oo
uniformly assures that whenever A is of D(A4) > n uniformly, then
so is G(A) (see the comment in parentheses in the proof of 5.5). Our

proof is now complete. O
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