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SMOOTH EXTENSIONS AND QUANTIZED FRECHET
ALGEBRAS

XIAOLU WANG

We continue the investigation of the extension theory
of smooth algebras in the framework of quantized dif-
ferential geometry. Here we compute more examples of
smooth extensions starting with the cases of dimensions 0
and 1. In particular, we prove a vanishing theorem for to-
tally disconnected spaces. We show that for any compact
smooth manifold of positive dimension, there is a repre-
sentation of C(M) defining a degenerate ^-smooth ex-
tension which is not C1 -smooth. However for any Frechet
operator ideal /Cr, we prove that all completely positive
maps defining extensions of Co o(51) by /Cr are r-smooth,
and that all the groups Extr(Coo(51)) ~ Z.

0. Introduction. This paper is devoted to the study of exten-
sion theory of smooth algebras, in the framework of quantized dif-
ferential geometry. A smooth algebra is a Frechet *-algebr which is
also a dense sublgebra of a C*-algebra. A cruxial ingredient is τ-
smoothness of a completely positive map. We compute examples of
smooth extensions, starting from dimensions 0 and 1. A vanishing
theorem is proved for totally disconnected spaces. For any compact
smooth manifold of positive dimension, it is shown that there ex-
ists a representation oϊC(M) which is not £1-smooth as completely
positive linear map. However for any Frechet operator ideal /Cτ,
we prove that all completely positive maps defining extensions of
C°°(Sι) by Kτ are r-smooth, and that all the groups Extr(C°°{S1))
are isomorphic, although Ext r (C°°(M)) varies dramatically depend-
ing on the choice of the ideal /Cr, when the dimension of the manifold
M is larger than 1.

The theory of C*-algbra extensions arose from two origins, one is
the work of Brown-Douglas-Fillmore in their classification of essen-
tially normal operators, another is the work of Atiyah and Kasparov
on elliptic operators on manifolds.
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Various aspects of smooth extensions have been studied in [H-H],
[C-P], [D], [D-V], [C], [C-K], [S], and [G] etc. They connect inti-
mately with the index theory, K-theory. It provides a main source of
examples and motivations for cyclic homology and noncommutative
differential geometry[C].

While our knowledge of topological Ext-theory is rather com-
plete, a natural and fundamental problem ([A2, p. 9]; [D, p. 68];
[H-H, p. 236]) remains wide open in noncommutative differential
geometry, i.e. the formulation and understanding of the extension
theories of smooth algebras.

The notion of £p-smoothness of a B-D-F extension of a mani-
fold was introduced in [D]. It was generalized to normed ideals and
C*-algebras in [SI]. A vanishing theorem for spheres is proved in
[D-V]. For each Frechet operator ideal /Cτ, in [W3] and [W4] we in-
vestigated a contravariant bigraded functor Ext* from the category
of smooth algebras to the category of abelian groups, classifying
the extensions of a smooth algebra by /Cr. Some features of [W3]
distinct from previous works, are that

(1) We worked with all Frechet operator ideals, instead of Schat-
ten ideals or normed ideals; This is natural in the context of non-
commutative differential geometry, because the algebras of infinitely
differentiable functions are Frechet algebras.

(2) We formalized the notion of smooth algebras (c.f. [B-C]),
and dealing with classifications of extensions of smooth algebras
themselves rather than certain smooth class' in the topological Ext-
groups of the C*-algebras. We must consider not only the restriction
of a completely positive map on a set of generators of a C*-algebra,
but also the continuity of the map with respect to the relevant
Frechet topology.

The dramatic difference due to our new starting point shows im-
mediately on simple examples (see the end of this section).

In [W3] and [W4] we establish a unified framework into which fit
all the previous results in this direction. In particular, Voiculescu's
theorem and Stinespring's theorem were generalized to smooth al-
gebras and general operator ideals, answering a question raised in

[D].
In extending Voiculescu's theorem from algebras having countable

bases as vector spaces to Frechet algebras (c.f. Theorem 1.12 below),
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we were led to the key notion of τ-smoothness of completely positive
map, which provides a comparison of the Frechet topology on a
smooth algebra with the topology on the operator ideal /Cr.

As an example of many situations where the notion of r-smoothness
will arise, let us consider the following question. Let (A°°,A) be a
smooth algebra with a dense subalgebra A™. Let

be a completely positive map defining an extension ε°° of A°° by
JCT($)), thus also an extension ε oΐ A by IC(fy).

Suppose that

is another completely positive map, such that Φ'\A™ is (the restric-
tion of) a cross section of ε. Then trivially φ' is a cross section of
ε. Now assume that Φ'\A%> is a cross section of ε°°, must Φ'\A°° be a
cross section of ε°°?

We show this can be false even for smooth algebras with a single
generator (Theorem 2.10). We say that φ is r-smooth if this is
true for any such φf. A smooth operator algebra is r-smooth if the
identity map is r-smooth (see 1.10).

Our construction is very general. A group Extr(v4°°) is defined for
any smooth algebra A°°, even in the extreme case when A°° is taken
to be the C*-algebra A itself. Then the functor Ext r is reduced to
the B-D-F functor Ext if Kτ = fC. Theorem 2.10 just indicates that
when /Cr C K is a genuine smooth operator ideal, one ought to
apply Ext r to "compatible" genuine smooth algebras. It shows that
Ext£i is not a compatible functor for C*-algebras themselves. With
modifications, our construction of the functors Ext τ can be applied
to such Kτ which is a nonideal completion of the algebra M ^ C ) of
all the finite matrixes (see 2.22).

From either the point of view of quantized functional analysis
[E], or the point of view of quantization [W4], τ-smooth operator
algebras can be considered as quantized Frechet algebras of various
degrees of smoothness.

In [W4], starting with classical examples, we will reformulate the
theory of the smooth extensions as a generalization of the scheme
of quantizations of Poisson algebras. This establishes a direct con-
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nection between quantum geometry and quantum physics, parallel
to the approach of deformation quantization taken e.g. in [R].

In this paper we derive several useful properties of the smooth
Extr-theory, and illustrate by more examples. We prove, among
other things, that Ext r is always an additive functor (Theorem 2.21)
from smooth algebras to abelian groups. In [W3] it is shown that
the Toeplitz extension given by the unilateral shift is /^-smooth.
Using somewhat different techniques here we show that all com-
pletely positive maps defining extensions of C°°(Sι) by /Cr are /Cτ-
smooth for any Frechet operator ideal /Cτ (Theorem 3.7).

This is the first of a series of computations of examples and ap-
plications of Extr-groups ([W4], [W5], [W7], [W8], [W9]). We
start from spaces of dimensions 0 and 1. We prove that the groups
Ext τ vanish for reasonable smooth algebras on all totally discon-
nected spaces (Corollary 3.4). We show that Ext τ COΌ(S1) are all
isomorphic (Theorem 3.8) for any Frechet operator ideals. An anal-
ogous result for the group Sm Ext introduced by Salinas has been
obtained in [SI], where the connection between quasitriangularity
and smooth extensions is also studied.

This isomorphism theorem holds only for S1. In [W7], we proved
that if n > 1 the group Ext^i Cco(S2n~ι) is enoumous: it contains
all dimension one closed de Rham currents in S2n~ι\ This is in
sharply contrast to the well-known vanishing theorem [D-V] that
any £n~1-smooth ( £2n~2-smooth in our convention) extension of
C°°(S2n-1) is trivial (in E x t S 2 ^ 1 ) .

A K-theory of Frechet algebra has been studied by N.C. Phillips
[P] (also see [W2]). For manifolds topological if-homology is much
more difficult to formulate than the topological if-theory, although
they are isomorphic to each other, via the pairing. It is reasonable
to expect that the smooth if-cohomology groups as formulated in
[P] and [W2] are independent of the choice of the corresponding
smooth operator ideals /Cτ, however the smooth .fί-homology group
Ext r(C°°(M)) varies dramatically depending on the dimension of
M and the size of /Cr, as we shall see. Smooth K-homology for
manifolds has always been a mystery. Now it is seems to be within
reach [W7].

Although this paper is a continuation of [W3], the crucial notions
are briefly discussed in §1 to make it reasonably self-contained.
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We shall use the notation in [W3]. Let S) be a separable Hubert
space. We denote by £ ( # ) , /C(ί)), and lCf($)) (or simply £, /C, /C/)
respectively the algebras of all bounded, compact, and finite rank
operators in $). By C(X) we denote the C*-algebra of complex
continuous functions on a compact space X.

1. Smooth Algebras, r-Quasicentrality, and r-smoothness.

1.1. By a Frechet algebra, we mean a complete topological alge-
bra with a countable defining family of submultiplicative seminorms.
A smooth algebra is a Frechet *-algebra A°° with a specified norm
p such that p(a*a) = p(a)2 for all a G A°°. Often it is written as
a pair (A°°,A)] where A is the C*-completion of A°° with respect
to the specified norm p, containing the Frechet *-algebra A°° as a
dense *-subalgebra.

The prototype examples of smooth algebras are of course,
(C°°(M), C(M)), for a smooth compact manifold M, where C(M)
is the C*-algebra of complex continuous functions and C°°(M) is
the subalgebra of all infinitely differentiate functions. While a
C*-algebra retains only the topological structure of the "space",
a smooth algebra is encoded the "smooth" structure of the "man-
ifold". Depending on the chosen smooth subalgebra, the "smooth
structure" can be of "smoothness" of various degrees for a smooth
manifold, an analytic structure for an analytical manifold, or a PL-
structure for a piece wise linear manifold, etc.

The smooth category is the category of all separable smooth alge-
bras. A morphism

Γ • (A°°, p) —> (5°°, q)

of smooth algebras is a morphism /°° of Frechet *-algebras which
is contractive with respect to the seminorms p and q.

1.2. In general, given a Frechet algebra A°°, one can get many
C*-completions A of 4̂°° by assigning inequivalent C*-norms, For
example, let A°° — Lι(G) for any nonamenable group G, such as the
free group on two generators. Then the reduced group C*-algebra
C;(G) of G is different from the full group C*-algebra C*(G).

On the other hand, the smooth algebra C°°(M) determines the
commutative C*-algebra C(M) for a compact smooth manifold M.
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This is also true for many interesting noncommutative smooth al-
gebras.

Assume that A°° is a dense subalgebra of a Frechet algebra A,
both have the same unit. We say A°° is stable under holomorphic
functional calculus in A if for any n G N and a G Mn(A°°) one has
f(a) G Mn(A°°) for any function / holomorphic in a neighborhood
of the spectrum of a in Mn(A). If A is a Banach algebra and the
group of invertible elements is open in A, then it is not necessary
to go up to the matrixes over A [Sw].

As a Frechet algebra, A°° is always closed under holomorphic
functional calculus in itself. If A°° is stable under holomorphic
functional calculus in a C*-algebra A, then A°° admits a unique
C*-norm. Indeed any C*-norm of a G A°° is the spectral radius of
a*a in A°°, hence uniquely determined [C]. If G is nonamenable,
then C*(G) does not have any Frechet subalgebra A°° stable under
holomorphic functional calculus in any of its C*-algebra closure.

1.3. Let Cf(Z) be the algebra of all ("one-sided") finite sequences
over C. A seminorm p on C/(Z) is symmetric if for any sequences
s and s' which differ only by a permutation of entries, then p(s) =
p(s'). A locally m-convex topology τ on C/(Z) is symmetric, if it is
defined by a family V of submultiplicative symmetric seminorms.

Denote by C^(Z) the completion of C/(Z) with respect to a locally
m-convex topology r, given by a defining family V of submultiplica-
tive symmetric seminorms.

Any compact operator T G JC(fi) has a canonical expansion in
terms of the so called singular numbers

where sχ(T) > s2(T) > > 0, both {en} and {fn} form orthonor-
mal bases of ft.

1.4. (cf. Theorem 10.11, [W2]) Let r be a locally m-convex
symmetric topology on Cy(Z). Then

= { T e /c(s) I (sn(T)) € CT°(Z)}

is a proper ideal of £(#) , which is the completion of /C/(ij) with
respect to a locally m-convex topology.
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Conversely, given such an ideal /Cτ(ί}), the linear subspace

S={s = (sn)\ £ < en, > en € /Cτ(£)}

has form C®(Z) for a locally m-convex symmetric topology r on

The correspondence is bijective. We shall call JCτ(Sj) the ideal of
τ-compact operators in S).

1.5. Assume that Kτ is defined by a family {pm} of seminorms.
We define (not necessarily submultiplicative) seminorms

The completion JCl(fi) of JCf(Sj) with respect to {p™} is a complete
topological ideal of £($)).

i

Similarly we define a locally convex operator ideal K* (Sj) to be
the completion of ICf(S)) with respect to {p^}, where

If 5, T e JCT, then ST e /Cτ, and we have the Schwarz inequality

Pm(ST) <

For example, if Kτ = Cp, for p > 1, then /c) = C2p and K?τ = £ § ,
which is not locally convex if p < 2.

As examples of Frechet operator ideals which are not Banach
operator ideals, we mention the class T? := ίnV>p£r, for p > 1. We
note that ΊC? strictly contains the ideal

σ+(sj) •.= {T e /c(£) i sn(τ) = o{n-χiη}.

There are large classes of Frechet operator algebras which are
ideals only for certain C*-subalgebras of £ ( # ) , to which our theory
also applies (2.22).
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1.6. A representation (respectively, a completely positive map )
of a smooth algebra (A°°, A) in C(Sj) is just a C*-algebra represen-
tation (respectively, a completely positive map) from A into £(f)).

A continuous linear map f : (A°°,A) —> (B°°,B) is a continuous
linear map from A to B which induces a continuous map from A°°
toB°°.

Likewise a (continuous) completely positive map from a smooth
algebra (A°°, A) into a smooth algebra (B 0 0 , JB) is just a usual com-
pletely positive map of C*-algebras from A into B which inducing
a continuous Frechet linear map from A°° into B°°.

For simplicity, unless otherwise stated, a representation means a
nondegenerate representation, and a completely positive map will
always assumed to be either unital, or completely contractive with
respect to the operator C*-norms.

1.7. A separable operator space V is τ-quasicentral, if there is
an increasing sequence {km} in ICj strongly converging to 1 such
that

(1) lim [fcm, a] = 0 in /Cr, for every a eV.

For any separable Hubert space H, a fundamental neighborhood
of 0 in KT(H) has form

U(H;pu C l ; . . . ;p m , em) := {Γ G Kr(H) \ Pj(T) < e^j = 1,.. ., m}.

where pj £ P (see 1.4), and €j > 0, i = 1 , . . . , m.
Recall that a sequence {/cn} of operators is said to converge to k

strongly if ||A;n£|| —>• 0 for any vector ξ.

PROPOSITION 1.8. Let V be an operator space. The following
properties are equivalent:

(a) For every n G N and any n-tuple ( α i , . . . , an) in V, there is
an increasing sequence {km} in K/f, km /* 1 strongly such that

(1) lim [fcm, αj] = 0 in /Cr, /or i = 1,.. ., n.
Til^OOTil—^OO

(b) For every n G N; given a n-tuple ( α i , . . . , an) in V , there is
an increasing sequence {km} in Kfj', km /* 1 strongly such that for
any fundamental neighborhood

U : = U{H\ pu c i ; . . . ;p r,Cr),
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there is an integer N such that

[km, aϊ\ € £/, for Vra > N, and i = 1 , . . . , n.

(c) For any sequence {an} in V, there is an increasing sequence
{km} in ICj, km /* I strongly such that

(2) lim [kmj di] — 0 in /Cτ, for 2 = 1,2,... .
Tΐl—^OO

Proof The equivalence of (a) and (b) follows from the definition.
It is trivial that (c) => (b).
(b) = > (c): Let {Un} be a fundamental family of neighborhoods.

For each fixed n, we may choose an increasing sequence {&m,n} in
£/j km<a /* 1 strongly as m -> oo, and N(n) —> oo so that

[&m,n5 a*] G C/n, for Vra > ΛΓ(n), and i = 1,. . . , n.

Now we define &n := /UΛΓ(Π),TIJ f° r n — 1,2,.... Replacing Λ^(n)
by larger integers if necessary, we can assume that kn /* 1. By
construction we have

[kn, di] G C/n, for all n > 1, z = 1,. . . , n.

Thus for arbitrary z, (2) holds. D

EXAMPLE 1.9. In [V2] Voiculescu has proved among many
other deep results that n-tuples of commuting Hermitian operators
are £n-perturbations of diagonal n-tuples of commuting Hermitian
operators, for n > 2. This in particular solved a problem posed by
Halmos.

Let (A°°,A) be a commutative smooth algebra such that A =
C(X), where X is a compact set embedded in Rn. A degener-
ate smooth extensions of A°° is given by a n-tuple of commuting
Hermitian operators such that X is their joint spectrum. Thus
Voiculescu's result implies that all degenerate smooth extensions of
A°° by Cn are £n-quasicentral.

1.10. Let (̂ 4°°, A) be a smooth algebra, with a dense *-subalgebra
AQ°, which is countably generated as a vector space. A completely
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positive map φ from (A°°, A) into C(H) is τ-smooth (or Kτ-smooth)
with respect to A™, if the following property holds:

If φ0 is a completely positive map from (A°°, A) into C(H) (see
1.6) such that

(φ-φo)(A™)c)CT(H),

then

(φ-φo)(A~)cJCr(H).

Let (A°°, A) be a smooth operator algebra in £($)), and let φ be
a completely positive map from (A°°,A) into C(H). We say 0 is
T-smooth mod /Cτ (or Kτ-smooth mod /Cτ) with respect to AQ°, if
the following property holds:

If φo is a completely positive map from (A°°,A) into C(H) such
that

(φ - φo)(A™) C Kr(H), and (0 - φo)(A°° Π Kτ{^)) C KT(H),

then

Although the definition of r-smoothness depends on the fixed
subalgebra A™, in practice A°° is always defined as the closure of
certain canonical subalgebra A™, with countably, even finitely many
generators. Thus we do not always mention the subspace i4g° if it
is obvious.

A smooth operator algebra (A°°,A) is called r-smooth (or r-
smooth mod /Cr) , if the map id^oo is τ-smooth (respectively, r-
smooth mod /Cr).

PROPOSITION 1.11. (a) If a completely positive map φ from
(A°°jA) C C(fi) into C(H) is τ-smooth, than it is also τ-smooth
mod JCT.

In particular, if a smooth operator algebra (A00, A) is τ-smooth,
than it is also τ-smooth modKT.

(b) Any completely positive map is K-smooth.

Proof, (a) It follows from the definition.
(b) Because completely positive maps are continuous in C*-norms,

the continuous linear extension (φ — φo) : A -> JC(H) always ex-
ists. D
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The following is a generalized Voiculescu's theorem.

THEOREM 1.12. Let (A°°,A) be a separable operator algebra r-
smooth mod Kτ in C(Sj). Let π be a nondegenerate r-quasicentral
representation of (A°°,A) into £($)) such that TT\AΓ\K{^)

 = 0. Then
there are unitaries Un : f) —> Sj Θ Sj such that

(1) (U:(aφττ(a))Un-a) e /C(Λ),

(2) lim(f/*(α φ π(a))Un - a) = 0 in

for every a G A; and

(U*(a θ ττ(a))Un - a) € /Cr(#), for every a G A°°,

(20
Iim(ί7*(α φ π(a))Un - a) = 0 in JCT(S)), for every a G A™.

Proof. The proof is the same as that of Theorem 2.11 in [W3].
We need only to notice that if a G A(Ί /Cr, then τr(α) = 0, hence
U*(a θ π(α))J7n G Kτ(f)). By the assumption that (A°°,A) is r-
smooth mod/Cτ, from the proven fact that (1) holds for all a G A™
one concludes that (1') holds for all a G A°°. D

1.13. An obvious question is: assume that s°° is a r-quasicentral
and r-smooth extension of A°°, does JCτ have a r-quasicentral ap-
proximate identity as an ideal of E°°Ί In other words, can a fixed
sequence {km} in (c) of Proposition 1.8 be chosen so that

(2) lim [km, a] = 0 in Kτ, for all a G E°°.

This is very likely to be true if E°° is r-smooth operator algebra. To
render some intuition, for any k G /Cr, one considers the derivation

Dk:E°° —+ KT

x —> [k, x].

The question is exactly if there is an increasing sequence {km} in
£ / > fcm / 1 strongly, such that the restriction of the Lie algebra
representation

A:—+£>*

to this sequence is continuous.
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2. Smooth extensions.

2.1. A τ-almost representation of (A°°, A) is a completely posi-
tive map

φ : A —• £(£) ,

such that

(1) φ(ab) - φ(a)φ(b) G £*(£), α, 6 G A°°.

PROPOSITION 2.2. If φ is a τ-almost representation, then

(i)

(ii) 0(α&) - ^(α)0(6) e /C(^), α, 6 € A

Proof. By Stinespring's theorem, there is a representation π of A
in ^ and a projection P in £(#) such that

φ(a) = Pπ(a)P, Ma 6 A.

So one has

0(α)* - Pπ(a)*P = φ(a*) G X;(ij), Vα G A.

To see (ii), we observe first that a completely positive map φ is a
r-almost representation if and only if

(2) φ(a*a) - φ{a*)φ(a) G £?(£), Vα G

In fact replacing a by α + 6 in (2) we get

(3)
[<£(α*δ) - φ(aT)φ(b)] + [φ(b*a) - φ(b*)φ(a)] e /C?(£). Vα,b e A00.,

Replace b by ib in (3),

(4)
[φ(a*b) - φ(a*)φ(b)} - [φ(b*a) - φ(b*)φ(a)] G K?T(f>), Vα, b e A™.
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Hence
[φ(a*b) - φ(a*)φ(b)} e JC2

T(f>), Vα, b e A00.

and we get (1) in 2.1. Now the linear map

a —» φ(a*a) - ^(α*)^(α) = Pπ(α*)(l - P)π{a)P 6/C, αG A°°,

is C*-norm continuous, so admits a continuous extension to A Ap-
plying the argument above one more time, we get (ii). D

From the proceeding proof we have (see [S], Lemma 2.2).

PROPOSITION 2.3. A completely positive map φ is a r-almost
representation if and only if

(1) φ(a*a)-φ(a*)φ(a)e)C2

r(f)),

for alia G A°°.

Given a dense *-subalgebra A™ of A°°, in order that a completely
positive map φ be a r-almost representation it may not be sufficient
to assume that (1) holds only for all a G ̂ 4̂ °. The passage from A™
to A°° involves the condition of r-smoothness of smooth operator
algebras.

The following is our working definition of extensions(c.f. [C-K]).
Because C/JCτ has no Hausdorff topology if KT Φ /C, it is necessary
and actually more convenient to abandon the standard approach via
the Busby invariant.

DEFINITION 2.4. A r-smooth extension of (A00, A) is a pair
(π, P), where π is a representation of {A°°, A) in a Hubert space f),
and P is a projection in fj, such that

(1 i) [π(α), P] G Kτ{?)\ Vα G A00.

and

(2 ii) Pπ(A)PnJC(S)) = {0}.

2.5. Note that (1) implies

(3) [π(α), P] G £ ( £ ) , Vα G A.

Let
φ{a) := Pπ(a)P, a G A.

Then

is a τ-almost representation.
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2.6. Set
E := φ{A)

and

With the operator norm, E is a C*-algebra. Endowing E°° with the
locally convex final topology induced by the maps

i : Kτ -» £°°,

and 0, we make E°° a Frechet *-algebra. Then (E°°, E) is a smooth
operator algebra (Proposition 3.6, [W3]).

2.7. Notice that as Frechet spaces, E°° is the direct sum oΐJCτ(fy)
and φ(A°°). We have an exact sequence

> /V/T —> ^ £ί/ —> >• / I r U,

in the category of Frechet *-algebras, and an exact sequence

0 —> K Λ—> E Λ—^ A —> 0,

in the category of C*-algebras.
If Λg° is a dense *-subalgebra of A°° with a countable basis as a

vector space, then EQ° := </>(v4g°) + /C/ is a dense subalgebra of E°°
with the same property.

Note that we do not require φ itself to be τ-quasicentral.

2.8. From Definition 2.4, every degenerate extension

is a r-smooth extension for any Kr. However, π is r-smooth as a
completely positive map only for those JCT whose topologies are no
finer than that on A°°. "Finer" topology translates to "smoother"
differential structure, in the more familiar language on commutative
manifolds. For example, to say the topology on the smooth algebra
C°°(Sι) is finer then that on C^(Sι) translates to saying that the
algebra COO(S1) is smoother than C^(Sι). To convey more intu-
ition about how r-smoothness of completely positive maps as the
measure comparing the smoothness of a Frechet algebra and the
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smoothness of an operator ideal /Cr, we illustrate with an example
of an extreme case.

LEMMA 2.9. Let A = A°° = CiS1). There is a representation
π : A —> £(H) defining a degenerate τ-smooth extension which is
K-smooth but not Cι-smooth as a completely positive map.

Proof. Here obviously A™ is the subalgebra of trigonometric poly-
nomials with a single generator z = e2mθ (see 1.10).

In view of (b) of Proposition 1.11, we need only to prove that it
is not /^-smooth.

We choose π(z) to be the bilateral shift U with respect to the
standard basis of H := L2(S1

J μ).
Take any / e C{Sλ) and let

(1) / = Σ «nzn,
nez

be its Fourier series expansion. Then

*(/) = Σ
Let {en} be the standard basis of the Hubert space iί, where en =

Let UQ be the weighted bilateral shift on H given by the matrix

0 z2 :

0 zx :
0 z0

Uo= 0 z_!

0 2_2

0 Z-3

0 "••

with respect to the standard basis {en}, where zn := exp(2~^ 2πi),
for n € Z. Then

U -U0 = en+ι.
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The singular numbers are

Thus U -Uoe Cι{H). Now define a representation π0 of C{Sι) by

Then π(/) - πo(/) e £*(#), for all / € Ag°. However consider

A calculation shows its i-j entry is

(Δf)ij = α i + j (l - £ W ... Zi) i, j G Z.

An estimate yields
ZΛ z e ^ 3

with

ό ^ α<J < o' f θ Γ a 1 1 ^ ^ > °
O Δ

It follows that

(2) (Δ/) M = O ( α ^ ),

as |i|, | j | —^ ex).
Recall that the Fourier series define an isomorphism from C[Sλ)

to the C*-algebra C*(Z)+, the unitalization of the C*-algebra C*(Z),
which is strictly larger than Z1(Z) (There are plenty functions in
C(Sι) such that their Fourier series are not absolutely convergent.)
Now we choose

(3) K ) € C*(Z)\/1(Z),

then (Δ/) £ Cι{H).
In fact, by Ky Fan's inequality [Ky], for any finite set {i\,..., in}

of n distinct integers and {jι,... ,jn} of n distinct integers, we have

k=l k=l
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Thus (2) and (3) imply that Δ / £ Cι(H). Therefore π is not r-
smooth as a completely positive map. D

THEOREM 2.10. Let M be a compact C^ -manifold of dimension
< 1. A = A°° = C{M). There is a representation π : A —> C(H)
defining a degenerate r-smooth extension, which is K-smooth but
not Cι-smooth as a completely positive map.

Proof. Fix a C^-embedding a of the circle Sι into M. Then
a*(f) = / o a defines a surjective homomorphism a* from C(M)
onto C(Sι). We only need to specify a dense subalgebar AQ of C(M)
which is countablly generated as a vector space, and a*(A0) is the
algebra C[z] of (trigonometric) polynomials, where z is the standard
coordinate on Sι. Then the conclusion will follow from Lemma 2.9.

In fact let TΓ be the representation of C(Sι) as in the proof of
Lemma 2.9 and consider the representations π — a* o π and π 0 =
α* o 7r0 of C(M). Then π(/) - τfo(/) G C\H\ for all / G A), but
there are some / G A such that τf(/) — τfo(/) ^ £l(H).

Choose two tubular neighborhood V C U of (̂ (S*1) and a coordi-
nate patch (£/, 0) on M, ^ = (51? i 2 , , zn), such that z = α o i 1 ?

and 5^(0) Π Π i-^O) = α(5 x ) .
Now let λ be a C^^-function on M equal to 1 on V with support

contained in U. Let ii(x) = λzi(x) if x G t/ and 0 otherwise,
for ΐ = 1,.. ., n. We may extend 5χ, ̂  . . . , 5n to a family of C^1)-
functions {5i,..., ϋ n , . . . , zm+n} on M such that £» vanishes on V
for all z = n + 1,.. ., n + m. Then the dense subalgebra AQ is the
algebra C[5i,..., zn,..., zm+n] of polynomials. D

2.11. We say two r-smooth extensions

are (unitarily) equivalent, denoted by </>i —>ĉ  ̂ 2 , if there is a unitary

operator u : S)ι -ϊ $)2 such that

(α) - u*φ2(a)u G /Cr(iji), for every α G

This implies automatically

φι(a) — u*φ2(a)u G /C(i3i), for every O G
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2.12. Let <Bitr(A°°) (resp. S)yt r(^0 0)) be the unitary equivalence
classes of all the (resp. degenerate ) r-smooth extensions of A°°.

Both (Sϊtτ(A°°) and 2)ytτ(^4°°) form semigroups under the follow-
ing binary operation +:

[Φi + Φ2] : = [Φι] + [φ2] : = [C o (φι Θ φ2))

where

C : M

is a spatial isomorphism taking M2(/Cτ(f))) onto /Cr(i}). (See [W3],
§5.)

Clearly Ίϊφi is r-smooth as a completely positive map, and φ\ —»~

φ2, then ζό2 is also r-smooth as a completely positive map. If both
φι and Φ2 are r-smooth as a completely positive map, then φ\ + φ2

is also.
We shall denote by <£ptSjT(A°°) ( resp. 3)yts>τ(i4°°) )the sub-

monoids of those consisting of r-smooth completely positive maps.

DEFINITION 2.13. For any smooth algebra A°°, we let

where the equivalence relation —^~ is defined by [[0i]] —>~ [[̂ 2]] if

[̂ 1] + [Oil 7^- [̂ 2] + [ΰ2]

for some [^i], [Ϊ?2]
Clearly with the binary operation +, the collection ExtT(A°°)

form a monoid with the unit given by [[#]] for any ΰ G © ^ ( Λ 0 0 ) .
Replacing (SyV by €ytS)T (resp. S y ^ δy 3D?ts,r ) in above, we

get the submonoid ExtSyT(Aoc) of those consisting of r-smooth com-
pletely positive maps.

If r is finer than r7, a r-smooth extension φ is also a r'-smooth
extension by Definition 2.4. Thus there is a natural transformation
from (Sjrtr to

THEOREM 2.14. (c.f. Theorem 3.11, [W3]). (a) Ext τ is a con-
travariant functor from the category of smooth algebras to the cate-
gory of abelian groups.
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(b) If τ is finer than τ1, there is a natural transformation aTy
from Ext τ to Extr/. In particular there is a natural transformation
aτ from Ext τ to the B-D-F functor Ext for any r.

(c) If T is finer than τ ' ; and τ' is finer than τ", then

and

From (c) above we have immediately

COROLLARY 2.15. Assume that r is finer than τι', andτ' is finer
than τ". Then for any smooth algebra (-A00, A),

(i)
ατ,τ»(A°°) : ExtT(A°°) —

is surjectiυe implies that

(Λ°°) —> Extτn(A°°)

is surjectiυe; aTίTιι(A°°) is injective implies that

ατ,τ/(y4°°) : Extτ(Λ°°) —> Extτl(A°°)

is injective.

(ϋ)
aτ(A°°) : Extτ(^°°) — * Ext (A)

is surjective implies that

aτ>{A°°) : Extτ/(A°°) —> Ext (A)

is surjective; aτ(A°°) is injective implies that α v ^ A 0 0 ) is injective.

PROPOSITION 2.16. Let φ : (A°°,A) —> £(&) be a r-smooth
extension. Ifφ is r-smooth as a completely positive map with respect
to AQ° (see 1.10), then the operator algebra E°° (see 2.7) is r-smooth
mod/Cτ with respect to EQ°.

Proof Let's assume

p : (E°°, E) —



372 XIAOLU WANG

be a completely positive map such that p(/Cτ(i})) C /Cτ(£>) and

Then

φ':=poφ:(A°°,A)—>C{fi)

is a completely positive map with (φf — Φ)A(Q> C Kτ{Sγj.
Because φ is r-smooth, we have (φf — φ)A^ C JCT(S)), hence

and
(p - id)E°° = (p - id)(φ(A°°) + KT(H)) C JCτ

D

.17

2.3. We say [φ] is absorbing, if

[Φ] + [0] = M f o r

Denote by Σ)ptα)T, CBytα)r(c^ Extα5T) the subgroups consisting of
absorbing extensions.

As a consequence of Theorem 1.12, we have

THEOREM 2.18 ([W3], COROLLARY 3.17). // all degenerate
extensions in ίΌyt^-A00) are r-quasicentral, and at least one of them
is τ-smooth, then there is an natural isomorphism of abelian groups

Extr(A°°) ~Extα 5 T(^°°).

LEMMA 2.19. Let X be a self-adjoint operator in C{$S) such that

P(X) = τ e/

for some polynomial P with complex coefficiences. Then X is diag-
onalizable, i.e. X is unitarily conjugate to a diagonal operator.

Proof. Replacing P by P + P, we can assume that

(1) P(X) =Xn + axX
n-1 + a2X

n-2 + + an
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where α* are real and the operator T is self-adjoint.
Let Vχ be the eigenspace of any eigenvalue λ of T. Denote by

j=o

the corresponding "root space" of X. Using (1), one verifies that
S)χ is an invariant subspace of X. Because X is self-adjoint and
fjλ is finite dimensional, S)χ is spanned by the eigenvectors of X.
Since T is diagonizable, ft is spanned by all such Vχ, therefore the
eigenvectors of X spans f). D

LEMMA 2.20. Suppose that X e C(Sj) satisfies the conditions

X - X* G /Cτ, X2~X e JCT.

Then there is a K,τ-perturbation P of X which is a projection.

Proof. Replacing X by | ( X + X*), we may assume X is already
self-adjoint. By assumption

(1) T:=X2-XeK

If Vμ is the eigenspace of eigenvalue μ of X, then

μ 2 — μ = X

is an eigenvalue of Γ, and Vμ is contained in the eigenspace of λ of
T. Thus Vμ is finite dimensional.

If X is diagonalizable, then the conclusion follows easily.
By Lemma 2.19, X itself is diagonalizable. (It follows from von

Neumann's theorem that a /Cτ-perturbation of X is diagonalizable,
if /Cτ(f)) D £ 2 ( # ) But this is not good enough for our purpose.)
Hence X has a canonical expansion

such that

with λn = μl - μn £ σ(Γ). Let
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and

W ϊ ~ λ > a n d i λ » i < ϊ f

N_ = {n\ μn = --J--\, a n d | λ n | < - } .

we define a projection

where
Ί , iίn(ΞN+,

0, iί

Notice that No is a finite set, and if n G N+ U ΛL then

T h u s P - X €ICT(S)). D

Now we are ready to apply an argument similar to that in the
proof of ([B-D-F2], Theorem 4.8), also see 4.11 of [W3].

THEOREM 2.21. There is a natural isomorphism

Θ?=1i4?°) - Θ?=1 Extτ(4°°).

Proof. By induction, it suffices to consider n = 2. For any com-
pletely positive r-almost representations

φi:Ai—+C(S)), z = 1,2,

let

Ί{Φu <h) : M φ A2φu φ2) -^—* C(S» θ C(S)) Λ—* £(^)

be the composition map (see 2.12). it is easy to check that 7 is
defined on the unitarily equivalence classes, and that 7 maps pairs
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of degenerate extensions of A\ and A2 to degenerate extensions of
A\ θ A2, therefore induces a canonical group homomorphism

7, : Extτ(i4i) θ Extτ(j42) —> Extτ(i4x θ A2).

Conversely, given any completely positive r-almost representations

0: Aλ®A2 —>£(£),

let Xx = 0(1, 0) and X2 = 0(0, 1). Then we have

X\ - Xι G Kr{fi), and X{ - Xλ G !

By Lemma 2.20, we can find a /Cτ-perturbation Pi of X\ which is a
projection. Let P2 = I — P. Since φ is unital, so X2 — P2 G / C ( )

Let

be any spatial isomorphisms. For any φ G <£ptr(Ai θ A2), we define

where

and
Φi(a2) = t2(P20(O, α 2)P 2), Vα2 G A2.

It is clear that δ does not depend on particular choices of the isomor-
phisms i\ and ι2. To see δ is well-defined on the unitarily equivalence
class of 0, it remains to verify that [0i] and [02] are independent of
the choice of Pi.

Let P[ be another projection such that P[ — X\ G /Cr. Then

u 0)P[)

- Pi)) + n((Pi - Pί)0(αi, 0)Pί)

Similarly for 02.
If 0 is a representation, we may take Pi = Xi, i = 1, 2. Both 0χ

and 02 become representations. Thus

J, : Extτ(Ai θ A2) —> Extτ(Ai) θ Extτ(A2).
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is a well-defined group homomorphism.
By construction, one verifies easily

δ o Ί(φu φ2) ->~ (φu φ2), V(φu φ2) e (Syt^i) Θ

and
7 o δ(φ) -+~ (φ), \/φ e (Bΐtr(A1 Θ A2).

Thus δ is an isomorphism. •

2.22. Recall that an operator ideal /CT(i}) is given by a symmet-
ric locally ra-convex topology τ on Kf{9)\ the ideal of finite rank
operators. If r is a (nonsymmetric) locally m-convex topology on
Λ^oo(C)5 its completion K,T($S) will no longer be an ideal of
Assume that

is again a spatial isomorphism taking M2(K,T($S)) onto /Cτ(,f)), the
constructions from 2.4 to 2.7 and from 2.11 to 2.15 can be general-
ized to this situation with the following modification (c.f. Definition
2.2 of [W2]):

(1) The algebra C($S) of bounded operators should be replaced
everywhere by the algebra Cr(S)) := M(/Cτ(f))) Π C(Sj), where
M(/Cr(fj)) is the multiplier algebra of KT{S)).

For example, in Definition 2.4, we require in addition that
Jm(τr) C Cτ{Sj).

(2) The unitary operators in U{S)\^2) (see 2.11) be replaced by
the unitary operators in Uτ{S)ι^2), which are the ones preserving
£>τ(F)i)j i = 1, 2, under conjugacy.

Such an example is provided by the algebra /Coo( Q) of smoothing
operators. Fixing an orthonormal basis { e j of 9), these operators
have matrixes with rapidly decreasing entries. The seminorms are
given by

for n = 0,1, 2, . . . . (cf. Lemma 3.6 below.)
A large class of such /Cτ arise in important examples of smooth

extensions involving algebras of pseudodifferential operators on a
compact smooth manifold with smooth symbols of various orders
[W4].
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3. Smooth extensions of Sι and totally disconnected spaces.

3.1. Let Λ be a compact subset of R. Without loss of generality,
we assume that Λ C (0, oo). Set A — C(Λ), which has a single
generator x. Let (A°°,A) be any smooth algebra. We shall say
(A00, A) is regular, if A°° also has a single generator.

EXAMPLE 3.2. Let A = C[0, 1], then the smooth algebra
(A°°,A) is regular whenever A°° = C(/c)[0, 1], for any k =
0,1, 2, ...,oo.

Proof. We check that the algebra A™ of all complex polynomials
in x is dense in ,4°° = C w [ 0 , 1], for any k = 0,1,2,..., oo,α;. This
is true for k — 0 by Stone-Weierstrass Theorem.

Fix / G C w [ 0 , 1] and e > 0, we choose pfc e A^ such that

SUp \pk{x)~
[]

Let

p/b-i(a;)=
Jo

and define Pk-2, > ,Po inductively. Then

||po - f\\cW = max sup | # ( x ) - f^(x)\ < e.
J=0Γ..,kχφ^

Thus the algebra Ag° is dense in A°° = C(/c)[0, 1] with respect to
the Banach norm ||.||c(*) Recall that the Frechet algebra C°°[0,1]
is the dense projective limit of the system

it follows that A$> is also dense in C°°[0,1]. D

LEMMA 3.3. Let A be a compact subset ofR. Let (A°°,A) be a
regular smooth algebra with A = C(Λ). Then Ext5 ? τ(yl0 0) = 0.

Proof. The algebra (A°°,A) is generated by a single generator
Z. Thus a τ-smooth extension φ of (̂ 4°°, A) is uniquely determined
by the operator T — φ(x). Any operator T with σe(T) = Λ and
T — Γ* G /Cτ defines a τ-smooth extension <̂ . The extension φ is
degenerated if φ{x) is self-adjoint.
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A completely positive τ-almost representation φ' of (A°°,A) is
uniquely determined by φ'{x) := \{T + T*). Because φ is τ-smooth
as a completely positive map, and (φ—φ')A™ C /Cτ, where AQ° is the
subalgebra of all complex polynomials in x, we have (φ — φ')A°° C
/Cr. Thus φ' is also a τ-smooth extension of (A°°,A) and unitarily
equivalent to φ.

The extension φ' is degenerated because φ'(x) is self-adjoint. Thus
one concludes that

Hence Exts,T(A°°) = 0. D

Now consider a compact, second countable, totally disconnected
space X. A := C(X) is generated by countably many orthogonal
projections pn. By a result of von Neumann, the positive function

m= ^ Tpn

On
n ό

generates A. Thus X is homeomorphic to Λ := Image(ρ) C M+. Let
(A°°, A) be a smooth algebra with A — C(X), we also say (A00, A) is
regular if A°° is regular subalgebra under the isomorphism C(X) ~
C(Λ). Thus we can use Lemma 3.3. (c.f. the proof of Theorem 1.15
of [B-D-F2]).

COROLLARY 3.4. Let X be a compact, second countable, totally
disconnected space. Let (A™, A) be a regular smooth algebra with
A = C(X). ThenExtSiT(A°°) = O.

3.5. If φ defines a r-smooth extension, then φ also defines a
r-smooth extension for any r', Kτι C /Cτ.

Theorem 3.7 and the following fact are the key steps leading to
the other main theorem (Theorem 3.8) in this section.

LEMMA 3.6. The canonical homomorphism ar from Ext r C°°(Sι)
to the B-D-F functor Ext C(Sι) is surjectiυe whenever Kτ D KQQ.

Proof. We only need to show that the Toeplitz extension given by
the unilateral shift is /Cr-smooth, because it is a generator for the
cyclic group ExtC(5 1 ) .
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Take any feC°°(Sx). Let

(1)

where (αn) is a rapidly decreasing sequence. Let P be the projection
of the Hubert space H := L2{Sι, μ) onto the Hardy space S) :=
H2(Sι, μ), where μ is the Lebesgue measure. It is enough to verify
that

[P, Mf] € JC^H), V/ € Coo(51).

With respect to the standard basis {en} of H, where en = e2πntθ,
the operator

[P,
oo i—1

<=1 A;=0

—oo i—1

i = - l A:=0

takes form

(1)

0 α3 . .

0 α 2 α3 •

0 0 0 a\ α2 α3

—α_3 —α_2 — tt-i 0 0 0

—α_3 —α_2 0

. - α _ 3 0

Because

and

(i + j)nai+j —> 0 as i + j -> oo, i, j > 0 ,

(i + j)na-i-j —)- 0 as i + j —> oo, i, j > 0 ,

(1) is a Schwartz matrix. So [P, Mf] G /C^ C /Cτ for all / inf C0

It follows that the Toeplitz extension (P, M.) is /Cr-smooth. D

THEOREM 3.7. Let JCT be any operator ideal (1.4). Lei 0 6e any
extension of (C o o (5 1 ), C(Sλ)). Then φ is r-smooth as
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a completely positive map. The smooth operator algebra E°° given
by the extension φ (see 2.7) is JCτ-smooth mod/Cτ.

Proof. By Proposition 2.16, it suffices to show that the completely
positive map φ is /Cτ-smooth.

Let φ0 : (E°°, E) —> £>(&) be another completely positive map
such that

(1) {φ-Φo)fetCr(S))9 forV/6i4g°,

where Ag° is the algebra of all Laurent polynomials in z. We need
to show that

(2) φ(f) - φo(f) e Kr(S)), for all / G

The Fourier expansion of / has form

(3) f

where (αn) is rapidly decay. Denote

T:=φ(z) and T0:

The assertion (2) will follow from (4), (5) and (6) below:

(4) Φ(f) - Σ aiτj + Σ a-i
3=0 3=1

(5) Φo(f) ~ Σ aiTo + Σ a-jTo
i=o j=ι

(6) Σ a>τj + Σ a-ϊτ*j - Σ aM - Σ o-Ήj e K
j=0 j=l j=0 j=l

We will verify (6), then (5). The estimate also establishes (4). Fix
any seminorm pm (see 1.5). Because

pm(Tn - To

n) < ΣPmCK^iT - TojV-1) < nPm(T - To),
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notice | | T | | < 1 and | |Γ 0 | | < 1, we obtain

OO OO

(7) Σ K l Pm(Tn - Γo

n) < Σ n\an\Pm(T - To) < oo.
n=0 n=0

Similarly

(8) Σ Kl Pm(T*n - Tn < Σ nK\Pm(T* - T*) < oo.
n=0 n=0

This verifies (6).
Since φ0 is a unital completely positive map, by Stinespring's

theorem, there is a *-representation π of C(S1) on a Hubert space
H and a projection P in H (we may assume the range of P is S),
because of (2)) such that

φo(f) = Pπ(f)P,

Let U = π(z) and denote

k := PU(1 - P), k := (1 - P)UP.

Then by the assumption (1), we see

kk = PU{1 - P)UP = φo(z2) - φo(z)2 e

kk* = PU(1 - P)U*P = 1 - φo(z)φo(z)* e

k*k = PU*(1 - P)UP = 1 - φo(z)*φo(z) G /CrCQ).

Thus jfe, jfe G /C^(ίΓ) (see 1.5), and

k-k = [U, P)e

Now notice

Φo(zj+ι) - Φo(z)Φo(zj) = PU{\ -

= Pt/(1 - P)Uj-\[U, P] + PU).

By a Schwarz inequality, we have

Pm(Φθ(zJ+1) ~ Φθ(z)φO(zj))

< Pm(PU(l - P)Ui-ι[U,P])+pm{PU{l - P)W~ιPU)

< P

2

m(k)p2

m(k - k)+Pm(φ0(zή - ^ 1
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By induction we get

Pm(Φ0(zJ+1) - Φθ(z)φO(zή)

(k - k) + P

2

m(k)p2

mCk)

It follows that

Pm(Φ0(zn)

ΣU ~ l)iPl(k) + P2

m(~k -
3=1

Consequently, we have

oo

(9)
ί=0

< Σ κι
n=0

and

(10)
oo

Σl

< Σ l«-n|(n 1 }

9

( n 2)(pl(k)+P2

mCk - k)f < oo.
71=0 Z

By the C*-norm continuity and linearity of φo, we have

(11) Ψθ(f) = Σ

From (9), (10) and (11), we get (5). Therefore φ is r-smooth as a
complete positive map. D
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THEOREM 3.8. For any Frechet operator ideal, we have

Extτ C^iS1) ~ Ext C(Sι) ~ Z.

Proof. We would like to thank N.C. Phillips for a discussion which
simplified the argument. By Weyl-von Neumann-Berg Theorem,

ExtC(Sι)~<EϊiC(Sι).

A generator of E x t C ^ 1 ) ~ Z is the Toeplitz extension associated
with the unilateral shift of index —1. Lemma 3.6 says that the
canonical map

aτ : ExtrC^iS1) —* Ext C(Sι)

is surjective. It remains to show that it is injective.
Let [φ] e <εϊίTC°°(Sι), V = φ(z), so that

VV* - 1, V*V - 1 € Kr.

Assume that a[φ] G 2)ptC(51), thus Index V = 0. Therefore a finite
rank perturbation W of V is invertible.

Let W = U\W\ be the polar decomposition of W, \W\ =
(W*W)1/2 > 0 is invertible, and U is unitary.

It is easy to see

\w\ - 1 = (W*w - i)(\w\ +1)"1 e /cr,

thus

w-u = w(\w\ -1)!^-1 e K

By Theorem 3.7, any completely positive map

φ':{CT»(Sι),
with φ(z) — φ'(z) € /Cτ(ϋ)) will define a /Cτ-smooth extension uni-
tarily equivalent to φ.

Define a r-smooth extension p of C°°(S1) by

p(z) = U, p(z) = U\

then
U - V = (U - W) + (W - V) £ /
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so p -»~ φ. Since p is degenerated, we deduce that

[φ] e ΏϊίτC°°{Sι). D

It is well-known that a Frechet algebra has homological functional
calculus, but in general not C°°-functional calculus. The cruxial
step in the proof above is precisely the r-smoothness of COO(S1)
(Theorem 3.7), thereby ρ(z) = U defines uniquely a τ-smooth ex-
tension p.
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